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Cooperative Driving of Automated Vehicles Using
B-Splines for Trajectory Planning
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Abstract—Vehicle automation is used to increase traffic through-
put and road safety. Automated vehicles should be highly versatile
to navigate on both highways and urban roads. To do so, fully
automated autonomous vehicles often adopt motion planners to
ensure collision-free and comfortable trajectories. In contrast, in
cooperative driving, feedback control is often used to achieve string-
stable vehicle-following at very short inter-vehicle distances. In this
work, the gap between cooperative vehicle following and trajectory
planning is bridged, by using a trajectory planner to generate coop-
erative trajectories, such that the versatility of an autonomous vehi-
cle is retained, but cooperation is included. The presented method
uses B-splines to generate cooperative trajectories. Simulations are
used to demonstrate that even under large communication delays,
string stable behaviour can be achieved. The use of parametrized
trajectories in the form of B-splines ensures only a small number
of parameters needs to be communicated between vehicles.

Index Terms—Automated vehicle, Autonomous vehicles, B-
splines, Connected vehicles, Cooperative driving, Motion planning,
String stability, Trajectory planning.

I. INTRODUCTION

V EHICLE automation is currently in the center of attention
due to its potential to increase both road throughput and

safety. Safety is increased by elimination of human error in
the driving task and by decreasing the response time from the
system. Additionally, it can enable closer vehicle following
and can eliminate so called ‘ghost traffic jams,’ both of which
increase the road throughput [1].

Generally, the distinction between two types of automated
vehicles can be made [2]. The first type is cooperative vehicles.
These vehicles use Vehicle to Vehicle (V2V) and Vehicle to
Infrastructure (V2I) communication to share information in
order to cooperate in a (partially) automated manner. Examples
of cooperative systems that controls the longitudinal motion are
Cooperative Adaptive Cruise Control (CACC) [1], Connected
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Cruise Control [3], and automated intersection handling [4].
Additionally, systems have been developed to control the lateral
motion in a cooperative manner [5]. An important aspect in the
analysis of performance of cooperative systems is string stabil-
ity [6]. This refers to the attenuation of the effects of disturbances
along the string in the upstream direction. String-stable be-
haviour is important to ensure that accelerations remain bounded
and feasible, and in addition, result in preventing ghost traffic
jams. While string-stability can be achieved without vehicle to
vehicle communication [7], communication allows for shorter
inter-vehicle distances, which increases road capacity [1].

The second type of automated vehicles is generally referred
to as an autonomous vehicle, since it is able to autonomously
navigate in traffic. The vehicle under consideration corresponds
with the automated driving system (level 3 and above) in the
taxonomy defined by the SAE [8], where the driver is no longer
part of the driving task. Autonomous vehicles often use trajec-
tory planners to create feasible, comfortable and collision-free
trajectories in complex traffic scenarios [9]–[14] and references
therein. Where cooperative vehicles obtain additional environ-
mental information via communication, autonomous vehicles
rely only on on-board sensors.

Ideally, both types of vehicle automation are integrated in
one vehicle. Such a vehicle would benefit from the capability
of close vehicle following, while still retaining the versatility
of the autonomous trajectory planner framework. The task of
keeping string-stable inter-vehicle distances is thus assigned to
the motion planning layer, instead of the feedback controller.
A multitude of such automated vehicles would be capable of
short-distance vehicle-following in a string-stable manner. At
the same time, the autonomous vehicles would be able to simply
break formation as the formation is not predefined. This is useful,
e.g., in case the platoon is driving too slow to be beneficial, or the
platoon has a different destination than the host vehicle. Further-
more, the vehicle would also still be capable of navigating roads
autonomously, or as lead vehicle, using the same framework.

In addition to on-board sensors, such as typically used in au-
tonomous vehicles, inter-vehicle communication, as commonly
used in cooperative vehicle automation, is also employed. Com-
munication between vehicles typically allows for shorter safe
inter-vehicle distances, in which latency of communication is
important [1]. The required bandwidth for this communication,
and thus message size, is ideally low. This increases the message
delivery ratio [15], and in turn improves the reliability of the
communication between vehicles.

Some trajectory planners are capable of vehicle following.
However, in most cases, no attempt has been made to assess
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the string stability properties in case multiple autonomous ve-
hicles are subject to a vehicle-following situations, i.e., drive
in a platoon. In [11], quintic polynomials were used to create
minimum jerk trajectories for vehicle following. These were
demonstrated to be string-unstable in [16]. In [12], a more
traditional ACC controller is used for vehicle following, by
estimating an acceleration for the preceding vehicle; however, no
string stability was considered or not mentioned explicitly. Ad-
ditionally, this approach did not consider V2V and thus, resulted
in conservative trajectories. Moreover, if V2V communication
would have been considered, it would require a high bandwidth
of the wireless link, due to the particular representation of the
trajectories. Another approach is that of [17], [18], [19], which
present a Model Predictive Control (MPC) approach to solve
the vehicle following problem, specifically for heterogeneous
platoons. Although not originally intended for a trajectory plan-
ner, the MPC approach provides access to future states, and
thus can be integrated with such a planner. In this work, string
stability is explicitly analysed. However, still a large number of
samples needs to be transmitted between vehicles. In contrast,
the method of planning polynomial trajectories presented in [16]
only requires a few coefficients to be communicated between
vehicles, rather than a sampled trajectory. These trajectories are
capable of transitioning a string of vehicles in steady state toward
another steady state. However, this method was not capable
of handling perturbations of the initial state, which resulted in
undesirable trajectories.

