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A Reliability Model for Integrated Energy System
Considering Multi-energy Correlation

Chao Yan, Zhaohong Bie, Shiyu Liu, Dogan Urgun, Chanan Singh, and Le Xie

Abstract——An integrated energy system (IES) is a regional en‐
ergy system incorporating distributed multi-energy systems to
serve various energy demands such as electricity, heating, cool‐
ing, and gas. The reliability analysis plays a key role in guaran‐
teeing the safety and adequacy of an IES. This paper aims to
build a capacity reliability model of an IES. The multi-energy
correlation in the IES can generate the dependent capacity out‐
age states, which is the distinguished reliability feature of an
IES from a generation system. To address this issue, this paper
presents a novel analytical method to model the dependent
multi-energy capacity outage states and their joint outage prob‐
abilities of an IES for its reliability assessment. To model the de‐
pendent multi-energy capacity outage states, a new multi-dimen‐
sional matrix method is presented in the capacity outage proba‐
bility table (COPT) model of the generation system. Further‐
more, a customized multi-dimensional discrete convolution algo‐
rithm is proposed to compute the reliability model, and the ade‐
quacy indices are calculated in an accurate and efficient way.
Case studies demonstrate the correctness and efficiency of the
proposed method. The capacity value of multi-energy conver‐
sion facilities is also quantified by the proposed method.

Index Terms——Capacity outage probability table (COPT), inte‐
grated energy system (IES), multi-dimensional discrete convolu‐
tion, reliability model.

I. INTRODUCTION

IN recent years, the integrated energy system (IES) is gain‐
ing widespread application around the world [1], [2]. An

IES emphasizes the complementarity and synergy of various
forms of energy such as electricity, heating, cooling, and
gas. It enhances the operation efficiency of the whole energy
system, integrates more distributed renewable energy resourc‐
es and improves the adequacy of different forms of energy
supplies [3], [4]. Also, it enables closer correlations among

multi-energy systems by the coupling of multi-energy sys‐
tems.

In general, the components in the IES, i.e., the multi-ener‐
gy generation (MEG) facilities or the multi-energy conver‐
sion (MEC) facilities, are coupled with various energy sys‐
tems with certain correlations. This motivates wide studies
on an IES from different aspects. For example, [5]-[7] study
the calculations of energy flow, probabilistic energy flow,
and optimal energy flow of an IES. An optimal operation
and management strategy for an IES is proposed in [8], [9].
And the optimal expansion planning and design of an IES
are studied in [10], [11].

The reliability evaluation of an IES with the correspond‐
ing metrics such as adequacy and capacity values is also an
important aspect that requires deep research. References
[12], [13] construct an analytical reliability model of a multi-
energy system for its supply reliability considering the con‐
version of different energy forms based on Markov state
space. Reference [14] studies a sampling-based simulation
method to evaluate the adequacy of an IES considering the
availability of the primary resources and the load dependen‐
cies of the demand side. In [15], a hierarchical decoupling
optimization framework and an impact-increment-based state
enumeration method (SEM) are proposed to assess the ade‐
quacy of a large-scale IES.

Recently, there are also some researches focusing on the
adequacy evaluation of an IES considering more complex
network failures, operation constraints, and even renewable
uncertainty. The Monte-Carlo-simulation (MCS) -based reli‐
ability evaluation methods are applied to integrated electrici‐
ty-heating energy system (IEHS) [16] and integrated electric‐
ity-gas energy system (IEGS) [17], with a combined multi-
energy optimal power flow optimization model. Reference
[18] proposes a fast analytical method to cope with the ade‐
quacy assessment of IEGS considering the dispatch strate‐
gies. References [19] and [20] develop an equivalent reliabil‐
ity model for natural gas network based on a state transfer‐
ring technique and universal generation function (UGF), re‐
spectively. They can depict the impact of stochastic failures
and operation characteristics of the natural gas network on
the electricity network. Reference [21] combines the above
network equivalent method and the optimal power flow sim‐
ulation method. A new analytical method is proposed to esti‐
mate the failure probability of an IES considering multiple
correlated failure risks based on a reliability estimation theo‐
ry [22]. In addition, [23] proposes a data-driven robust ap‐
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proach for the risk evaluation of IEHS considering the am‐
biguous uncertainty of probability distribution of uncertainty
factors.

However, the capacity adequacy of an IES system has
been seldom studied. In particular, the capacity reliability
model of an IES, as the basic generation capacity model in
the field of power system reliability, should be developed.
The capacity reliability model presents the capacity outage
states and the corresponding probability distributions [24].
Different from the generation system capacity model, the
model should incorporate the impact of the main feature of
an IES, i. e., the multi-energy correlation, which is derived
from the coupling of different energy systems. Specifically,
the dependent outage and the correlation of multi-energy
loads are two kinds of multi-energy correlations. They will
cause dependent multi-energy capacity outage states. The
common-cause outage in MEG, e. g., the outage of a CHP
that may lead to the simultaneous outage of power and heat‐
ing capacities, and the energy-shortage-related outage in
MEC, e. g., the shortage of electricity that may lead to the
power-to-heat (P2H) unavailability, are all dependent outag‐
es. Meanwhile, the correlation of different energy loads is
quite common.

In this paper, a novel capacity outage probability table
(COPT) of IES is proposed to model these dependent multi-
energy capacity outage states and depict the reliability fea‐
tures of IES more accurately. Also, a customized convolu‐
tion algorithm is also proposed to compute the analytical
model effectively. The capacity value of MEC in the IES is
first studied. Reference [13] successfully constructs a matrix-
based energy hub reliability model by the Markov state
space method considering the availability of multi-energy
conversion paths. But it lacks considerations of the simulta‐
neous outage in the MEG facilities. In addition, for large-
scale systems, the state spaces of the model may be im‐
mense. Our model can avoid the immense state spaces in the
large-scale systems by merging the similar capacity states in
the convolution computation. Reference [20] constructs an
equivalent multi-state model for natural gas network to repre‐
sent the effect of the coupling of the power and natural gas
systems by the UFG. The reliability model in [19] is similar.
Then the impact of the natural gas system on the reliability
of the power system can be analyzed effectively. However,
the reliability models for different energy systems are sepa‐
rated. That is not a whole IES reliability model considering
the impacts of multi-energy coupling. It is also unknown
whether the method can be applied to IEHS or other more
IESs. The model proposed in this paper represents the reli‐
ability states of the whole IES, and it is also applicable to
other IESs.

Usually, the COPT is an analytical method in the genera‐
tion expansion planning to calculate the generation system
adequacy considering the forced outage of generations [24],
[25]. By constructing the capacity outage states in a discrete
convolution method, this method provides not only the ade‐
quacy indices but also the probability distribution of those
capacity outage states. This method is also extended to mod‐
el the stochastic output of wind energy [26], even with the

consideration of wind farm correlation, output variability,
and forced outages [27], [28]. In [29], a reliability-based IES
planning model considers the capacity outage of power and
natural gas systems. However, these COPTs are still tradi‐
tional models for the single energy system, which cannot re‐
flect the dependent outages or the correlation of multi-ener‐
gy loads in the IES. The traditional COPT model uses vec‐
tors to model the outage of the generation system, but inde‐
pendent vectors cannot model the dependent capacity outage
states of a multi-energy system. We propose the multi-dimen‐
sional matrices to model dependent multi-energy capacity
outage states and their joint outage probabilities. To maintain
the computation advantage of the COPT model over the
SEM by the discrete convolution method, we propose the
two-dimensional (2-D) discrete convolution [30] to compute
the proposed IES COPT model effectively. To make sure
that the algorithm can compute the exact results considering
the dependent outage and the correlation of multi-energy
loads, some customized computation rules are developed in‐
to the crude 2-D discrete convolution algorithm. After con‐
volving with the multi-energy load model, an IES reserve
model is then obtained. Based on the model, the exact ade‐
quacy indices of each single energy system can be gained,
while some adequacy indices are calculated to indicate the
impact of the multi-energy correlation for the whole IES. In
particular, a conditional probability approach is proposed to
integrate the MEC into the 2-D discrete convolution algo‐
rithm. Then, based on the novel capacity reliability model of
an IES, the capacity value of MEC in an IES can be comput‐
ed naturally to quantify its contributions to the adequacy of
an IES considering its dependency on the power system. So
far, most researches on capacity value only focus on wind
energy. This paper proposes a pioneer study on the capacity
of energy conversion facilities in an IES. Finally, an IEHS is
applied to illustrate the proposed method. The contributions
of this paper are threefold as follows.

