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ABSTRACT Slip rate control is important in improving vehicle stability and driving efficiency. In this
paper, a robust slip rate control system is designed for distributed drive electric vehicles that consists of
two slip rate estimators for multi-driving conditions, a vehicle speed estimator, and an anti-windup robust
variable structure slip rate tracking controller. Because there is no driven wheel in a four-in-wheel-motor
distributed drive electric vehicle, the estimators for small and large slip rates are designed based on dynamic
and kinematic methods, respectively, which can switch according to the slip conditions. The convergence
of the estimation error is discussed with the Lyapunov stability law and is less than 2% under the condition
of acceleration on a low-friction road. The slip rate tracking controller is designed based on the sliding
mode control law and the proportional-integral (PI) control method to handle model nonlinearity, modelling
and estimation errors, and disturbances and to control the input chattering and saturation. The asymptotic
stability of the tracking error is proven by Lyapunov theory. A joint control variable composed of the wheel
angular acceleration and slip rate is designed to improve the robustness of the controller against the slip rate
estimation error. Simulations and experiments under various conditions are performed to verify the proposed
anti-slip control method. The results show that compared with a distributed drive vehicle without a slip rate
controller, the controlled vehicle can prevent serious wheel skid on low-adhesion roads and improve the
driving performance.

INDEX TERMS Distributed drive electric vehicle, Lyapunov stability, slidingmode control, slip rate control,
slip rate estimation, vehicle speed estimation.

I. INTRODUCTION
Energy conservation and environmental protection have led
to the rapid development of electric vehicles in recent
years. The distributed drive electric vehicle (DDEV) with
in-wheel motors has a short drive chain, high transmission
efficiency, and compact structure, with an easy to realize
modular design of the chassis; the DDEV is one of the most
important development directions of electric vehicles [1].
In-wheel motors are fast and accurate actuators and sensors
that can accurately and quickly provide speed and torque
information. Through the coordinated distribution of wheel
torque, a distributed drive electric vehicle equipped with four
in-wheel motors can flexibly achieve various dynamic control
functions.

The associate editor coordinating the review of this manuscript and
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The anti-slip regulator (ASR), which is used to control the
wheel slip rate, is one of the most significant vehicle active
safety systems to prevent the vehicle from over slipping under
high-acceleration and low-adhesion road conditions, leading
to an improvement of vehicle safety. Traditional vehicles
use an internal-combustion engine and a hydraulic braking
system as actuators to realize traction control. Because of
the slow response and poor control accuracy of actuators,
the threshold value method has been widely applied [2].
However, this method makes the wheel slip rate chatter in
a certain range, which negatively affects the stability and
comfort of the vehicle.

The basic principle of anti-slip control for a DDEV is
controlling the wheels in real time to track the optimal
slip rate under the current tire-road attachment conditions.
However, this goal is not easy to achieve due to the tire force
nonlinearities and model uncertainties associated with tire
and road adhesion conditions, as well as disturbances, such
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as measurement noise. Compared with traditional vehicles
that use internal combustion engines and hydraulic systems
with slow response speeds and large dynamic performance
differences to implement the ASR, DDEVs can implement
the ASR based on in-wheel motors, which reduces the
difficulty of control caused by actuator dynamics, which
involve threemain aspects: 1) Estimation of the tire-road peak
friction coefficient, which determines the maximum driving
force provided by the road to the tires. The reference slip
rate varies with the tire-road peak friction coefficient; 2) the
real-time slip rate. Since the four wheels of the DDEV are
drivingwheels, the vehicle speed cannot be obtained from any
driven wheels. Therefore, accurate estimation of the vehicle
longitudinal speed is difficult to perform in the real-time slip
rate calculation; and 3) the control algorithm. According to
the real-time slip rate, an appropriate motor torque should
be calculated by the control algorithm to track the reference
value [3].