In this work, a novel approach for cooperative trajectory
planning considering string stable behaviour is presented. With
this novel approach, the objective of distance regulation is
shifted from the feedback control layer to the trajectory planning
layer. In doing so, string-stable cooperative trajectory planning
can be incorporated into the trajectory planning framework of
the autonomous vehicle. By merging both cooperative vehicle
following and autonomous driving into the same framework, the
automated vehicle is capable of seamlessly switching between
autonomous driving and string-stable cooperative driving. This
could for example be achieved by a user specified cost-function,
such that the decision of forming a platoon or overtaking a
vehicle can be made. The resulting vehicle can thus drive at
close inter-vehicle distances, yet remain highly versatile for
other road scenarios. The cooperative trajectories are planned
using B-splines, which form a class of piecewise polynomial
functions. Since the B-spline is a parametrized curve, only a
small number of parameters is communicated between vehi-
cles, such that the communication bandwidth is significantly
lower than the case where a sampled trajectory needs to be
communicated. B-splines have a local modification property,
such that the curve is only changed locally if a control point
is changed, which makes small modifications on the trajectory
easier. In contrast, for Bézier curves and polynomials, the entire
graph is changed when a single coefficient is changed. Also
note that a Bézier curve is actually a special case of a B-spline.
Moreover, even when significant communication delays may be
present, string-stable behaviour can be retained, which shows a
significant advantage over traditional CACC systems.

This paper is organized as follows. First, Section II presents
the framework of the trajectory planner for the autonomous

Fig. 1. Reference path described byX(s), deviated path constructed via lateral
offset � in the moving Frenet frame �r 2(s), which is parametrized by curvilinear
distance, s.

vehicle and formulates the cooperative trajectory planner prob-
lem. Next in Section III, a brief introduction to B-splines and
their properties is presented, followed by the main contribution
of this work, which outlines the methodology of using B-splines
in cooperative vehicle control. In Section IV, the functionality of
the planner is demonstrated using a simulation platform. Finally,
Section V presents conclusions of this work and recommends
on future research directions.

II. FRAMEWORK AND PROBLEM FORMULATION

This section first presents the trajectory planning framework
of the autonomous car. With the framework presented, it will
outline how cooperation is included in this framework. Finally,
the control objectives and performance criteria of the cooperative
addition are formulated.

A. Framework

The same approach as presented in [11] is followed, since
cooperation can easily be incorporated in this framework. A
reference path X(s) = [x(s), y(s)] in inertial reference frame
�r 1, with components �r 1

1 , �r 1
2 , as displayed in Fig. 1 is used. This

reference path can be regarded as being the centreline of the
road, with sufficient continuity properties. To allow the planner
to deviate from the reference path, a moving Frenet frame �r 2,
with components �r 2

1 , �r 2
2 is defined. The planning problem is

now defined as determining the curvilinear distance s(t), of the
moving Frenet frame, and the lateral distance �(t), of the vehicle
to the Frenet frame, parametrized to time t, such that {s(t), �(t)}
defines a trajectory. Using the closed form transformation as
presented in [11] these trajectories can also be expressed in
the vehicle frame �r 3 with components �r 3

1 , �r 3
2 . In particular,

the longitudinal and lateral coordinates together with their time
derivatives form state trajectories S(t) :=[s(t), ṡ(t), s̈(t)]ᵀ and
ΛΛΛ(t) :=[�(t), �̇(t), �̈(t)]ᵀ. The objective of the trajectory planner
is to find feasible, collision free and comfortable trajectories,
S(t),ΛΛΛ(t) over a time horizon t∈ [t0, t0+T ], while considering
dynamic obstacles. These trajectories would start from initial
state S(t0),ΛΛΛ(t0).

Instead of solving a possibly complex optimization problem
that includes dynamic obstacles and constraints, a set of possi-
ble trajectories is generated and afterwards tested on possible
violations of constraints and on the occurrence of collisions.
This simplifies the problem significantly. It has been shown



596 IEEE TRANSACTIONS ON INTELLIGENT VEHICLES, VOL. 6, NO. 3, SEPTEMBER 2021

Fig. 2. Visualization of a set of generated trajectories (—) with a grid of
terminal conditions, spatial reference path (—).

in [11] that using quintic polynomials for s(t) and �(t) results
in minimum jerk manoeuvres for a given terminal state at a
given terminal time. For normal autonomous operation, quintic
polynomials are generated to connect initial state with a grid of
terminal constraints in both lateral, longitudinal and temporal
dimensions [16]. This is illustrated in Fig. 2.

It is important that the planner considers multiple potential
trajectories simultaneously. The method generates a diverse set
of trajectories that includes changing lanes, coming to a stop
and maintaining velocity. As a result, the cooperative trajectory
can simply be added to this set. A cost function is used to
select the optimal (feasible and collision free) trajectory from
the generated set. This allows the new framework to automat-
ically select between for example cooperation in the form of
platooning, or simply overtaking the vehicle if the velocity of
the preceding vehicle is smaller than the desired velocity. CACC
systems do not have this flexibility, since the preceding vehicle
is always followed. Clearly, the resulting planner is capable of
operating both autonomously and cooperatively and is capable of
switching seamlessly between these modes, making the resulting
automated vehicle highly versatile. In what follows, only the
generation of the cooperative trajectory will be considered.

B. Control Objectives

The aim is to integrate string-stable vehicle-following in
trajectory planning. To this extent, a string of vehicles indexed
by i ∈ {0, 1, . . . ,M} is considered, with the leading vehicle
having index i=0. The trajectory of vehicle i at timestep k is
denoted as Si,k(t). The objective is now to plan a trajectory
Si,k(t), t ∈ [tk,i, tk,i + Ti], using communicated information,
Si,k, t ∈ [tk,i, tk,i + Ti], of the preceding vehicle. In this work,
a predecessor-following configuration is used, where the host
vehicle only uses information of the preceding vehicle. This
makes the ad-hoc forming of platoons easier. Moreover, in [20], a
multi-vehicle look-ahead was shown not to always be beneficial.
A more general communication topology could potentially be in-
tegrated but is outside the scope of the work presented here. Only
the curvilinear trajectories, Si,k(t) will be considered, since the
lateral trajectories Λi,k(t) are not critical to the performance of
the string in the context of this work. Also note that, as can be
seen from Fig. 2, eachSi(t) has a multitude of lateral trajectories
associated with it.