1) We propose an analytical capacity reliability model of
an IES based on the COPT. It considers the impact of multi-
energy correlations by using multi-dimensional matrices to
model the dependent capacity outage states and their joint
outage probabilities in the COPT of IES. The dependent out‐
age and the correlated multi-energy loads can be naturally
represented by this model.

2) A customized 2-D discrete convolution algorithm with
some special computation rules is proposed. It can calculate
the proposed COPT of IES correctly and fast considering the
impact of dependent outage and the correlation of multi-ener‐
gy loads. Meanwhile, it also maintains the computation ad‐
vantage over the SEM, as the COPT of the generation sys‐
tem does.

3) The indices of an IES and some indices representing
the impacts of multi-energy correlations on the capacity ade‐
quacy can be calculated. The capacity value of the multi-en‐
ergy conversion in the IES is first studied to quantify its ade‐
quacy contribution considering the multi-energy coupling.

With the development of the IES, the proposed IES capac‐
ity model has the potential to support the capacity expansion
planning [10] of an IES, and also a day-ahead or on-line re‐
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serve check of IES [31]. The multi-state reliability model
can also be used in a sampling-based simulation for a more
complex energy system including multiple IESs [29].

The remainder of this paper is organized as follows. Sec‐
tion II presents the reliability model of an IES. Section III il‐
lustrates the computation method. Section IV validates the
correctness and computation performance. Section V pro‐
vides the conclusion and the future work.

II. RELIABILITY MODEL OF AN IES

The multi-energy generation (MEG) and multi-energy con‐
version (MEC) facilities need to be invested in an IES. The
dependent outage, i. e., the common-cause outage in MEG
and the energy-shortage-related outage in MEC, and the cor‐
related multi-energy loads might affect the system reliability.
In this context, this section presents a reliability model of an
IES in the form of dependent capacity outage states, joint
outage probability, and joint cumulative outage probability
distributions, which is a COPT of IES.

The COPT model is a commonly used method to calcu‐
late the adequacy of generation system. It can also be a gen‐
eration reliability model of capacity outage states for power
system simulation. The details of the COPT model for the
power system can be found in [24], [25].

The common-cause failure can result in a simultaneous
outage of multi-energy generation outputs, while the short‐
age of input energy can lead to the outage of output energy
in multi-energy conversion facilities. On the other hand, the
multi-energy loads are also correlated. These correlations
lead to dependent capacity outage states in an IES. The ca‐
pacity outage states in the COPT model indicate the amount
of capacity that is out of service.

In general, the schematic diagram for the generation sys‐
tem and IES is described in Fig. 1. The MEG, combined
heat and power (CHP) production, MEC, and P2H are de‐
ployed in the system. The heat energy unit is British thermal
unit (Btu), which can be converted to MW by 1 W = 3.412
Btu/h.

A. COPT Models of Components

1) COPT Model of CHP
We first model the operation state spaces of a CHP based

on a stationary discrete-time Markov process. It is assumed
that the failure and repair rates of all components are con‐
stants over time, which is called time-homogeneous proper‐
ty. Meanwhile, in the Markov process, the next state is only
related to the current state but not related to the whole histo‐
ry.

The operation state space for the reliability and availabili‐
ty of a CHP is shown in Fig. 2. The details can be found in

[32]. Three subsystems, i.e., gas, electricity, and thermal sub‐
systems, are considered in a CHP, denoted by Sg, Sele, and
Sth, respectively. Note that these subsystems are inside a
CHP, and they are different from the power or heat energy
system discussed in this paper. For each subsystem, there are
two operation states, i. e., normal and failed, shown by the
symbols “√” and “×”, respectively.

As the electricity and thermal subsystems are coupled
with the gas subsystem, the failure in gas subsystem will
cause the outage of other two subsystems together, which is
called a common-cause outage. Thereby, three related states:① {gas subsystem (failed), electricity subsystem (normal),
thermal subsystem (normal)}; ② {gas subsystem (failed),
electricity subsystem (failed), thermal subsystem (normal)};③ {gas subsystem (failed), electricity subsystem (normal),
thermal subsystem (failed)} do not exist in reality. The oper‐
ation state is represented by State 4 in Fig. 2, which can
cause a simultaneous outage of power and heat capacities. In
addition, the fuel-delivery subsystem failure is also an event
of common-cause outage for the power and heat capacities. It
is represented by State 5 in Fig. 2, where λ1 - λ7 and μ1 - μ7 are
the transition rates between different system operation states.

Further, we can calculate the stationary residing probabili‐
ty Pi of each operation state i in Fig. 2 by the stationary
probability distribution of the stationary Markov process
[24]. In Fig. 2, States 4 and 5 can cause the simultaneous
outage of power and heat capacities. Hence, they correspond
to the same capacity outage states, i. e., CS4 in Fig. 3. For
readability, the capacity state on outage is written as capaci‐
ty state for short, and the probability of capacity state on out‐
age is written as outage probability for short.
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Equation (1) represents the outage probability matrix Pchp

and cumulative outage probability matrix P *
chp of a CHP, cor‐

responding to the capacity outage states in Fig. 3. The capac‐
ity state CS1 (0, 0) means all power and heat capacities are
available, and its probability is Pchp_0; CS2 (0, Hchp) means
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Fig. 1. Schematic diagram for generation system and IES.
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the heat capacity is in outage and the power capacity is
available, and its probability is Pchp_h; CS3 (Cchp, 0) means
the power capacity is in outage and the heat capacity is
available, and its probability is Pchp_e; and CS4 (Cchp, Hchp)
means all power and heat capacities are not available, and
its probability is Pchp_e&h, which is the common-cause forced
outage rate of CHP. Each element of the 2-D matrix Ochp in
Fig. 3 is a binary array representing the corresponding pow‐
er and heat capacity outage states, where Cchp is the power
supplying capacity of a CHP; and Hchp is the heat supplying
capacity of a CHP. λ*

1 - λ*
5 and μ*

1 - μ*
5 are the transition rates

between different capacity outage states. These outage proba‐
bilities can be calculated by the stationary residing probabili‐
ty Pi as shown in (2). As CS4 includes States 4 and 5,
Pchp_e&h is calculated by the sum of P4 and P5. It is easy to
find that Pchp_e&h is not equal to Pchp_e Pchp_h in (1). It means
the outages of power and heat capacities are not indepen‐
dent. Instead, they are dependent due to the existence of the
common-cause outage of power and heat capacities in the
CHP. Therefore, if the power and heat capacities are mod‐
eled separately in a vector, the probability of the simultane‐
ous outage of multiple energy forms would not be ex‐
pressed. Finally, a multi-dimensional-matrix-based modeling
method is proposed to describe the dependent capacity states
and the corresponding probability distribution.
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The cumulative probability matrix P *
chp means the probabil‐

ity that one capacity state is above the current state. The cu‐
mulative probability of the capacity state (0, 0) is 1, because
all other capacity states are all above (0, 0). The sum of the
probabilities of all capacity states is always 1.
2) COPT Model of P2H

The P2H is a typical MEC facility which transforms elec‐
tricity into heat. Electric boilers (EBs) and electric heat
pumps (EHPs) are potential to be deployed in northern Chi‐
na to solve the clean heating problem [1], [33]. Therefore,
the adequacy study of MEC in the IES is urgently required.
Usually, P2H has just two states: normal or failed. But in
the normal state, P2H consumes electricity to produce heat,
which leads to a dependency between electricity and heat en‐
ergy systems. The shortage of electricity will cause the out‐
age of its heat capacity, i.e., the energy-shortage-related out‐

age of capacity. Therefore, it cannot be modeled individually
as a heat capacity or electricity load in the IES capacity
model. The 2-D matrix is used to model the dependency in‐
side the MEC by considering the electricity consumption as
a dummy capacity.