Many scholars have successfully conducted extensive
research on methods to estimate the tire-road peak friction
coefficient. The estimation methods are mainly divided into
three types: 1) Measuring the local stress and strain of the
vehicle tire surface and using empirical formulas to analyze
the instantaneous road adhesion coefficient and its corre-
sponding changes [4]; 2) analyzing the noise between the tire
and the ground to predict the tire-road friction [5], [6]; and
3) using the dynamic equation to estimate the tire-road peak
friction coefficient based on the mechanical characteristics of
the tire [7], [8].

Without expensive sensors, such as a high-accuracy GPS,
camera and laser radar, speed estimation methods can
be mainly divided into kinematic methods and dynamic
methods. Both types of methods have merits and drawbacks.
As a typical kinematics estimation method, the minimum-
wheel-speed method uses the minimum value of four wheels
as the reference speed [9], which is susceptible to the effect
of the sensor precision and wheel slip condition, and the
estimation accuracy greatly deteriorates on low-adhesion
roads. If all the wheels are over-slipping, the method is
completely ineffective. In [10], a gain matrix that adjusts the
Kalman filter was proposed to estimate vehicle speed, which
can detect the wheel slip rate and tune the gain matrix of the
Kalman filter online. However, as the gain matrix was built
based on a typical Kalman filter, its estimation performance
was affected by noise from the sensors and differential
operations, which greatly differed fromwhite noise. Dynamic
methods estimate the key vehicle states based on sensor
information and include established dynamic models such as
vehicle models and tire models. To improve the adaptability
of the nonlinear system under the conditions of large slip
rates or large side slip angles of tires, the adaptive extended
Kalman filter (AEKF) and unscented Kalman filter (UKF)
were adopted in [11], [12] for vehicle velocity estimation.
Tannoury et al. [13] designed a variable structure observer
to estimate the wheel rolling radius and rotational speed
based on the nonlinear relationship between the slip rate and

friction coefficient. Imsland et al. [14] designed a nonlinear
speed observer based on the acceleration, yaw rate and wheel
speeds. Because of the nonlinearity and strong coupling of the
vehicle system, changes in vehicle parameters will strongly
affect the accuracy of the vehicle model. Speed estimation
methods, which fuse different sub-estimators or observers,
were used in [15] and [16] and enhanced the robustness
against sensor bias and modelling errors.

In the design of the driving torque control algorithm,
ensuring the robustness against model uncertainties is an
important requirement that is not easy to accomplish. A logic
threshold control method based on the angular acceleration
of the driving wheels and its gain coefficient was presented
in [17] and has beenwidely used in anti-lock braking systems.
However, many calibration tests are required to determine
the threshold value of different working conditions. The
PID control method is easy for on-board application and
very attractive from an implementation viewpoint, as it has
shown a significant traction performance improvement on
low-adhesion roads [18], [19], but the calibration of the
control parameters and stability of the control system can
only be analyzed in a few cases of concern. Model predictive
control has received extensive attentions in recent years.
Tavernini et al. [20] designed an ASR for electric vehicles
with in-wheel motors based on explicit nonlinear model
predictive control of the wheel slip velocity and obtained
better traction performance than a well-tuned PI controller.
Based on the fuzzy logic control, an ASR was designed to
maintain wheel slip in the optimal range using the wheel
angular acceleration and slip rate [21]. However, the effect of
fuzzy logic control depends on the accuracy of the empirical
function, which indicates that it is difficult to establish
control rules. Sliding mode control is robust to model
uncertainties and nonlinearities [22], so it is suitable for slip
rate control, such as in the anti-lock braking system [23],
hybrid braking system [24] and traction control system [25].
Sliding mode control divides the control moment into an
equivalent moment and a switching moment. The design of
the switching moment includes an uncertain upper bound
and an approaching term, which cover the model uncertainty
and external disturbance, to ensure that the system state can
converge to the sliding mode surface. To reduce chattering
near the sliding mode surface, the high-order sliding mode
variable structure method is generally adopted [26], and the
symbolic function is replaced by the saturation function or
continuous functions [27]. However, there is a lack of a
complete theoretical proof for the stability of the slidingmode
control system with a variable structure. Although sliding
mode control is robust to uncertainties, the slip rate as a
control variable has an estimation error, so a method to ensure
the effect of slip rate control requires further study.