Several aspects are important regarding this trajectory plan-
ning. First of all, this control system faces hard constrains on
computation times [12], since it is operating in collision-critical
situations. Hence, it is important that it can be guaranteed that a
new trajectory is available for execution when the vehicle needs
one. Another important aspect is the required bandwidth for

communicating the planned trajectory to the following vehicle.
Note that the trajectory Si,k(t) can be transmitted in various
ways. Intuitively, due to the discrete-time implementation orig-
inating from the real-time implementation on the host vehicle,
it would make sense to simply communicate the sampled tra-
jectory over the horizon. However, as the planning horizon and
update rate of the real-time computer may be large, the amount
of data that needs to be transmitted will also be large. Naturally,
a larger data block that needs to be transmitted, may result in
larger latency, which is undesirable.

Next, properties of the generated trajectories itself are con-
sidered. Clearly, safety is important, hence it is required that the
cooperative trajectories are collision free, i.e., si(t) ≤ si−1(t)
assuming vehicle lengths equal to zero. Another critical aspect of
cooperative trajectories is string stability. String stability implies
that a disturbance introduced in the system, does not grow
unbounded in the upstream direction. Aside from preventing
so called ‘ghost-traffic jams,’ this property prevents unbounded
growth of the acceleration inputs beyond the accelerations con-
straints of the vehicle. Therefore string stability is a necessary
condition to ensure feasibility of trajectories of vehicles in the
upstream direction. The notion of string stability is described
in [6] and the references contained therein, where Lp string
stability is defined as

‖yi(t)‖∞
‖yi−1(t)‖∞

≤ 1, ∀i (1)

‖yi(t)‖p = p

√∫ ∞

−∞
ypi (t)dt (2)

in which yi(t) is an output of the cascaded system under consid-
eration. In this case, the acceleration of these vehicles are used
as the outputs, because of the physical significance.

Another important aspect of trajectory planning is temporal
consistency [11]. This refers to the recursive implementation of
the trajectory planner, where the overlapping part of the time
horizon of trajectories planned in two planning cycles matches
in case the situation has not changed. This is important as a
following vehicle uses a transmitted trajectory to construct its
own trajectory. Additionally, if consecutive trajectories do not
significantly differ, previous trajectories can be utilized in case of
packet drop-out in the wireless communication for robustness. In
this work, a performance indicator is used that indicates to what
extent the trajectorySi,k(t), t ∈ [tk,i, tk,i + Ti] of planning step
k overlaps with the trajectory of another planning step. Planning
times are updated with planning interval tp, such that tk+1,i =
tk,i + tp. As performance indicator, the maximum difference
between planning step k and planning step j (with k < j) on the
overlapping time horizon is used, which is defined as⎡
⎢⎣Γk,j,s

Γk,j,ṡ

Γk,j,s̈

⎤
⎥⎦=

⎡
⎢⎣maxt |si,k(t)− si,j(t)|
maxt |ṡi,k(t)− ṡi,j(t)|
maxt |s̈i,k(t)− s̈i,j(t)|

⎤
⎥⎦, t ∈ [tj,i, tk,i+Ti] (3)

From this definition two criteria can be derived. The first is
the maximum difference between two consecutive trajectories
Γk,k+1. The second is the maximum difference over all
trajectories that share a part of their horizon, maxj Γk,j , j ∈
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{k + 1, . . . , k + �Ti/tp�}. These performance indicators will
be used to study temporal consistency of the planner.

III. APPROACH

In this work, B-splines are adopted to describe trajectories.
Like polynomial trajectories, the entire trajectory can be ele-
gantly parametrized by only a few parameters, which can then
be communicated to other traffic participants. However, unlike
polynomials, B-splines can be modified locally, giving more
design freedom in constructing the trajectories. B-splines have
been used in optimization schemes for trajectory planning, such
as in [21], but have traditionally been used more often for
graphics and curve fitting [22]. This section will describe how a
B-spline is defined, and how it is used to construct trajectories.
First, B-splines will be presented, together with some useful
properties. With the general B-spline curve described, B-spline
functions that are used as trajectories are explained. Finally, the
construction of these trajectories is described in the context of
cooperative automated driving.

A. B-Splines

A B-spline,C(u), is a piecewise polynomial of degree p, with
parametrisation variable u. A general multidimensional spline
is defined as

C(u) =

n∑
j=0

Nj,p(u)Pj , u ∈ [u0, um] (4)

where P = [P0,P1, . . . ,Pn]
ᵀ are n+ 1 control points, cor-

responding to basis functions Nj,p(u), of degree p, which are
recursively defined as [22]:

Nj,0(u) =

{
1 if uj ≤ u < uj+1

0 otherwise
,

Nj,p(u) =
u−uj

uj+p−uj
Nj,p−1(u)+

uj+p+1−u

uj+p+1−uj+1
Nj+1,p−1(u)

(5)

via a so-called knot vectorU = [u0, u1, . . . , um]withm+ 1 el-
ements, whereui−1 ≤ ui, such that zero-order functions are step
functions and nonzero on a single knot interval, first-order func-
tions are linear and nonzero on two knot intervals, second-order
functions are quadratic and nonzero on three knot intervals and
so on. These basis functions form a partition of unity such that∑n

j=0 Nj,p(u) = 1, ∀u. The knot vector determines the shape of
the basis functions and is a nondecreasing vector. The number of
knots,m+ 1, together with the number of control points, n+ 1,
uniquely determine the degree of the curve via p = m− n− 1.
Typically, so-called clamped knot vectors are used, in which the
first and last p+ 1 knots are identical, resulting in the B-spline
coinciding with the first and last control point.