Specifically, when P2H works normally, it provides an
available heat capacity equivalent to a negative heat capacity
state. Meanwhile, it consumes power capacity equivalent to
a positive power capacity state in the IES. The state is
shown in the lower-left corner of OP2H , i. e., (CP2H,-HP2H),
where OP2H is the matrix representing the outage capacity
states of P2H; and CP2H and HP2H are the power and heat out‐
age capacities of P2H, respectively. When P2H is failed, it
equals to the zero capacity state in the upper-right corner of
OP2H . The corresponding outage probability matrices are rep‐
resented by PP2H and P *

P2H, respectively. The modelling man‐
ner will facilitate to quantify the capacity value of MEC.
P0_P2H and PP2H are the working and failed probabilities, re‐
spectively. The sum of them is 1.
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3) COPT Models of Generation and Furnace
A furnace generates heat from natural gas, which is a sin‐

gle-energy generator. Hence, both of them can be modeled
by the COPT model of the generation system.
4) COPT Model of Multi-energy Loads

There also exists a correlation among different energy
loads [14]. We can use the 2-D matrix to model the multi-en‐
ergy loads as positive capacity outage states. For example,
Fig. 4 shows a six-segment power and heat load curve.

The 2-D matrix size parameter (NLe
+ 1)´(NLh

+ 1) can be

determined by (4) based on the maximum power and heat
loads Le,max and Lh,max, and capacity increments CIe and CIh.
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To calculate the probability matrix PL, we count all these
multi-energy load states one by one as illustrated in [24].
The probability of the first load state (90 MW, 135 MW) in
Fig. 4 is 1/6. As for P *

L, it can be obtained by the Proposi‐
tion 1 in Section III-A.

B. COPT Model of IES

The COPT model of an IES consists of three 2-D matri‐
ces, i. e., COPT =[OPP *], where O is the capacity outage
state matrix (COSM) of the IES; P is the capacity outage
probability matrix (COPM); and P* is the cumulative capaci‐
ty outage probability matrix (CCPM). Their internal struc‐
tures are shown in Figs. 5-7.

All coordinates start from zero, the row coordinates relate
to power capacity outage states, and the column coordinates
relate to heat capacity outage states. M + 1 is the number of
all the power capacity outage states; and N + 1 is the number
of all the heat capacity outage states. In the COSM, CIe and
CIh are the power and heat outage capacity increments, re‐
spectively, which make the discrete convolution algorithm
practical to the large-scale energy system with facilities of
different capacity sizes by discretizing the capacity states;
the total heat capacity of the IES is N ×CIh; and the total
power capacity is M ×CIe. Each element of COSM repre‐
sents one dependent capacity state of an IES, which can be
easily calculated by (i ×CIej ×CIh), marked as (ij) for short.
P(ij) in COPM represents the joint probability of the corre‐
sponding dependent capacity outage states in an IES. P * (ij)
in cumulative capacity outage probability matrix (CCPM) is
defined as:

P * (ij)=∑
m= i

M∑
n= j

N

P(mn) (5)

Note that if the multi-energy loads or P2H are convolved,
the capacity outage states can be computed by a conversion
of their coordinates.

III. 2-D DISCRETE CONVOLUTION ALGORITHM

Traditional generation system adequacy assessment uses
the discrete convolution algorithm to compute its COPT
model. Then, the adequacy indices can be obtained after the
generation reserve model is computed by convolving the gen‐
eration model with the load model [24], [25]. However, the
traditional method is based on a one-dimensional discrete
convolution. To compute the above joint probability distribu‐
tion, a 2-D discrete convolution algorithm is proposed.

Definition 1 (2-D discrete convolution) [30]: for two 2-D
matrices A(Ma + 1)´(Na + 1) and B(Mb + 1)´(Nb + 1), their discrete convolu‐

tion result is denoted by the matrix C, and the computation
process can be represented by C =A⊗B.

C(ij) =∑
m= 0

i ∑
n= 0

j

A(mn)B(i -mj - n)

0£ i £Ma +Mb 0£ j £Na +Nb (6)

Definition 1 defines the 2-D discrete convolution process.
There have been several efficient methods for solving the 2-
D discrete convolution problem, which is out of the scope of
this paper. This paper focuses on how to apply the 2-D dis‐
crete convolution algorithm correctly to compute the COPT
of IES and the corresponding adequacy indices.

A. Customized 2-D Discrete Convolution Algorithm

As we usually perform the 2-D discrete convolution algo‐
rithm recursively to obtain the final COPT model of an IES,
which will be presented in the following computation proce‐
dure part, we only need to illustrate how to perform this al‐
gorithm on two known COPT models to obtain the new
model. Note that we have two known IESs A(Ma + 1)´(Na + 1) and

B(Mb + 1)´ (Nb+ 1), and their COPTs é
ë

ù
ûOA(Ma + 1)´(Na + 1)

PA(Ma + 1)´(Na + 1)
P *

A(Ma + 1)´(Na + 1)

and é
ë

ù
ûOB(Mb + 1)´(Nb + 1)

PB(Mb + 1)´(Nb + 1)
P *

B(Mb + 1)´(Nb + 1)
.

When integrating B into A, we obtain the new combined
system C and its COPT [OC, PC, P *

C].
1) COPM

The element of PC can be calculated by (7), which is rep‐
resented compactly by PC = PA⊗PB.

PC (ij)= ∑
m1 +m2 = i

∑
n1 + n2 = j

PA (m1n1)PB (m2n2)=

∑
m= 0

Ma∑
n= 0

Na

PA (mn)PB (i -mj - n)

0£ i £Ma +Mb 0£ j £Na +Nb (7)

There will be some elements with negative coordinates in
PB. Their values are set to be zero, because all coordinates
start from zero, which do not exist in the original PB.
2) CCPM

According to the definition of P * in (5), we substitute (7)
into (5) to obtain (8).
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Fig. 6 Internal structure of COPM.
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Fig. 7 Internal structure of CCPM.
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Fig. 5 Internal structure of COSM.
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P *
C (ij)= ∑

m= i

Ma +Mb∑
n= j

Na +Nb∑
p= 0

Ma∑
q= 0

Na

PA (pq)PB (m- pn- q)=

∑
p= 0

Ma∑
q= 0

Na ∑
m= i

Ma +Mb∑
n= j

Na +Nb

PA (pq)PB (m- pn- q) =

∑
p= 0

Ma∑
q= 0

Na

PA (pq)P *
B (i - pj - q) (8)

It can be easily observed that there are several elements
whose positive coordinates above the original range of coor‐
dinates in P *

B. Their values are set to be zero. But for those
elements with negative coordinates in P *

B, their values cannot
be simply set to be 1 just as the discrete computation for the
traditional generation system. Therefore, the key of the com‐
putation is to determine the value of P *

B (iy) and P *
B (yj),

where y is a negative integer, 0£ i £Mb, and 0£ j £Nb.

To compute the CCPM P *
C correctly through the 2-D con‐

volution, the following extension rule for P *
B is proposed to

calculate the correct values for P *
B (iy) and P *

B (yj), y < 0.
Extension rule: to clarify the new extended matrix, it is re‐

named as P **
B , then it can be obtained based on the original

P *
B as (9). Figure 8 shows the numerical structure of P **

B .

ì

í

î

ï

ï

ï

ï
ïïï
ï

ï

ï

ï

ï
ïïï
ï

P **
B (ij)= 1 0£ i <Ma0£ j <Na

P **
B (ij)=P *

B (i -Ma0)

Ma £ i £Ma +Mb + 10 £ j <Na

P **
B (ij)=P *

B (0j -Na)

0£ i <MaNa £ j £Na +Nb + 1

P **
B (ij)=P *

B (i -Maj -Na)

Ma £ i £Ma +Mb + 1Na £ j £Na +Nb + 1

(9)

The computation procedures of CCPM P *
C are described as

follows.
1) Extend P *

B to P **
B according to the extension rule.

2) Compute PA⊗P **
B , then select the matrix with the size

(Ma + Mb + 1, Na + Nb + 1) in the lower right of PA⊗P **
B as

the final P *
C.

Figure 9 shows the internal structure of PA⊗P **
B , where

Mb ´Nb, Mb ´(Na + Nb + 1), (Ma +Mb + 1)´Nb, and (Ma + Mb +
1)´(Na + Nb + 1) are the dimensions of P0, P1, P2, and P *

C, re‐
spectively.

These computation procedures are represented as ⊗̑:

P *
C =PA ⊗̑P *

B
(10)

Proposition 1: if a 2-D COPM P is known, the correspond‐
ing CCPM P * can be computed as:

P * =P ⊗̑ 1 (11)

This proposition is very useful to calculate P *
C, especially

when P *
B is difficult to obtain. We can first calculate PC, then

calculate P *
C by the proposition. Note that the latter method

requires more memory space than (10), while its multiplica‐
tion operations are easier. This property is a very important
finding in this paper.