The main contributions of this article are: 1) Slip
rate and vehicle speed estimators based on dynamic and
kinematic methods are built and integrated according to
the characteristics of the different estimation methods. The
kinematic estimation method for large-slip-rate conditions is
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designed to avoid the deterioration of the estimation accuracy
caused by tire modelling errors. Because wheels normally
always run in a small-slip-rate range, the dynamic estimation
method is designed to avoid sensor error accumulation.
A reasonable switching mechanism for the two estimation
methods is designed to improve the smoothness and accuracy
of the speed estimation. 2) A sliding mode variable structure
controller against integral saturation is designed to realize slip
rate tracking control, in which the sliding mode algorithm
can quickly converge the slip rate to the boundary layer
when the slip rate is too large and the anti-windup PI
algorithm in the boundary layer can stabilize the tracking
error. Inspired by [28], the global asymptotic stability of the
variable structure controller for driving anti-slip is proven
with Lyapunov stability theory. In addition, a joint control
variable that combines wheel angular acceleration and the
slip rate is designed, which can effectively suppress the
deterioration of the slip rate control effect caused by the speed
estimation error. 3) The designed controller is verified in
various simulations and field tests.

The remainder of the article is organized as follows: In
Section II, the tire slip rate and vehicle speed estimation
methods are introduced. The design and proven progress
of the slip rate controller are presented in Section III.
The tire-road peak friction coefficient is estimated by the
authors’ team in [29] and assumed to be known in this paper.
In Section IV, simulation and field tests results are presented.
Conclusions are drawn in Section V.

II. TIRE SLIP RATE AND VEHICLE SPEED ESTIMATION
In this section, based on the situation of tire slip, two slip rate
estimation methods under different working conditions are
designed to reduce estimation errors. The characteristics of
the error convergence under the two estimators are analyzed.
Finally, the vehicle longitudinal speed is estimated based on
the slip rate estimation results of the four wheels.

A. DYNAMIC SLIP RATE ESTIMATION METHOD
In the case of a small slip rate, the tire model can be
approximately considered to be a linear model, and the
longitudinal slip stiffness fitting error based on the tire test
is small. The four-wheel drive electric vehicle must obtain
speed information through the estimator throughout the
driving process, and thewheels do not quickly slip undermost
driving conditions. Therefore, a dynamic estimation method
with a better estimation accuracy and without cumulative
errors is appropriate.

Under the driving conditions, the slip rate is defined as:

λ =
ωrw − vw
ωrw

(1)

where, ω is the wheel speed, vw is the velocity at the center
of the wheel, and rw is the rolling radius.
As shown in (2), the longitudinal acceleration at the center

of the wheel is obtained by considering vehicle steering and

neglecting tire sideslip.

v̇w,fl =
v̇x − 0.5bf γ̇

cos δf
, v̇w,fr =

v̇x + 0.5bf γ̇
cos δf

v̇w,rl = v̇x − 0.5br γ̇ , v̇w,rr = v̇x + 0.5br γ̇ (2)

where, vx is the vehicle longitudinal speed; γ is the yaw rate;
bf and br are the front wheel track and rear wheel track,
respectively; δf is the steering angle; i = fl, fr, rl, rr refers to
the front left, front right, rear left and rear right wheels (the
same as below), respectively.

To simplify the expression, assuming the vehicle travels in
a straight line. Then, (2) can be expressed as:

v̇w,i = v̇x (3)

Based on the single-wheel model shown in Figure 1,
the dynamic equation of wheel rotation is obtained:

Jwω̇ = T − Fxrw = T − rwFzµ(λ) (4)

where, Jw is the equivalent moment of inertia at the wheel, T
is the wheel torque, Fx is the tire longitudinal force, Fz is the
tire vertical load, and µ(λ) is the product of the normalized
longitudinal slip stiffness and slip rate under the current road
surface and the slip rate obtained based on the tire model.

FIGURE 1. Single-wheel model.