The control points can be connected to form a control polygon.
This control polygon dictates the shape of the B-spline due to
the strong convex hull property. This property follows from the
fact that if u ∈ [uj , uj+1) then C(u) is in the convex hull of
control points

{
Pk | k ∈ {j, j − 1, . . . , j − p

}
}. When Pj is

indeed multidimensional, this control polygon can be plotted in

Fig. 3. B-spline (n = 6, p = 5) C(u) (—), knots ( | ), Control polygon (- -),
control points (μj , Pj) (�) and and corresponding Basis functions, Nj,p(u) in
the same color.

the same dimensional space as the curve itself. However, the
control polygon can also be visualized in the parameter space.
This is useful when working with a one dimensional curve, i.e.,
Pj is a scalar, as is done in this work. To find the parameter
coordinates, μj , of the control points, Pj , the following formula
is used [23]

μj =
1

p

p∑
k=1

uj+k, j ∈ {0, . . . , n} (6)

These points are also referred to as Greville abscissae or Marsen-
Schoenberg points. Using these points, it can be demonstrated
that the first and last piece of the control polygon are tangential to
the start and end of the B-spline. An example of this is illustrated
in Fig. 3, where the control polygon is illustrated by the dashed
line. This control polygon is constructed via the control points
of which the corresponding basis functions Nj,p, are given in
the lower plot. It can be seen that for all three curves, the spline
follows the direction changes of the control polygon. Moreover,
the control points form a convex hull for the B-spline.

Another important feature is that the derivative of a B-spline
is a B-spline itself. The derivative of a B-spline of degree p is
a B-spline of degree p− 1, referred to as the hodograph. The
control points of the kth hodograph (i.e., the k-th derivative) are
denoted as P(k)

j and are determined by the following recursion

P
(k)
j =

{
Pj for k = 0

p−k+1
uj+p+d−uj+d

(
P

(k−1)
j+1 −P

(k−1)
j

) (7)

for j ∈ {0, . . . , n− k}. Note that the number of control points
decreases by one for each derivative. Also note that (7) can be
rewritten as a matrix multiplication

P(k) =ΔΔΔk,k−1(U) ·ΔΔΔk−1,k−2(U) · . . . ·ΔΔΔ1,0(U)︸ ︷︷ ︸
ΔΔΔk0

P (8)
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where the dependency on U in ΔΔΔk0 is omitted in the notation
for brevity.

ΔΔΔk,k−1(U) =

⎡
⎢⎢⎣
δ0

. . .

δn−d

⎤
⎥⎥⎦
⎡
⎢⎢⎣
−1 1

. . .
. . .

−1 1

⎤
⎥⎥⎦

δi =
p+ 1− k

ui+p+k − ui+k
(9)

In addition, the knot vector corresponding to the k-th derivative
of a B-spline loses 2k knots (according to p = m− n− 1), to
ensure that the degree of the derivative curve is indeed lower
than that of the original curve. In fact, the knot vector for the
k-th derivative curve is U(k) = [uk, uk+1, . . . , um−k−1, um−k],
where the knots are from the original knot vector. Note that in
(7), the knots of the original curve are used as well to determine
the control points.

B. B-Spline Trajectories

With the basics of B-splines explained, the use of B-splines
for describing trajectories is covered. The objective is to describe
state trajectories Si(t), using splines. To this extent, the time t is
utilized as the parametrisation variable. Then a one dimensional
B-spline is used to describe a trajectory si(t) for vehicle i:

si(t) =

n∑
j=0

Nj,p(t)Pj,i, t ∈ [tk,i, tk,i + Ti] (10)

wherePi = [P0,i, P1,i, . . . , Pn,i]
ᵀ aren+ 1 control points. The

knots in the knot vectorUi are also expressed in the time domain.
To ensure that the trajectory is defined over the desired time
horizon, the first knot should coincide with the current time, tk,i,
and the final knot should extend to the time horizon tk,i + Ti. A
uniform clamped knot vector is used,

Ui = [tk,i, . . . , tk,i︸ ︷︷ ︸
p+1

, up+1, . . . , un︸ ︷︷ ︸
n−p

, Ti + tk,i, . . . , Ti + tk,i︸ ︷︷ ︸
p+1

],

uj =
j − p

n− p+ 1
Ti + tk,i, j = {p+ 1, . . . , n} (11)

Note that once the trajectory for si(t) is defined, the hodograph
can simply be computed to find ṡi(t) and s̈i(t). This means
Si(t) can be evaluated using only control points Pi, current
planning time tk,i and time horizon Ti. This is illustrated in
Fig. 4, which shows the B-spline for si(t) and corresponding
spline trajectories for ṡi(t) and s̈i(t).

C. Vehicle Model

Note that for a trajectory to be feasible, it is required to start
from the current vehicle state, which is achieved by letting the
current position, si(tk,i), coincide with the first control point,
P0,i, due to the clamped knot vector. The initial velocity ṡi(tk,i)
is simply found via the hodograph relation, with control points
according to (7), to coincide with the first control point, P (1)

0,i ,
which is related to the difference in the first two control points
P0,i, P1,i. Similarly, the initial acceleration, s̈i(tk,i) coincides

with P
(2)
0,i . As such, the current state Si(tk,i) is fixed via the

Fig. 4. B-spline trajectory (n = 7,p = 5) si(t) (—), control points (μj , Pj,i)
(�), control polygon (- -) and knots ( | ).

first three control points Pj,i, j ∈ {0, 1, 2}. By including the
acceleration in the state vector, continuity of the acceleration is
thus ensured. This is needed as the drive-train of vehicles is not
capable of instantaneous changes in driving torque. In fact, the
same model as used in [1], [18], [19], [24] can be adopted, which
represents the experimental demonstrator platform that will be
used in future work. This model uses first-order dynamics for
the drive-line

ȧi(t) =
1

ηi
(ui(t)− ai(t)) , (12)

in which ai(t) is the longitudinal acceleration, ui(t) the com-
manded longitudinal acceleration, and ηi the time constant of the
drive-line for vehicle i. A new augmented input to the system
νi(t) :=

1
ηi
(ui(t)− ai(t)) is defined, such that a virtual triple

integrator system is obtained.