Proof: considering that PA and P *
B are known, we want to

calculate P *
C in (10). According to the above definition of

PA ⊗̑P *
B and (8), any element of the final computation result

of PA ⊗̑P *
B can be written as:

P *
C (ij) = ( )PA ⊗̑P *

B (ij) =∑
p= 0

M∑
q= 0

N

PA (pq)P *
B (i - pj - q) (12)

Assume the original P *
B = 1, i.e., P *

B (00)= 1. According to
the definition of P **

B in the above extension rule, if p³ i and
q³ j, P *

B (i - pj - q)= 1; otherwise, its value is 0. Therefore,
(12) can be further replaced by:

P *
C (ij)= ( )PA ⊗̑P *

B (ij)=∑
p³ i

M∑
q³ j

N

PA (pq) (13)

According to the definition of P* in (5), it is clear that

( )PA ⊗̑P *
B (i,j) is exactly P *

A (ij). Therefore, P *
C = P *

A = PA ⊗̑ 1.

So far, the proposition is established.

B. Computation Procedure of COPT of IES for Adequacy As‐
sessment

This subsection describes the procedures to generate the
COPT of an IES and compute its adequacy indices. A numer‐
ical example is given in Appendix A.

**=PB

Na

Ma

+1Nb

+1Mb

…

…

…

… 
P*
B(0, 0)

P*
B(0, 0)

P*
B(0, 0)

… 

P*
B(0, 1)

P*
B(0, 1)

P*
B(0, 1)

… 

P*
B(0, Nb)

P*
B(0, Nb)

P*
B(0, Nb)

…

…

…

… 

1

1

1

… 

1

1

1
… 

1

1

1

…

…

…

… 

P*
B(0, 0)

P*
B(1, 0)

P*
B(Mb, 0)

… 

P*
B(0, 1)

P*
B(1, 1)

P*
B(Mb, 1)

… 

P*
B(1, Nb)

P*
B(0, Nb)

P*
B(Mb, Nb)

…

…

…

… 

P*
B(0, 0)

P*
B(1, 0)

P*
B(Mb, 0)

… 

P*
B(0, 0)

P*
B(1, 0)

P*
B(Mb, 0)

… 

P*
B(1, 0)

P*
B(0, 0)

P*
B(Mb, 0)

Fig. 8. Numerical structure of P **
B .

Mb × Nb Mb × (Na + Nb + 1)

(Ma + Mb + 1) × Nb (Ma + Mb + 1) × (Na + Nb + 1)

**PA ⊗ PB  = 
P0 P1

P2
*PC

Fig. 9. Internal structure of PA⊗P **
B .
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1) Formulation of COPT of Combined Generation and Fur‐
nace Systems

Assume that an IES has Ng generators and Nf furnaces.
The COPT of the generation system [OgPgP *

g ] and furnace
system [O f P f P *

f ] can be formulated as the COPT of tradi‐
tional generation system. The numbers of capacity outage
states of COPTs of generation and furnace systems are
Ng + 1 and Nf + 1, respectively. Note that Og, Pg, P *

g are all
one-dimensional vectors.

The 2-D COPT of the combined generation and furnace
system [OGFPGFP *

GF] is as follows:

PGF =P T
g P f (14)

P *
GF = (P *

g )
T

P *
f (15)

where the subscript GF represents the combined generation
and furnace system.
2) Formulation of COPT of CHP System

Assume that the IES has Nchp CHPs, and the COPT of the
ith CHP is [Ochp, iPchp, iP *

chpi] (i = 12Nchp ). The COPT of
each single CHP can be formed as illustrated in Section II-
A. Its power and heat capacity increment must be consistent
with CIe and CIh. The COPT of the whole CHP system
[OCHPPCHPP *

CHP] can be obtained recursively.

PCHPn =PCHPn ⊗PCHPn- 1 n= 23NCHP (16)

P *
CHPn =PCHPn- 1 ⊗̑P *

CHPn n= 23NCHP
(17)

3) Formulation of COPT of an IES
The COPT of an IES [OIES PIESP *

IES] can be formulated as
(18) and (19). The dimensions of OIES, PIES and P *

IES are all
(NIESe

+ 1)´(NIESh
+ 1).

PIES =PGF ⊗PCHP (18)

P *
IES =PGF ⊗̑P *

CHP
(19)

4) Convolution of IES with Multi-energy Loads

P *
L =PL ⊗̑ 1 (20)

PIESL =PIES ⊗PL (21)

P *
IESL =PIES ⊗̑P *

L =PL ⊗̑P *
IES

(22)

where the subscript IES is the model that only includes gen‐
erations; and the subscript IESL is the model that includes
generations and loads in the IES, which can be called IES re‐
serve model.

The COPM of multiple-loads PL can be formed according
to the multi-load model in Section II-A, then CCPM P *

L can
be obtained in (20) by applying Proposition 1. We use (21)
and (22) to convolve the IES with the multi-energy loads.
The internal structure of the CCPM of integrated energy sys‐
tem with load (IESL) is given in Fig. 10, whose size is
(NIESe

+NLe
+ 1)´(NIESh

+NLh
+ 1).

To calculate the capacity outage states in the IES reserve
model, a coordinate conversion is defined as:

OIESL (ij)= ( )(i -NIESe
)×CIe( j -NIESh

)×CIh

0£ i £NIESe
+NLe

0£ j £NIESh
+NLh

(23)

5) Calculation of Adequacy Indices of an IES
The proposed adequacy indices of an IES and their com‐

putation methods are shown in Table I. LOLPe||h is a whole
adequacy index for an IES indicated by parts I, II, and IV in
Fig. 10. Part I represents the united loss of power and heat
load LOLPe&h. Part II states that there is only power loss
LOLPe. Part IV states that there is only heat loss LOLPh.
Part III means that there is no heat or power loss. The whole
index is not the direct sum of adequacy indices of different
energy systems, which is calculated as LOLPe||h = LOLPe +
LOLPh + LOLPe&h instead. For example, if an IES sheds pow‐
er and heat loads during 1 hour at the same time, the dura‐
tion of load shedding for the whole system is not 2 hours
but 1 hour. The related probability adequacy index LOLE,
i.e., the loss of load expectation, can be calculated by
LOLE = LOLP × 8760.

C. 2-D Discrete Convolution Algorithm with Integration of
P2H

P2H facility can work when there is adequate power. In
the above adequacy study, after the IES model is convolved
with the load model, there will be some capacity outage
states of Ce < 0 and Ch > 0 in the generated IES reserve mod‐
el OIESL. These states mean that there is excessive power sup‐
ply but the heat load is not served, and all of these states are
stated as EOHL. The COSM of these states is represented
by OEOHL, and their COPM is represented by PEOHL, which
means the outage probability matrix of all capacity states on
electricity excessive and heat loss. We can extract the PEOHL

corresponding to EOHL from the original PIESL, which has

III IV

II I

PIESL(0, NIESh)
*

PIESL(NIESe, NIESh)
*

……

…

…

PIESL(NIESe + 1, NIESh)
*

PIESL(NIESe + NLe, NIESh)
*

…

PIESL(0, NIESh + 1)*

PIESL(NIESe, NIESh + 1)*

…
PIESL(NIESe + 1, NIESh + 1)*

PIESL(NIESe + NLe, NIESh + 1)*

……

…

…

…
…

…

…

…

…

Fig. 10. Internal structure of CCPM of IESL.

TABLE I
ADEQUACY INDICES FOR AN IES

Index

LOLPe&h

LOLPe

LOLPh

LOLPe||h

EENS
(MWh/year)

EHNS
(MWh/year)

Interpretation

Probability of power
and heat load losses

Probability of only
power load loss

Probability of only
heat load loss

Probability of power
or heat load loss

Expected electricity
not served

Expected heat not
served

Computation

LOLPe&h = P *
IESL (NIESe

+ 1NIESh
+ 1)

LOLPe = P *
IESL (NIESe

+ 1,0)-LOLPe&h

LOLPh = P *
IESL (0,NIESh

+ 1)-LOLPe&h

LOLPe||h = LOLPh + LOLPe + LOLPe&h
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been obtained above.
To facilitate the computation, we divide all P2H facilities

into NCOP groups according to the coefficient of performance
(COP).