According to the derivatives of (1), (3) and (4), the dynamic
equation for the slip rate is:

λ̇ = (1−
vx
ωrw

)′ = (1− λ)
ω̇

ω
−

v̇x
ωrw

= (1− λ)
T − rwFzµ(λ)

Jwω
−

v̇x
ωrw

(5)

The dynamic observer is designed as follows:

˙̂
λ = (1− λ̂)

ˆ̇ω

ω
−

ˆ̇vx
ωrw

= (1− λ̂)
T − rwF̂zµ̂(λ̂)

Jwω
−

ˆ̇vx
ωrw

(6)
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where, F̂z, µ̂, λ̂ represent the estimated values of the
corresponding variables; ˆ̇vx is the measured value of the
acceleration sensor. The estimated vertical load of each wheel
is:

Fz,fl = mg
lr
2l
− m

hg
2l
ax − m

hglr
bf l

ay

Fz,fr = mg
lr
2l
− m

hg
2l
ax + m

hglr
bf l

ay

Fz,rl = mg
lf
2l
+ m

hg
2l
ax − m

hglf
bf l

ay

Fz,rr = mg
lf
2l
+ m

hg
2l
ax + m

hglf
br l

ay (7)

where, g = 9.8m/s2 is the gravitational acceleration;m is the
vehicle mass; hg is the height of the center of gravity (CoG);
lf and lr are the distances from the front axle and rear axle to
the CoG, respectively; l = lf + lr is the wheelbase; ax is the
longitudinal acceleration; and ay is the lateral acceleration.
Define x̃ = x̂ − x to be the error between the true value of

x and its estimated or measured value x̂.
The derivative of the slip rate estimation error ˙̃λ = ˙̂λ − λ̇

can be obtained from (5) and (6):

˙̃
λ = −

rw
Jwω

[F̂zµ̂(λ̂)− Fzµ(λ)]−
T
Jwω

λ̃−
ãx
ωrw

+
rw
Jwω

F̂zµ̂(λ̂)λ̂−
rw
Jwω

Fzµ(λ)λ

= −[(1− λ)− λ̃]
rw
Jwω

F̂zµ̂(λ̂)+ (1− λ)
rw
Jwω

Fzµ(λ)

−
T
Jwω

λ̃−
ãx
ωrw

=
(1− λ)rw
Jwω

[Fzµ(λ)−F̂zµ̂(λ̂)]+
rwF̂zµ̂(λ̂)−T

Jwω
λ̃−

ãx
ωrw

=
(1− λ)rw
Jwω

{[Fzµ(λ)− Fzµ(λ̂)]+ [Fzµ(λ̂)− F̂zµ(λ̂)]

+ [F̂zµ(λ̂)− F̂zµ̂(λ̂)]} +
rwF̂zµ̂(λ̂)− T

Jwω
λ̃−

ãx
ωrw

=
1
Jwω

[−rwFzCx(1− λ)+ rwF̂zµ̂(λ̂)− T ]λ̃

+
(1− λ)rw
Jwω

[−F̃zµ(λ̂)− F̂zµ̃]−
ãx
ωrw

(8)

Considering the wheel dynamics described in (4), equa-
tion (8) can be rewritten as

˙̃
λ = −

rwFzCx(1− λ)+ Jw ˙̂ω
Jwω

λ̃

+
(1− λ)rw
Jwω

[−F̃zµ(λ̂)− F̂zµ̃−
ãxJw

(1− λ)r2w
] (8)′

According to the coefficient of each term in (8) ′, the slip
rate estimation error is convergent and bounded under the
acceleration conditions. In particular, when the slip rate is
overestimated (λ̃ = λ̂ − λ > 0), the Lyapunov function is
constructed as:

V =
1
2
λ̃2 (9)

Then

V̇ = λ̃ ˙̃λ = −
rwFzCx(1− λ)+ Jw ˙̂ω

Jwω
λ̃2

+
(1− λ)rw
Jwω

[−F̃zµ(λ̂)−F̂zµ̃−
ãxJw

(1−λ)r2w
]λ̃ < 0 (10)

Thus, the slip rate estimation error is asymptotically stable
to the extent that the tire model can be considered linear.
Therefore, when the slip rate is in a reasonably small range,
it can be estimated based on the dynamic model. However,
when the slip rate is large, its value estimated by the dynamic
method is not reliable, so the kinematic method is proposed.