q̇i(t) = vi(t) (13)

v̇i(t) = ai(t) (14)

ȧi(t) = νi(t) (15)

In which qi(t), vi(t) and ai(t) are defined in the vehicle frame
�r 3. Note the jerk of the planned trajectory can simply be sub-
stituted for νi(t). Then the input ui(t) to the original system
can be computed asui(t) = ηiνi(t) + ai(t). This shows another
benefit of explicitly planning trajectories, rather than using a
feedback strategy, as the drive-line dynamics can be compen-
sated. For the longitudinal B-spline trajectories this planned jerk
can be computed as long as p ≥ 3. In addition, following the
closed form transformations (that maps [Si(t),Λi(t),X(s)] →
[qi(t), vi(t), ai(t)]) presented in [11], it is required that �(t)
is thrice continuously differentiable and the curvature of the
reference path X(s) is twice continuously differentiable. In
practice however, the contributions to motion in the vehicle
frame [qi(t), vi(t), ai(t)], of the lateral trajectories ΛΛΛi(t) are
much smaller than that of Si(t). Note that in case of model
uncertainty in ηi, the receding horizon implementation of the
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planner constitutes the feedback mechanism of the proposed
planner.

D. Desired Trajectory

In order to enable safe short-distance vehicle following, a
spacing policy that is commonly used in CACC applications is
used [1]. This spacing policy describes the desired inter vehicle
distance, di,r(t) between the rear bumper of vehicle i with the
rear bumper of vehicle i− 1

di,r(t) = ci + Li + hiṡi(t), (16)

ei(t) = di(t)− di,r(t)

= si−1(t)− si(t)− (c̃i + hiṡi(t)) (17)

in which c̃i = ci + Li combines the standstill distance ci and
vehicle length Li, hi the constant headway time and ei the
distance error. Note that these trajectories and spacing policies
are defined in the moving frame �r 2.

It is assumed that information of the planned trajectory of the
preceding vehicle, si−1(t), is available in the form of a B-spline.
The n+ 1 control points of this trajectory are denoted by Pi−1.
In addition to the control points, the time instance, tk,i−1, at
which the preceding vehicle has planned its trajectory, as well
as the time horizon, Ti−1, are received such that the clamped
uniform knot vector as in (11) can be reconstructed, assum-
ing that all vehicles use a uniformly distributed knot vector,
with the same degree p of the B-spline. Hence the complete
trajectory of the preceding vehicle, Si−1(t) can be evaluated, by
communicating only n+ 3 values. In contrast, methods using
Model Predictive Control or sampled trajectories, assuming a
control frequency fc, would require instead to communicate
fc · Ti values to achieve the same. Typical values are fc = 100
Hz, Ti = 5 s and n = 6, resulting in 500 values that need to
be communicated in the case of MPC and only 9 values for the
proposed planning method.

Next, to construct the desired trajectory for the host vehicle i,
spacing policy (16) is used. In traditional CACC applications, a
feedback controller is used to regulate the error, ei, towards zero.
Along the same line of thought, the B-spline is manipulated to
ensure the planned trajectories minimize this error as well. For
a given time, the value of the basis functions for a given order
can be computed and combined into a row vector

Bn,p(t) =
[
N0,p(t) N1,p(t) . . . Nn,p(t)

]
(18)

such that (10) can be rewritten to

si(t) = Bn,p(t)Pi (19)

ṡi(t) = Bn−1,p−1(t)ΔΔΔ10Pi (20)

s̈i(t) = Bn−2,p−2(t)ΔΔΔ20Pi (21)

Substituting (19) and (20) in (17) yields

ei(t) = si−1(t)− c̃i−[Bn,p(t)+ hiBn−1,p−1(t)ΔΔΔ10]Pi (22)

Time instances are used

t∗j ∈ [tk,i, tk,i + Ti], j = {1, 2, . . .} (23)

to construct a vector T for which holds that t∗j < t∗j+1. For each
element in this vector the error in (22) is computed and the
objective is to minimize the cumulative error

J =
∑
T

ei(t
∗
j)

2 (24)

To solve this minimization problem, (22) can be equated to
zero for each time instance in T , to construct a linear system
of equations which can be solved for Pi. Note that in order
for the solution to be unique, t∗ should satisfy the Schoenberg-
Whitney’s Condition [25], [23],

uj ≤ t∗j ≤ uj+p (25)

Thus, the selection of the time instances in T is important.
Since the error of (22) should be small over the entire time
horizon, samples over the entire horizon should be included.
Note that the coordinates of the control points of (6), satisfy
both the Schoenberg-Whitney’s condition, and span the entire
spline. Therefore, t∗j = μj is used in the vector of time instances
T .

Planned trajectories start in the current vehicle state as
described earlier. By construction, N0,p(tk,i) = 1, ∀p and
Nk,p(tk,i) = 0, k > 0. The control points Pj,i, j ∈ {0, 1, 2} are
fixed to correspond to a given initial condition via (19), (20),
(21) and (9) and can be computed via[

P0,i P1,i P2,i

]ᵀ
= C−1Si(tk,i)

[
C 03×(n−2)

]
=

⎡
⎢⎢⎢⎣

[
1 0 . . . 0

]
[
1 0 . . . 0

]
ΔΔΔ10[

1 0 . . . 0
]
ΔΔΔ20

⎤
⎥⎥⎥⎦ (26)

with C ∈ R3×3. These first three control points largely con-
trol the initial response. Therefore, only the time instances
T = [μ3, μ4, . . . , μn] are used, as the coordinates of the free
control points, such that the cost function J =

∑n
j=3 ei(μj)

2 is
minimized. The control points can be found by solving a system
of equations of (22)⎡
⎢⎢⎣
P3,i

...