Definition 2 (COP): COP is the ratio of work or useful
output to the amount of work or energy input, generally
used as a measure of the energy efficiency of air condition‐
ers, space heaters and other cooling and heating devices.

The COP in Definition 2 is the ratio of heat energy output
to electricity energy input. The COP of the EB is very close
to 1, which means that it nearly converts all the power into
heat energy and the COP of the electric heat pump (EHP) is
above 1. They are usually assumed to be constants in the re‐
search field. Specifically, the P2H facilities with similar
COPs are put in the same group. The COPM of P2H in the
ith group is denoted by PP2H(i) . For example, there are two
EHPs with the power input capacity of 10 MW, the heat out‐
put capacity of 15 MW, the same COP of 1.5, and the out‐
age probability of 0.05. They are put together into the first
group, and their COPM PP2H(1) is formulated together by 2-D
convolution, as presented in Appendix A Table A-X. If the
IES has one additional EHP with power input capacity of 10
MW, heat output capacity of 30 MW, and COP of 3, and the
outage probability of 0.05, it is separately as the second
group of P2Hs, whose COPM PP2H(2) is in Appendix A Table
A-X.

Then, P2H can be committed in EOHL to reduce the heat
loss in EOHL. EOHL can be regarded as a condition of us‐
ing P2H in adequacy assessment. Here, it is considered as
an event represented by EEOHL. Further, the impact of P2H on
the adequacy of IES can be computed in a conditional proba‐
bility approach. Specifically, the employment of P2H reduc‐
es heat loss in EOHL, which is regarded as the event EP2H.
When P2H is considered, the COPM of EOHL will also be
changed. We regard the new COPM of EOHL after the em‐
ployment of P2H as PEOHL&P2H. However, P2H is only em‐
ployed when the event EEOHL occurs. The conditional employ‐
ment of P2H can be regarded as a conditional event
(EP2H|EEOHL). Following the logistic of the conditional proba‐
bility, PEOHL&P2H could be calculated by (24).

P(EP2H)= P(EP2H|EEOHL)⊗P(EEOHL)=PP2H ⊗PEOHL (24)

However, the P2H is assumed to operate at full capacity
in (24). In reality, as the operation of P2H depends on the
power supply, if there is not enough power supply, P2H
might operate at its full capacity or partial capacity. The con‐
sequence is that (24) will generate some capacity states with
positive power capacity outage Oe, i. e., Oe > 0. However,
these states do not actually exist, because P2H would not be
employed when there is a shortage of electricity in the IES.
For a numerical example, Appendix A Table A-IX has PEOHL

of EOHL, which is extracted from Table A-VI. Then, the
above first group of P2Hs is employed to improve the heat
loss in EOHL. When convolving the last row of PEOHL in Ta‐
ble A-IX that corresponds to the power capacity outage of -
10 MW with the last row of PP2H(1) in Table A-X that corre‐
sponds to the heat capacity outage of 20 MW, a new power
capacity outage of 10 MW will be generated. It means that

the system just has an extra 10 MW power capacity, but it is
employed to drive the first group of EHPs at the full capaci‐
ty of 20 MW. Finally, a non-existent -10 MW capacity state
is created. The reality is that the extra 10 MW can drive the
P2H of 10 MW to work. Hence, PEOHL&P2H ≠P(EP2H). A nu‐
merical example of P(EP2H) is given in Appendix A Table A-
XI.

To cope with the problem, a row-by-row convolution algo‐
rithm (MEC convolution algorithm) is proposed. The idea be‐
hind the algorithm is that when encountering a row which
generates the non-existent capacity states, the probabilities of
the corresponding capacity states of P2H are merged into the
nearest existing capacity states. For example, when the last
row of PEOHL is convolved with PP2H(1), the probability of (20
MW, 30 MW) is integrated into (10 MW, 15 MW) in PP2H(1).
Meanwhile, the row with power capacity outage of 20 MW
in PP2H(1) is neglected. Finally, the correct PEOHL&P2H can be
calculated by the algorithm and shown in Appendix A Table
A-XII.

The proposed MEC convolution algorithm consists of
three subparts. The first subpart initializes all parameters.
There are NCOP groups of P2H facilities in total. The maxi‐
mum power and heat capacities of the ith group of P2H
(P2H(i)) are NP2He(i) ×CIe and NP2Hh(i) ×CIh, respectively. The
COPM of the ith group of P2H is PP2H(i). Considering the ze‐
ro capacity outage states, the size of PP2H(i) should be
(NP2He(i) + 1)×(NP2Hh(i) + 1). Considering the coordinates of the
matrix starting from 0, its coordinates should start from (00)
to (NP2He(i), NP2Hh(i)). We initialize PIESL&P2H to be PIESL. Then
PEOHL is extracted from PIESL&P2H whose size is (NIESe + NLe +
1)×(NIESh + NLh + 1) given in Section III. The maximum power
and heat capacities of the EOHL are NEOHLe ×CIe and NEOHLh ×
CIh, respectively. The COPM of EOHL is PEOHL with its size
of NEOHLe ´NEOHLh. Its coordinates start from (00) to (NEOHLe -
1NEOHLh - 1). Note that there are no zero capacity outage
states in PEOHL.

In the second subpart, the row-by-row convolution is com‐
puted. Considering the employment of the ith group of P2H
facilities, the COPM of PEOHL is updated to PEOHL&P2H(i). As
PEOHL&P2H(i) will include an additional zero power outage ca‐
pacity, its size on power capacity outage should be
NEOHLe + 1, and the size on heat capacity is
NEOHLh + NP2Hh(i) + 1. Therefore, its coordinates start from (0,0)
to (NEOHLeNEOHLh + NP2Hh(i)). Specifically, we first find the part
of PEOHL, which can be convolved with PP2H(i) but does not
generate the non-existent power capacity outage states. The
corresponding row coordinate l0 can be calculated by l0 =
NEOHLe -NP2He(i). After that, for the remaining rows with the
coordinates larger than l0, they are convolved with PP2H(i) one
by one. The coordinate that is currently convolved is lEOHL.
When convolving the row with PP2H(i), we consider the P2H
operating at partial capacity by merging the probability of
those impossible capacity states of P2H into the nearest fea‐
sible capacity states in PP2H(i). The process is achieved by a
very skillful recursive equation, which will be presented in
(28). The equation copes with the situation where P2H
might operate at partial capacity when the electricity is inad‐
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equate, which is thus the core of the algorithm. In (28), (x-
1y + CIe ×COPi /CIh) is the coordinate of the nearest feasible
capacity states in PP2H(i) for the currently convolved row
lEOHL. It must be stressed that we need elaborately choose the
values of CIe and CIh to guarantee CIe ×COPi /CIh as an inte‐
ger for each COPi. For example, COP1 = 1, COP2 = 1.5, and
COP3 = 3. We can set CIe = 1 MW and CIh = 0.5 MW to sat‐
isfy the requirement. Finally, we need to integrate the convo‐
lution result of the row into PEOHL&P2H(i).

In the third part, we will modify the original PIESL to
PIESL&P2H according to PEOHL&P2H(i) considering the impact of
P2H(i). Specifically, the employment of P2H(i) changes the
original outage probability distribution. We find the corre‐
sponding coordinates and adjust the corresponding probabili‐
ties.

After repeating the above procedures for all P2H groups,
the final COPM PIESL&P2H considers the impact of all P2H
groups on the IES adequacy.

The MEC convolution algorithm is described as follows.
1) Initial Computation (First Subpart)

Step 1: formulate NCOP groups of P2H with similar COPs,
and calculate the COPM PP2H(i) (i = 12NCOP ) of each
group by 2-D discrete convolution algorithm. Set PIESL&P2H =
PIESL. The information of PIESL can be found in Section III.
Reset i = 0.

Step 2: extract PEOHL from PIESL&P2H by (25). Meanwhile,
clear the corresponding probabilities in PIESL&P2H by (26). Up‐
date i = i + 1.

PEOHL (0:NEOHLe - 10:NEOHLh - 1)=
PIESL&P2H (0:NIESe - 1NIESh + 1:NIESe +NIESh) (25)

PIESL&P2H (0:NIESe - 1NIESh + 1:NIESe +NIESh)= 0 (26)

2) Convolution Computation (Second Subpart)
Step 3: set l0 = NEOHLe -NP2He(i), and calculate PEOHL&P2H with‐

out generating the non-existent capacity states by (27). Note
that the coordinates of matrix start from 0.