B. KINEMATIC SLIP RATE ESTIMATION METHOD
According to the previous analysis, at large slip rates, the tire
modelling error may be large, so a slip rate estimator is
constructed based on the kinematic equation. In addition,
to avoid cumulative errors of the sensor signal, the working
duration of the kinematic estimator should not be too long,
which can be ensured by using it in combination with the slip
rate controller and switching strategy.

The kinematic estimator is designed according to the slip
rate differential equation in (5):

˙̂
λ = (1− λ̂)

ˆ̇ω

ω
−

˙̂vx
ωrw

(11)

From (5) and (11), we obtain:

˙̃
λ =
˙̂
λ− λ̇ = (1− λ̂)

ˆ̇ω

ω
− (1− λ)

ω̇

ω
−

˙̂vx
ωrw
+

v̇x
ωrw

= −

ˆ̇ω

ω
λ̃+ (1− λ)

˜̇ω

ω
−

ãx
ωrw

(12)

The boundary of the solution of (12), i.e., λ̃, can be
expressed as∥∥∥λ̃∥∥∥ ≤ ∥∥∥λ̃ (t0)∥∥∥ · exp[− ˆ̇ω

ω
· (t − t0)

]

+ sup
t0≤τ≤t

1
ˆ̇ω
·

[
(1− λ)

∥∥∥ ˜̇ω∥∥∥+ ‖ãx‖
rw

]
(13)

Analysis (13): 1) When the wheel seriously slips, ˆ̇ω
becomes large and results in a large ˆ̇ω/ω̇. Thus, the initial
error of the exponential term converges. However, the
intervention of the ASR will reduce the very large ˆ̇ω in a
short time, which causes a large steady-state error in the
estimation of the slip rate, especially when the initial error∥∥∥λ̃ (t0)∥∥∥ is large, i.e., the first exponential term does not
have sufficient time to converge to zero. Thus, when we
switch from the dynamic estimation method to the kinematic
estimation method, it is necessary to ensure timely switching
to obtain a small initial estimation error of the slip rate.

2) The steady-state error of (13) is mainly caused by:
2.1) The calculation error of the wheel angular accelera-

tion. This term can be considered to have a mean value of
zero, so it will not cause a cumulative error to the steady-state

VOLUME 8, 2020 162199



B. Leng et al.: Robust Variable Structure Anti-Slip Control Method of a Distributed Drive Electric Vehicle

value, but it will make the estimated value jitter near the true
value.

2.2) Acceleration zero drift. Because the slip time is
short, ˆ̇ω does not maintain a large value. When ˆ̇ω decreases,
‖ãx‖

/(
ˆ̇ωir
)
gradually increases and causes a large steady-

state error. Therefore, to avoid the continuous accumulation
of errors, the kinematic estimator should be withdrawn in
time and switched to the dynamic estimator.

C. SLIP RATE ESTIMATOR SWITCHING STRATEGY
The switching strategy of the dynamic estimator and kine-
matic estimator is designed as shown in Figure 2, in which
the wheel angular acceleration is used as the main criterion,
and is associated with the wheel speed threshold.

FIGURE 2. Logic diagram of the slip rate estimator switching strategy.

The switching process is as follows:
1) When it is determined from the wheel speed signal that

the wheel speed is rapidly increasing, i.e., the difference in
the wheel speed at time k [ω (k)] and time (k-1) [ω (k − 1)]
is larger than a thresholdωthreshold , it enters the ready state for
switching. At this moment, the estimated value of the vehicle
speed vest is recorded, and a temporary vehicle speed vtem
based on the integral of longitudinal acceleration is obtained:

ω(k)− ω(k − 1) > ωthreshold

vtmp(k + m) = vest (k)+
m∑
i=0

ax(k + i)1t

2) The noise in wheel speed measurement will cause
a misjudgement if the wheel speed is the only criterion.
Therefore, it is determined that the wheel begins to skid after
both thewheel speed variation andwheel angular acceleration
have reached the thresholds. At this moment, the temporary
vehicle speed and current wheel speed are used to calculate
the current slip rate and replace the estimated value:

ω̇(k) > ω̇threshold

v_acc(k + m) = vtmp(k)+
m∑
i=0

ax(k + i)1t

λest (k) =
ω(k)rw − v_acc(k)

ω(k)rw

3) After the kinematics estimator is used, we must confirm
whether the slip rate controller is involved at this time.
If the slip rate controller intervenes (flagASR = 1), then
the kinematic estimator exits, and the dynamic estimation
method works after the slip rate controller has worked for a
time period 1t1. If the slip rate controller does not intervene
(flagASR = 0), then prevent deterioration of the estimation
result caused by long-term operation under large-slip-rate
conditions, the slip rate controller is actively activated after
1t2. Then, the kinematic estimator exits, and the dynamic
estimator works instead after the slip rate controller has
worked for a time period 1t1.

D. VEHICLE SPEED ESTIMATION
Because the slip rate estimation result may jitter during the
convergence progress, the vehicle speed directly calculated
by the estimated slip rate will abruptly change. Awheel center
speed estimator is designed in (14). The vehicle longitudinal
speed is obtained by fusing the center speeds of the four
wheels.

˙̂vx,i = ξ · sat
{
ax
ξ
−
L
ξ

[
v̂x,i

(1− λ̂i)rw
− ω

]}
,

(i = fl, fr, rl, rr) (14)

where, v̂x,i and λi are the estimated center speed and the slip
rate of the corresponding wheel, respectively. The physical
meaning of the saturation function is that the longitudinal
acceleration is less than ξ , and L > 0 is the estimator
parameter. The estimation error dynamics are

˙̃vx,i = ˙̂vx,i − v̇x,i

= −
L

(1− λi)rw
ṽx,i −

Lv̂x,iλ̃i
(1− λi)(1− λ̂i)rw

+ ãx (15)

By analysing the coefficients of (15), it can be seen that the
vehicle speed estimation error is converged and bounded as
shown in (16)∥∥ṽx,i∥∥ ≤ ‖ṽx0‖ e− L

rw(1−λi)
(t−t0)

+ sup
t0≤τ≤t

[
v̂i

1− λ̂i
·

∥∥∥λ̃i∥∥∥+ rw(1−λi)L
· ‖ãx‖

]
(16)
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FIGURE 3. Block diagram of the slip rate controller.

As shown in (17), the estimated wheel center speeds vx,i
are converted into the longitudinal speed vx at the CoG.

vx =


1
4

(
vx,fl + vx,fr + vx,rl + vx,rr

)
,FLAG = 4

1
H

(
ηflvx,fl + ηfrvx,fr + ηrlvx,rl + ηrrvx,rr

)
,

FLAG 6= 4
ηi = µi/λi · (2− flagi) , i = fl, fr, rl, rr

H = ηfl + ηfr + ηrl + ηrr

flagi =

{
0, Dynamic slip rate estimator works
1, Kinematic slip rate estimator works

FLAG = flagfl + flagfr + flagrl + flagrr (17)

where, µ is the tire-road peak friction coefficient.
The principles of the calculation of vx are:
1) When all four wheels adopt the kinematic estimation

method, the average value of the four estimated vehicle
speeds is used as the estimated longitudinal vehicle speed.

2) Since the dynamic estimator works under the small-slip-
rate condition with an accurate tire model, it outputs precise
results and has a greater weight factor than the kinematic
estimator. Furthermore, for multiple wheels using dynamic
slip rate estimators, a larger µ/λ corresponds to a more
strictly linear tire characteristic curve and a greater weighting
coefficient in the vehicle speed fusion process.

III. SLIP RATE CONTROLLER
Based on the estimation results presented in Section II,
a robust adaptive anti-integral saturation variable structure
controller of the slip rate is designed.