Pn,i

⎤
⎥⎥⎦ = ΩΩΩ−1

12

⎛
⎜⎜⎝
⎡
⎢⎢⎣
si−1(μ3)− c̃i

...

si−1(μn)− c̃i

⎤
⎥⎥⎦−ΩΩΩ11

⎡
⎢⎣P0,i

P1,i

P2,i

⎤
⎥⎦
⎞
⎟⎟⎠

[
ΩΩΩ11 ΩΩΩ12

]
=

⎡
⎢⎢⎣
Bn,p(μ3) + hiBn−1,p−1(μ3)ΔΔΔ10

...

Bn,p(μn) + hiBn−1,p−1(μn)ΔΔΔ10

⎤
⎥⎥⎦

(27)

where ΩΩΩ11, ΩΩΩ12 are matrix partitions of corresponding sizes.
More timestamps could be included in the optimization, in which
case a Moore-Penrose inverse should be used. Because using
the selection for t∗ for minimization results in the B-spline
minimizing the error over the entire horizon, overshoot is likely
to be prevented for our application. This makes it suitable to
obtain string stability.
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E. Design Considerations

In practice, the planner will be implemented in a receding
horizon fashion that updates at fixed time intervals tp, such that
tk+1,i = tk,i + tp. The design objective of temporal consistency
can be achieved by means of a suitable minimization criterium,
due to the principle of optimality. Ideally, this minimization
remains identical when the time horizon is extended. Note that
(17) indeed satisfies this criteria.

Additionally, exact temporal consistency can only be realised
if the basis functions are identical. This is generally not the
case, unless the new knot vector is shifted backwards over tp
to coincide with the knot vector of the previous planning step.
However, this would require additional overhead in keeping
track of how the basis functions should be defined. Hence,
exact temporal consistency is sacrificed in favour of simple
implementation.

An important consideration is the degree p of the B-spline, and
the number of control points n+ 1 that is used. The smoothness
properties of [16] are retained for comfort reasons, by choosing
p = 5. For n, note that for a given horizon Ti, using more
control points allows the method to regulate the error faster at
the expense of larger control inputs and a higher computational
burden on the CPU.

Note that the usual problem of gap closing, where aggressive
acceleration is commanded by a CACC controller, can be easily
avoided in this framework. A more comfortable approaching
trajectory can be constructed by modifying the spacing policy
as shown in [26]. However, in the remainder of this paper,
the spacing policy is kept constant to more easily evaluate the
behavior.

F. Communication Delay

Traditionally, one of the major bottlenecks in CACC con-
troller design has been the communication delay. This delay
impedes the performance of the feedback controller, since infor-
mation about the desired acceleration of the preceding vehicle
is available to the host vehicle later. Naturally, using a different
control strategy does not remove this delay as it is the result of the
hardware that is used in the system. However, as will be demon-
strated, the trajectory planning approach is more robust against
a communication delay ζ(t). This is due to the communicated
information not only containing the current desired acceleration,
but also the desired acceleration over an entire time horizon.
Nevertheless, it is still required to take communication delay
into account, as the communicated trajectory now no longer
contains the complete time horizon that the host vehicle needs to
plan over. This is illustrated in Fig. 5, where the communicated
trajectory of the preceding vehicle can be seen. Note that the
horizon of the host vehicle cannot simply be truncated to match
that of the preceding vehicle, as this would result in vehicles
upstream ending up with ever smaller time horizons. The same
problem occurs if the planning horizon of the preceding vehicle
is smaller than that of the host vehicle (e.g., Ti > Ti−1).

To ensure that the host vehicle is still capable of constructing
a trajectory over its time horizon, t ∈ [tk,i, tk,i + Ti], some
options are available. One option would be to change the time
vector t∗, which contains the samples over which the problem

Fig. 5. B-spline trajectory of predecessor is extended in case of communica-
tion delay ζ(t), as information is not included over the entire time horizon of
the host vehicle, t ∈ [tk,i, tk,i + Ti].

given by (22) is minimized. However, for large mismatches in
time horizon Ti−Ti−1, this could result in a violation of the
Schoenberg-Withney relation (25). The other option is to simply
extend the B-spline trajectory by means of prediction. A constant
acceleration is assumed for the extended part of the trajectory.
A simple prediction ŝi−1(θ), for time samples θ for which holds
(tk,i−1 + Ti−1) < θ, can be computed as:

τi = tk,i + Ti, Δt = θ − τi−1

ŝi−1 (θ) = si−1 (τi−1) + Δtṡi−1 (τi−1) +
1

2
Δt2s̈i−1 (τi−1)

where (9) can be used to compute

ṡi−1 (τi−1) = [0 . . . 0 1]ΔΔΔ10Pi−1

s̈i−1 (τi−1) = [0 . . . 0 1]ΔΔΔ20Pi−1

IV. SIMULATION RESULTS

This section demonstrates the effectiveness of this algorithm
for path planning. To this extent, various important scenarios
for a platoon of vehicles are implemented. The lead vehi-
cle uses B-spline trajectories, that transition to a new veloc-
ity with minimum jerk. Note that these correspond with the
quartic polynomial trajectories from [11], [16]. This trajectory
for the lead vehicle is represented by a B-spline with p=5,
T0=5 s, knot according to (11) and control points P0,0 =
[0 10 30 48.75 65 80 87.5]. This lead vehicle trajectory
corresponds to a velocity change from ṡ(0)=20ms−1 to a
velocity of ṡ(5)=15ms−1. Note that this trajectory updates
every planning cycle, such that P0,k updates every timestep
k, to correspond with a new initial condition. This is done in a
similar manner as for all the following vehicles, except that for
the lead vehicle, the desired trajectory is modified to match the
trajectory planned in the previous planning cycle as closely as
possible. Additionally, a terminal constraint of s̈(tk,0 + T0) = 0
is applied to prevent oscillations in spline fitting. As such, the
control points P0,k for the lead vehicle are solved by means of
a minimization with equality constraint

min

∥∥∥∥∥∥∥∥

⎡
⎢⎢⎣
Bn,p(μ0)

...