PEOHL&P2H =PP2H (i)⊗PEOHL (0:l00:NEOHLh - 1) (27)

Step 4: record the coordinate of the lower left corner of
PP2H(i), x = NP2He(i) - 1, y = 0; for the remaining part of PEOHL,
convolve them with PP2H(i) in the row order.

Step 5: set the coordinate of the current row convolved in
PEOHL, i.e., lEOHL = NEOHLe + 1- x; lP2H = x- 1 is the row coordi‐
nate of the corresponding row in PP2H(i) to guarantee that
there are not positive power capacity outage states generated.

Step 6: for those rows with the coordinates larger than lP2H

in PP2H(i), merge their probabilities into the nearest feasible
capacity states in the row lP2H by (28). It is a recursive opera‐
tion considering all non-existent capacity states and copes
with the operation of P2H with partial capacity.

PP2H(i) (x- 1y+CIe ×COPi /CIh)=
PP2H(i) (xy) +PP2H(i) (x- 1y+CIe ×COPi /CIh) (28)

Step 7: convolve the row lEOHL of PEOHL with the corre‐
sponding PP2H(i) by (29).

TEMP =PEOHL (lEOHL0:NEOHLh - 1)⊗PP2H(i) (0:lP2H0:NP2Hh(i)) (29)

Step 8: integrate TEMP into PEOHL&P2H(i).

PEOHL&P2H(i) (lEOHL:NEOHLe0:NEOHLh +NP2Hh(i))=TEMP +
PEOHL&P2H(i) (lEOHL:NEOHLe0:NEOHLh +NP2Hh(i)) (30)

Step 9: modify the coordinate (xy) by:

{x= x- 1
y= y+CIe ×COPi /CIh

(31)

Step 10: if x = 0, go to Step 11; otherwise, return to Step 5.
3) Modification Computation (Third Subpart)

Step 11: the size of PEOHL&P2H(i) is (NEOHLe + 1)´(NEOHLh +
NP2Hh (i)+ 1). Modify PIESL&P2H according to (32):

PIESL&P2H(i) (0:NEOHLeNIESh +NLh -NEOHLh -NP2Hh(i):

NIESh +NLh)=PEOHL&P2H(i) +PIESL&P2H(i) (0:NEOHLe
NIESh +NLh -NEOHLh -NP2Hh(i):NIESh +NLh) (32)

Step 12: if i = NCOP , calculate (33); otherwise, go to Step 2.

P *
IESL&P2H =PIESL&P2H ⊗̑ 1 (33)

D. Flowchart of Evaluation Procedure of Capacity Adequacy

The overall evaluation procedure of capacity adequacy for
the IES is summarized as the flowchart in Fig. 11.

IV. CASE STUDY

In this section, we adopt the SEM, which is a basic analyt‐
ical method, to validate the correctness of the proposed algo‐
rithm. Here, we enumerate all possible states without any
truncation of the state space. After illustrating the correct‐
ness of the proposed algorithm, we use it to study the capaci‐
ty of P2H, which could give technical references for the op‐

Compute the COPT of
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GF

Compute the COPT of
all CHPs PCHP, P*

CHP Extract PEOHL from PIESL&P2H;
i=i+1

Execute the row-by-row
convolution algorithm for
the ith group P2H PP2H(i)

Modify PIESL&P2H

i=NCOP ?
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Compute the COPT of generators Pg, P*
g

Start

Is P2H
considered?

Output the adequacy
indices

End

Fig. 11. Overall evaluation procedure of capacity adequacy for IES.
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erator or investor on how many P2H facilities can be de‐
ployed in a wind-IES in a quantitative way. The discrete-con‐
volution-based COPT method has been successfully applied
to the adequacy evaluation of large-scale generation system.
A mid-scale IES is used as the case study to prove the cor‐
rectness of the algorithm.

The basic data of the considered IES are given in Table
II. The specific power load data Le and heat load data Lh are
shown in (34), and are also shown in Fig. 4.

{Le = (90100609080100)MW

Lh = (1351209010590120)MW
(34)

A. Adequacy Evaluation of IES

In this case, CIe and CIh are both set to be 5 MW. These
adequacy indices are shown in Table III. It can be found that
there are 23.32 days (LOLEe||h = 0.0639× 365) in load loss
(power or heat load loss) of the regional IES in the whole
year. And there are 2.62 days (LOLEe&h) in the power and
heat load loss at the same time. There are 10.59 days
(LOLEe) with only power load loss instead of heat. There
are 10.07 days (LOLEh) with only heat load loss instead of
power. The power and heat losses of the IES are 3.85×103

MWh and 5.77×103 MWh in one year, respectively. In Table
III, β is the coefficient of variation (COV) representing the
ratio of the standard deviation to the average of one index.
β = 1% and β = 5% are chosen as the convergence criteria for
the EHNS index in MCS.

LOLPe&h and LOLPe||h are indices considering the correla‐
tion of multi-energy system. The adequacy index for a single
power system is (LOLPe + LOLPe&h). The adequacy index for
a single heat system is (LOLPh + LOLPe&h). It can be found
that the adequacy index for an IES is not the simple summa‐
tion of individual power and heat energy systems, i. e.,
LOLPe||h ¹ (LOLPh + LOLPe&h)+(LOLPe + LOLPe&h), due to
the existing common-cause outage of the CHP system. Con‐

sidering this common-cause outage, the equation LOLPe||h =
LOLPh + LOLPe + LOLPe&h will be established, which can be
validated by the data in Table III. LOLPe&h and LOLPe||h re‐
flect the impact of the common-cause outage on adequacy.

To validate the correctness of the proposed COPT model,
these indices are also calculated by the SEM. The SEM is
the basic analytical method that enumerates and assesses
each possible system state, and collects all assessment re‐
sults to obtain the adequacy indices [34]. By enumerating all
possible states without any truncation for the state space, the
exact values of adequacy indices of the IES considering the
multi-energy correlation can be obtained at the price of a
huge computation burden. For example, a system with 15
two-state components has 215 possible states. In addition, we
also compare these methods with MCS method, which is an‐
other popular evaluation method for power system reliability.

The results in the second row in Table III show the exact
values of the adequacy indices of the IES from SEM. Com‐
pared with the results from the first row, we can find that
the IES COPT model can calculate the correct adequacy indi‐
ces. In other words, the 2-D convolution algorithm can calcu‐
late the correct indices as the SEM. The results also show
that the smaller β is, the closer the indices of MCS are to
the exact values. Also, the IES COPT can present dependent
multi-energy capacity outage states and their joint outage
probabilities.

Next, the proposed row-by-row energy conversion facility
convolution algorithm based on conditional probability is val‐
idated by the SEM. We assume that the IES has two addi‐
tional P2H facilities in Table IV. Here, the SEM can also ob‐
tain the exact indices of the IES with the deployment of
P2H through a conditional judgment in the enumeration pro‐
cess. Specifically, the SEM method needs to make a judg‐
ment on each state whether the P2H is employed. The stan‐
dard is whether the system state has heat load loss and ex‐
cessive power capacity. If not, P2H will not be used in the
state assessment. We still enumerate all states of the IES
with the consideration of the P2H states to get the exact ade‐
quacy indices.

Those adequacy indices considering the impact of P2H
from the IES COPT, SEM, and MCS methods are listed in
Table V. Their indices are just slightly different. This vali‐
dates the correctness of our proposed algorithm. Comparing
the results of Tables III and V, the adequacy indices of the
power system remain the same, because the P2H would not
have any impact on the power load loss. But the installation
of P2H can improve the adequacy of the heat system with
the EHNS decreasing to 4.03´ 103 MWh/year. It can be
found that the heat energy loss is reduced by about 30%

TABLE IV
DATA OF TWO P2H FACILITIES

P2H

P2H 1

P2H 2

CP2H (MW)

10

10

HP2H (MW)

10

10

PP2H (MW)

0.1

0.1

TABLE III
ADEQUACY INDICES FOR IES

Method

IES COPT

SEM

MCS (β = 5%)

MCS (β = 1%)

LOLPe&h

0.0072

0.0072

0.0067

0.0072

LOLPe||h

0.0639

0.0639

0.0631

0.0641

LOLPh

0.0276

0.0276

0.0267

0.0277

LOLPe

0.0290

0.0290

0.0295

0.0291

EENS
(MWh/
year)

3.85´ 103

3.85´ 103

3.85´ 103

3.86´ 103

EHNS
(MWh/
year)

5.77´ 103

5.77´ 103

5.57´ 103

5.78´ 103

TABLE II
DATA OF TEST IES

Cg (MW)

10

10

10

20

Pg

0.05

0.05

0.05

0.01

Cchp (MW)

10

10

20

20

Hchp (MW)

15

15

30

30

Pchp_e&h

0.05

0.05

0.05

0.01

Hf (MW)

30

30

Pf

0.05

0.05
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compared with the case without P2H. The indices of MCS
with β = 1% are more accurate, but it needs to sample nearly
5 million samples and spends 322 s to finish the calculation.
Further, we will compare the computation performances of
these algorithms in Section IV-C.

B. Capacity Values of P2H in IES

As the P2H is dependent on the power system, it is diffi‐
cult to assess how many P2Hs are enough to guarantee the
reliability of heat supply. Especially, electric heating is be‐
coming a promising option to integrate wind energy and re‐
duce green-house gas emission [33]. If we use many P2H fa‐
cilities in some areas with rich wind resources to supply
heat, how many P2Hs can be deployed? To answer this prob‐
lem, the capacity value of P2H is studied as follows.

The capacity value of P2H measures the contribution of
P2H to the adequacy of the heating system. In general,
equivalent firm capacity (EFC) [35] and effective load carry‐
ing capability (ELCC) [36] are the two most common defini‐
tions of capacity value in the power system. In principle,
these definitions are similar, which both replace the fluctuat‐
ing wind output with an equivalent firm conventional genera‐
tion capacity on adequacy.

The capacity value helps in a quantitative manner to know
the role which the energy conversion facility is playing on
the adequacy of an IES. In this case study, the stochastic out‐
put of wind farms is considered. Specifically, the reliability
model of wind farms with stochastic output is constructed as
a discrete multi-state output model by COPT [26], [27]. The
total rated capacity of the wind farm is 30 MW in Table VI.
The capacity states in Table VI are not the outputs of the
wind farm but the capacity on outage, which can be calculat‐
ed by the rated capacity of the wind farm less its outputs.

TABLE VI
COPT OF WIND FARM

Owind (MW)

0

5

10

15

20

25

30

Pwind

0.05

0.10

0.20

0.20

0.15

0.10

0.20

P *
wind

1.00

0.95

0.85

0.65

0.45

0.30

0.20

Figure 11(a) shows the EHNS with the addition of P2Hs,

while Fig. 11(b) shows the change of the EHNS with the ad‐
dition of the firm furnaces. The capacity values correspond‐
ing to different P2Hs can be obtained by comparing the ade‐
quacy results in Fig. 11. They are directly shown in Table
VII. The capacity values do not present a linearly increasing
trend with the addition of P2Hs. Even after the addition of
the 4th P2H, the capacity values do not increase. The reason
is that the heat supply of P2H is restricted by inadequate
power supply.

In Fig. 12, the impacts of the power sector on the capaci‐
ty values of P2H are studied. Specifically, 2× 10 MW P2Hs
are deployed, but the available generation capacities of the
power system are different. It can be found that for the same
amount of P2Hs, its capacity value will increase with more
power supply. Meanwhile, the EHNS is still decreasing with
the increase of power supply. This reflects the impact of the
power system on the adequacy of the heating system by the
employment of P2H. However, the impact is not linearly de‐
pendent on the increase of power supply, which is a system-
specific problem. Therefore, a quantitative assessment for
the problem is necessary.

TABLE V
ADEQUACY INDICES FOR IES CONSIDERING P2H

Method

IES COPT

SEM

MCS (β = 5%)

MCS (β = 1%)

LOLPe&h

0.0072

0.0072

0.0063

0.0072

LOLPe||h

0.0544

0.0543

0.0547

0.0544

LOLPh

0.0180

0.0180

0.0186

0.0181

LOLPe

0.0290

0.0290

0.0298

0.0291

EENS
(MWh/
year)

3.85´ 103

3.85´ 103

3.83´ 103

3.85´ 103

EHNS
(MWh/
year)

4.03´ 103

4.02´ 103

3.90´ 103

3.98´ 103
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Fig. 11. Adequacy indices of IES with different heating facilities. (a) Ade‐
quacy indices with P2H. (b) Adequacy indices with firm furnaces.

TABLE VII
CAPACITY VALUES OF P2HS

Installation of P2H (MW)

1× 10

2 × 10

3× 10

4 × 10

5× 10

Capacity value (MW)

7.0

10.5

11.0

11.5

11.5
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C. Computation Performance

The case study verifies the following problem of computa‐
tion. The SEM and the COPT are both analytical methods to
calculate the generation adequacy, but the COPT method has
several advantages over the SEM on computation. As it is
known, the SEM encounters a very huge computation bur‐
den due to the dimension disaster in state space if we enu‐
merate all states in state space. Although the COPT method
also enumerates the states in state space, in the recursive
convolution process, it can release the computation burden
by merging many similar capacity states. Hereby, the wind
farm and six 10 MW P2H units are put into the IES system.
The capacity increments of CIe and CIh for the 2-D convolu‐
tion method are both 5 MW. The test is performed on a per‐
sonal computer with Intel core 2.3 GHz and 4 GB memory.

Because of the conditional use of P2H, the total number
of the enumerated states cannot be determined before com‐
pleting the computation. It can be determined numerically af‐
ter the state enumeration with conditional judgment. For the
test system, as shown in Table VIII, the total number of enu‐
merated states is 653772. The final computation time shows
that the IES COPT is about 200 times faster than the SEM.

This verifies that the proposed IES COPT algorithm still has
the computation advantage over the SEM as the traditional
generation system COPT does. Meanwhile, the MCS
(β = 1%) needs to sample nearly 9 million states and take
555 s to satisfy the convergence requirement. Even though
the MCS with β = 5% costs a similar time as the SEM, its ac‐
curacy of the index is worse. Therefore, in the mid-scale sys‐
tem, the proposed COPT method has an advantage in compu‐
tation speed and accuracy.

We also apply these methods to a large-scale system in‐
cluding P2H, which has been extended three times in scale
to the test system in Section IV-A as well as the load level.
The parameters of wind farms in Section IV-B are directly
used. The results in Table IX show that the IES COPT meth‐
od still performs better than other methods. The MCS meth‐
od samples more states and needs more time to converge
than the previous case of mid-scale system. The SEM meth‐
od cannot get exact indices even after spending 3 hours.
Compared with other methods, our proposed method can cal‐
culate the exact indices in less than 2 s. Therefore, our meth‐
od can cope with the large-scale system, but SEM does not
work for it.

As the IES COPT can provide an IES reserve model after
the integration of multi-energy loads within short computa‐
tion time, it can be applied to an on-line decision of reserve
capacity or an operation decision.

V. CONCLUSION

This paper presents an analytical method based on COPT
to construct the capacity reliability model of an IES for ade‐
quacy evaluation. The proposed model considers the impact
of multi-energy correlations by multi-dimensional matrices.
A customized 2-D discrete convolution algorithm is designed
to calculate the IES COPT correctly and fast. Also, the algo‐
rithm is improved to consider the impact of P2H by a condi‐
tional probability approach. Finally, the methodology can
quantify the adequacy of different forms of energy supplies
in an IES considering inherent multi-energy correlations, de‐
pendent outage, and correlated multi-energy loads. The cor‐

rectness of the method is validated by a standard analytical
method SEM, which can get the exact adequacy indices. The
capacity value of P2H is also studied. The verification of the
computation performance shows that the IES COPT main‐
tains the computation advantage over the SEM and MCS as
the generation system COPT. Especially, it can calculate the
result fast even when the SEM cannot get the result.

The proposed method can be applied to a more complex
IES with power, heating, cooling, and gas with consideration
of their correlations. This requires multi-dimensional matrix
modeling and the corresponding convolution algorithms. For
example, the Helix transform [37], which can transform 2-D
convolution into 1-D convolution, or other 2-D convolution
transformation methods [38], can support the computation of
COPTs of the more complex IES systems, e.g., the cooling-
heating-power IES or the power-heating-gas IES. Besides,
the current study only focuses on the probability indices of
an IES ignoring the frequency indices, e.g., loss of load fre‐
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Fig. 12. Adequacy indices of IES with P2Hs and firm furnaces.