Bn,p(μn)

⎤
⎥⎥⎦P0,k −

⎡
⎢⎢⎣
s0,k−1(μ0)

...

s0,k−1(μn)

⎤
⎥⎥⎦
∥∥∥∥∥∥∥∥
2
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s.t.

[
C[

0 . . . 0 1
]
ΔΔΔ20

]
P0,k =

[
S0(tk,0)

0

]
, (28)

where μj , j ∈ [3, . . . , n] is related to timestep k, s0ak−1(t) rep-
resents the values of planning stepk − 1 and whereC is identical
to that in (26). Also note that similarly to the case of commu-
nication delay, the trajectory planned in the previous timestep
needs to be extrapolated. This is done by assuming a constant
velocity at the value to which the velocity transition is made.

Note that in [16] the performance of the polynomial planner
of [11] was already demonstrated and shown to be inherently
string-unstable. A potential solution was also demonstrated
in [16], however, this required to shift the time horizon for
each vehicle in the string which would not be practical for long
platoons. This is due to vehicle in the upstream direction taking
a longer time to compensate for initial perturbations the further
upstream these vehicles are.

A. Temporal Consistency

One of the control objectives noted in Section II-B was that of
temporal consistency. This refers to how similar consecutively
planned trajectories are. As already stated, in general, exact tem-
poral consistency cannot be achieved due to the basis functions
being shifted over time tp. However, in practice it suffices to
require that consecutive trajectories are close to each other (i.e.,
requiring that Γk,k+1 in (3) is ‘small’).

A simulation study was performed to analyse the performance
indicators from Section II-B for a scenario in which the lead vehi-
cle brakes from ṡ(0)=20 ms−1 to a velocity of ṡ(5)=15 ms−1.
As spacing policy parameters, a time gap of hi=0.5 s, and
standstill distance ci=5 m is used for all vehicles; all vehicle
lengths are set to zero without loss of generality. For the B-spline
trajectories, p = 5 and n = 6 are used. The trajectories are
planned over a time horizon of Ti=5 s ∀i. This simulation is
depicted in Fig. 6 for a planning update interval of tp=0.2 s. The
first vehicle is illustrated by a black line, and upstream vehicle
responses are indicated by an increasingly blue color. For each
vehicle, all the planned trajectories are plotted over the entire
horizon to show discrepancies between the consecutive planning
cycles. The actual response of each vehicle, which is determined
by the consecutive planned B-spline trajectories on time spans
t ∈ [tk,i, tk,i + tp], updated at intervals tp, is illustrated by the
color corresponding to that vehicle.

As can be seen from Fig. 6, the response from all vehicles is
a smooth transition to the new velocity. The string of vehicles
can be seen to not demonstrate string-unstable behaviour, due
to the magnitude of acceleration decreasing over the vehicle
index. Moreover, the consecutive planning cycles show (close
to) temporal consistency. The new knots do not coincide with the
previous knots since uj+1 − uj �= tp. Therefore the transitions
of the lowest order basis functions also occur at slightly different
times. Hence exact temporal consistency is not possible. How-
ever, the figure shows that both position and velocity remain
close to the original trajectory.

This is confirmed in Fig. 7, which illustrates the aforemen-
tioned performance indicators for various values of planning
update time tp, for a platoon of 6 vehicles (figure illustrates

Fig. 6. Results of B-spline based trajectories for a velocity change in a platoon
with six vehicles, tp = 0.2 s, lead vehicle (—), sixth vehicle (—), planned
trajectories (- - -).

the maximum over all vehicles). Clearly, for smaller update
times, the difference between two consecutive planning cycles
are smaller as can be seen from the black crosses. Additionally,
since more trajectories span the same time instance, the largest
difference between any of the planned trajectories is larger. Note
that the difference in position for this manoeuvre is only 0.8%
of the inter-vehicle distance of the presented manoeuvre, which
is sufficiently small to be acceptable.

It should be noted that the update time tp does not only affect
temporal consistency, but will also affect the planning delay.
The expected value of plan delay due to vehicles planning in
an asynchronous fashion increases linearly with the value of tp.
Hence, tp is best chosen as small as the on-board CPU allows
in terms of computational capabilities. In the remainder of this
section tp = 0.2 s.

B. Initial Perturbation

A second important test scenario is where the lead vehicle is
driving at a constant velocity and parameters are identical to that
of Section IV-A, but the platoon is not in steady state, since the
position of the second vehicle has an offset with respect to its de-
sired position. The proposed method of using polynomials [16]
was not capable of handling these initial perturbations well, even
resulting in collisions. However, as can be seen from Fig. 8, the
newly proposed method of using B-splines handles the initial
disturbance well. The initial errors are all regulated towards zero.
Moreover, it can clearly be seen that the disturbance attenuates
in upstream direction, with again the magnitude in acceleration
decreasing for vehicles upstream. Hence, the response does not
demonstrate string-unstable behaviour.
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Fig. 7. Sensitivity of tp on temporal consistency for Ti = 5 s. Maximum
difference per element between consecutive trajectories Γ̄l = maxk Γk,k+1,l

(×), and all overlapping trajectories ¯̄Γl = maxk(maxj Γk,j,l), j ∈ {k +
1, . . . , �k + Ti/tp�} (+).

Fig. 8. Results of B-spline based trajectories for disturbance rejection, distur-
bance of e1(0) = 5 m, in a platoon with six vehicles. lead vehicle (—), sixth
vehicle (—).

C. Communication and Planning Delay

In reality, a time delay will always be present, due to commu-
nication delay and asynchronous planning updates. Therefore
the same simulation as before is performed, but now information
to the following vehicles is only available after a communication

Fig. 9. Results of B-spline based trajectories for a velocity change, ζ(t) =
0.4 s, ∀t, hi = 0.5 s. Lead vehicle (—), sixth vehicle (—).

delay ζ(t). In the simulation, a constant delay is assumed, al-
though this is not required for the planner, since the time instance
at which the planning was computed is always communicated.
In this case, ζ(t) does not only include the communication delay,
but also the delay due to asynchronicity in the planning of con-
secutive vehicles, thus representing the total time between the
plan update time, tk,i, of the host vehicle, and the time instance,
tk,i−1, of the planning of the preceding vehicle that is available.
This is illustrated in Fig. 5. The simulation is set up in such a way
that the following vehicle is able to directly update its planning,
once the communicated information becomes available.