TABLE VIII
COMPUTATION TIME OF SEM AND COPT

Method

IES COPT

SEM

MCS (β = 5%)

MCS (β = 1%)

Time (s)

0.01939

5.511

5.202

555

Number of states

653772

365200

8734560

TABLE IX
COMPUTATION PERFORMANCES OF LARGE-SCALE SYSTEM

Method

IES COPT

MCS (β = 5%)

MCS (β = 1%)

LOLPe&h

4.98´ 10-4

4.47´ 10-4

5.02´ 10-4

LOLPe||h

0.0101

0.0106

0.0102

EENS (MWh/year)

801.0

789.3

811.0

EHNS (MWh/year)

535.0

482.4

530.0

Time (s)

1.5

90.0

1800.0

Number of states

118´ 104

270´ 105
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quency (LOLF). We will develop the proposed method to
calculate the frequency indices considering the multi-energy
correlations.

APPENDIX A

This is an illustrative numerical example of the procedures
for calculating the IES COPT. Specifically, the system is com‐
posed of two generators (Cg: 10 MW, Pg: 0.1), one furnace (Hf:
15 MW, Pf: 0.1) and one CHP (Cchp: 10 MW, Hchp: 15 MW, and
Pchp_e&h: 0.1). Pchp_e and Pchp_h are neglected here. The load is a
two-segment model with electricity load (10, 20)MW and heat
load (15, 15)MW. CIe = 10 MW, CIh = 15 MW. Following the
conventions of the above text, the rows of matrix relate to
power capacity outage, and the columns of matrix relate to
heat capacity outage.

1) Formulation of COPT of Combined Generation and Fur‐
nace Systems

2) Formulation of COPT of CHP System

3) Formulation of COPT of IES

4) Convolution of IESL

TABLE A-I
COPT MODEL OF GENERATION AND FURNACE SYSTEMS

Og (MW)

0

10

20

Pg

0.81

0.18

0.01

P *
g

1.00

0.19

0.10

Of (MW)

0

15

Pf

0.9

0.1

P *
f

0.9

0.1

TABLE A-II
COPT MODEL OF GF SYSTEM

CP2H

(MW)

0

10

20

PGF

HP2H = 0

0.729

0.162

0.009

HP2H = 15 MW

0.081

0.018

0.001

P *
GF

HP2H = 0

1.00

0.19

0.01

HP2H = 15 MW

0.100

0.019

0.001

TABLE A-III
COPT MODEL OF CHP SYSTEM

CP2H

(MW)

0

10

PCHP

HP2H = 0

0.9

0.0

HP2H = 15 MW

0.0

0.1

P *
CHP

HP2H = 0

1.0

0.1

HP2H = 15 MW

0.1

0.1

TABLE A-IV
COPT MODEL OF IES

CP2H

(MW)

0

10

20

30

PIES

HP2H = 0

0.6561

0.1458

0.0081

0.0000

HP2H = 15

MW

0.0729

0.0891

0.0171

0.0009

HP2H = 30

MW

0.0000

0.0081

0.0018

0.0001

P *
IES

HP2H = 0

1.000

0.271

0.028

0.001

HP2H = 15

MW

0.1900

0.1171

0.0199

0.0010

HP2H = 30
MW

0.0100

0.0100

0.0019

0.0001

TABLE A-V
COPT MODEL OF MULTI-LOADS

CP2H

(MW)

0

10

20

PL

HP2H = 0

0

0

0

HP2H = 15

MW

0.0

0.0

0.5

HP2H = 30

MW

0.0

0.5

0.0

P *
l

HP2H = 0

1.0

1.0

0.5

HP2H = 15

MW

1.0

1.0

0.5

HP2H = 30

MW

0.5

0.5

0.0

TABLE A-VI
COPM OF IESL

CP2H

(MW)

-30

-20

-10

0

10

20

PIESL

HP2H =-30

MW

0

0

0

0

0

0

HP2H =-15

MW

0

0

0.32805

0.07290

0.00090

0

HP2H = 0

0

0.32805

0.10935

0.04860

0.00855

0.00045

HP2H = 15

MW

0

0.03645

0.04455

0.01260

0.00135

0.00005

HP2H = 30

MW

0

0

0.00405

0.00090

0.00005

0

TABLE A-VII
CCPM OF IESL

CP2H

(MW)

-30

-20

-10

0

10

20

PIESL

HP2H =-30
MW

1.0000

1.0000

0.6355

0.1495

0.0145
(LOLPe +

LOLPe&h)

0.0005

HP2H =-15
MW

1.0000

1.0000

0.6355

0.1495

0.0145

0.0005

HP2H = 0

0.59500

0.59500

0.23050

0.07255

0.01045

0.00050

HP2H = 15
MW

0.10000
(LOLPh +
LOLPe&h)

0.10000

0.06355

0.01495

0.00145
(LOLPe&h)

0.00005

HP2H = 30
MW

0.00500

0.00500

0.00500

0.00095

0.00005

0

TABLE A-VIII
ADEQUACY INDICES OF IES

Index

LOLPe&h

LOLPe

LOLPh

LOLPe||h

EENS (MWh/year)

EHNS (MWh/year)

Result

0.00145

0.01305

0.09855

0.11305

1.31× 103

1.38´ 104
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5) Initial Computation (First Subpart)

6) Convolution Computation (Second Subpart)

7) Modification Computation (Third Subpart)
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TABLE A-XIV
NUMERICAL RESULTS OF P *

IESL&P2H

CP2H (MW)

-30

-20

-10

0

10

20

HP2H =-30
MW

1.00000

1.00000

0.67185

0.23087

0.01450

0.00050

HP2H =-15
MW

1.00000

1.00000

0.67185

0.23087

0.01450

0.00050

HP2H = 0

0.56210

0.56210

0.23396

0.12102

0.01045

0.00050

HP2H = 15

MW

0.01920

0.01920

0.01911

0.01898

0.00145

0.00005

HP2H = 30

MW

0.00096

0.00096

0.00096

0.00095

0.00005

0

TABLE A-V
ADEQUACY INDICES OF IESL CONSIDERING P2H

Index

LOLPe&h

LOLPe||h

LOLPh

LOLPe

EENS (MWh/year)

EHNS (MWh/year)

Result

0.00145

0.03225

0.01775

0.01305

1.31´ 103

2.64´ 103

TABLE A-IX
COPT MODEL OF EOHL

CP2H

(MW)

-30

-20

-10

PEOHL

HP2H = 15 MW

0

0.03645

0.04455

HP2H = 30 MW

0

0

0.00405

P *
EOHL

HP2H = 15 MW

0.10000

0.10000

0.06355

HP2H = 30 MW

0.005

0.005

0.005

TABLE A-X
PP2H WITH COP OF 1.5 AND COP OF 3

CP2H

(MW)

0

10

20

PP2H(1) (COP = 1.5)

HP2H =
-30 MW

0

0

0.9025

HP2H =
-15 MW

0

0.095

0

HP2H = 0

0.0025

0

0

PP2H(2) (COP = 3)

HP2H =-30

MW

0

0.95

HP2H =
-15 MW

0

0

HP2H =
0

0.05

0

TABLE A-XI
NUMERICAL RESULTS OF P(EP2H)

CP2H (MW)

-30

-20

-10

0

10

HP2H =-15 MW

0

0

0

0.032896

0.040206

HP2H = 0

0

0

0.003462

0.004232

0.003655

HP2H = 15 MW

0

0.0000911

0.0001113

0.0003847

0

HP2H = 30 MW

0

0

0.00001012

0

0

TABLE A-XII
NUMERICAL RESULTS OF PEOHL&P2H

CP2H (MW)

-30

-20

-10

0

HP2H =-15 MW

0

0

0

0.032896

HP2H = 0

0

0

0.003462

0.044438

HP2H = 15 MW

0

0.0000911

0.0001113

0.0040398

HP2H = 30 MW

0

0

0.00001012

0

TABLE A-XIII
NUMERICAL RESULTS OF PIESL&P2H

CP2H

(MW)

-30

-20

-10

0

10

20

HP2H =-30

MW

0

0

0

0

0

0

HP2H =-15

MW

0

0

0.32805

0.10579

0.00405

0

HP2H = 0

0

0.32805

0.11281

0.09303

0.00855

0.00045

HP2H = 15

MW

0

0.0000911

0.0001113

0.0166399

0.0013500

0.0000500

HP2H = 30

MW

0

0

0.0000101

0.0009000

0.0000500

0
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