A delay of ζ = 0.4 s is used and the remaining parameters
again those used in Section IV-A. The results are given in Fig. 9,
which shows that the response still does not demonstrate string
unstable behaviour, and gives nearly the same results as the
non delayed case of Fig. 6. This result emphasizes the strength
of this approach, as string-unstable behaviour is not observed
despite significant time delays. It can be seen that the following
vehicles initially keep planning to remain driving at the initial
velocity, when the information of the velocity change has not
been received yet.

It was noticed that the following three parameters are impor-
tant in the resulting behaviour of the string: the planning horizon
Ti, the time gap hi, and the delay time ζ. To evaluate the per-
formance, a numerical parameter study is performed to see for
which combinations the platoon does not show string-unstable
behaviour for the selected manoeuvres. As the time horizon is
often the result of requirements for the autonomous planner, it
is fixed to Ti = 5 s ∀i as before, with an additional simulation
study performed for a longer horizon Ti = 10 s ∀i separately.
For this study, several manoeuvres are simulated with a string
of 50 vehicles. The manoeuvres that are tested are as follows.
Velocity transitions:
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Fig. 10. Single scenario of 6, ζ(t) = 0.4 s, ∀t, hi = 0.5 s, control polygon

of the random input P (2)
j,1 ∼ N (0, 1) (- • -). Lead vehicle (—), 50th vehicle

(—).

i) ṡi(0) = 20 ms−1→ limt→∞ ṡi(t) = 15 ms−1, ∀i, as il-
lustrated in Fig. 9;

ii) ṡi(0) = 20 ms−1→ limt→∞ ṡi(t) = 1 ms−1, ∀i;
iii) ṡi(0) = 5 ms−1→ limt→∞ ṡi(t) = 15 ms−1, ∀i;

Driving at velocity ṡi(0) = 20 ms−1, with an initial error for
the second vehicle of:

iv) e1(0) = 5 m (vehicle i=1 is further away than desired),
as illustrated in Fig. 8;

v) e1(0) = −5 m (vehicle i = 1 is closer than desired).
vi) Random acceleration input lead vehicle:
vi) P

(2)
j,1 ∼ N (0, 1), j ∈ [1, . . . , n−2], with P

(2)
n−1,1 = 0

Scenarios i–iii are used to cover multiple velocities. Scenarios
iv–v demonstrate more real world scenarios, where the velocity
profile is determined by a vehicle correcting an error. Finally,
twenty different random scenarios, described by vi, are used as
worst case scenarios, covering a larger frequency range, where
the acceleration control points of the first plan step are taken from
the normal distribution N (0, 1), with zero mean, and variance
of one. The combination of the scenarios i–vi thus gives reliable
indication of string-stability. After this first planning step, (28)
is used for the remainder of the simulation. An example of such
a scenario is illustrated in Fig. 10 , which shows the response of
50 vehicles, where the vehicle index is indicated by the color of
the curve: black for the first vehicle, blue for vehicle number 50.
It can be seen that the behavior in the scenario is string stable
for the particular combination of delay ζ and headway time h.
It should be noted that since the lead vehicle is assumed to plan
trajectories by means of B-splines, the random choice of control
points still results in smooth trajectories, as can also clearly be
observed in Fig. 10.

A grid over h and ζ is used in combination with a bisection
method to find parameter values for which the platoon does

Fig. 11. Behaviour of the vehicle string in scenarios 1-5 and thirty random
scenarios of 6, for various delays ζ, and time gaps hi = h, ∀i.

not demonstrate L2 string-unstable behaviour for all simulated
manoeuvres i–iv, and twenty scenarios of vi, according to (1)
for the acceleration s̈i(t). For a given time gap h, the maximum
delay ζ for which the simulated platoon does not demonstrate
string-unstable behavior, is then shown in Fig. 11. For very large
delays, the error that has accumulated over the delay becomes too
large to be compensated with a sufficiently small acceleration,
resulting in string unstable behaviour. However, the delay at
which this happens is far larger then in the traditional CACC
controller from for example [1]. Clearly, by utilizing future
information, string-unstable behaviour can still be prevented
with large delays as indicated by the green area. For a larger
time horizon, a small advantage can be seen, as string unstable
behaviour can be prevented with a slightly larger time delay as
was the case for the smaller time horizon.

V. CONCLUSION AND OUTLOOK

This paper presents a novel method of using B-splines in
trajectory planning for cooperative automated vehicles. The pre-
sented method allows us to merge the framework of autonomous
vehicles, in which trajectories are explicitly planned and checked
before executing, with the framework of cooperative vehicle
following, for which string stability is realized aided by commu-
nication. The presented method shows that B-splines can be used
to plan trajectories for cooperative vehicles, and as such, shift
the task of satisfying string stability from the feedback controller
to the trajectory planner layer. The method does not need an
iterative solver for optimization and as such, is likely to satisfy
constraints on the computational time. Moreover the desired
trajectory can be communicated efficiently due to the repre-
sentations as B-splines, which keeps the required bandwidth
low. Practical temporal consistency was shown to occur for the
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selected cost function. The planning algorithm shows promising
results in the presented simulations in terms of string stability.

Even in the presence of large communication delays, the
proposed method shows string-stable behaviour in the presented
simulations. This is due to every communicated message not
only containing the current desired acceleration, but instead
a complete planned trajectory. A more rigorous analysis of
string-stability is needed to formally claim string-stability of
the proposed planner framework. This could also provide insight
whether or not string stability in terms of acceleration attenua-
tion also implies string stability with respect to velocity. Exper-
imental validation on full scale vehicles is left for future work.
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