A. SLIDING MODE VARIABLE STRUCTURE CONTROL LAW
According to the quarter vehicle model shown in Figure 4:

Jwω̇ = Td − rwFx
mwv̇x = Fx − f (18)

FIGURE 4. Quarter vehicle model.

where, Td > 0 is the desired driving torque from an upper
control layer, mw is the equivalent mass of a quarter vehicle
and f is the rolling resistance.

In (5), the design control input is u ∈ [0, 1]; then, the wheel
driving torque is T = uTd , and

λ̇=−
rw
vJw

(1−λ)2
[(

Jw
mwr2w

·
1

1−λ
+1
)
rwFzµ(λ)−uTd

]
(19)

Define

κ̃ =
rw
vJw

(1− λ) ≥ 0

ψ(λ) =
(

Jw
mwr2w

·
1

1− λ
+ 1

)
rwFzµ(λ)

ψ̃(λ) =
(

Jw
mwr2w

+ 1− λ
)
rwFzµ(λ) (20)

Obtain:

λ̇ = −κ̃
[
ψ̃(λ)− uTd (1− λ)

]
(21)
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Design control law:

u =
1
Td

[
ψ̂(λ)− TdBsat(

s
θ
)
]

s = e+ k0σ

σ̇ = −k0σ + θsat(
s
θ
), |σ (0)| ≤

θ

k0
e = λ− λref (22)

where, controller parameters k0 and θ are positive real
numbers decided by calibration, k0 is the scale factor and θ is
the boundary layer thickness. ψ̂(λ) is the estimated value of
ψ̃(λ) and satisfies∣∣∣ψ̂(λ)− ψ̃(λ)∣∣∣

Td
≤ ρ(λ), ∀λ ∈ D = [0, 1] (23)

and

B = ρ(λ)+ B0,B0 > 0 (24)

B. STABILITY PROOF
Lemma 1 and Lemma 2 are proposed.
Lemma 1: Define set Dσ = {|σ | ≤ θ/k0}, where σ̇ =
−k0σ + θsat(s/θ ) and σ (0) ∈ Dσ is a positive invariant set,
which implies that σ (t) ∈ Dσ ,∀t ≥ 0.

Proof:
Design the Lyapunov function

V =
1
2
σ 2 (25)

then

V̇ = σ σ̇ = σ · [−k0σ + θsat(s/θ )] (26)

At the boundary of Dσ , {−θ/k0, θ/k0,}, there are

V̇ (−
θ

k0
) = −

θ2

k0
−
θ2

k0
· sat

( s
θ

)
≤ −

θ2

k0
−
θ2

k0
· (−1) ≤ 0

V̇ (
θ

k0
) = −

θ2

k0
+
θ2

k0
· sat

( s
θ

)
≤−

θ2

k0
−
θ2

k0
· 1=0

(27)

Thus, Dσ is a positive invariant set. �
Lemma 2:Define set5θ = {(e, σ ) ∈ De×Dσ : |s(e, σ )| ≤

θ}, there is sat(s/e) = sgn(e) when (e, σ ) /∈ 5θ .
Proof:

When (e, σ ) /∈ 5θ , i.e., |s| > θ , there is

sat(s/e) = sgn(s) = sgn(e+ k0σ )

According to Lemma 1, σ (t) ∈ Dσ ,∀t ≥ 0. Define set

6 = {(e, σ ) : |e+ k0σ | > θ, k0 |σ | ≤ θ} (28)

Divide 6 into

6+ = = {(e, σ ) : e+ k0σ > θ, k0 |σ | ≤ θ}

6− = {(e, σ ) : e+ k0σ < −θ, k0 |σ | ≤ θ} (29)

∀ (e, σ ) ∈ 6+, ∃e+k0σ > θ ⇒ e > θ−k0σ ≥ θ−θ = 0.
sgn(e+ k0σ ) = sgn(e) = 1.
∀ (e, σ ) ∈ 6−, ∃e + k0σ < −θ ⇒ e < −θ − k0σ ≤
−θ − (−θ ) = 0.
sgn(e+ k0σ ) = sgn(e) = −1.
Based on the previous analysis, sgn(e + k0σ ) = sgn(e)

when (e, σ ) ∈ 6+ ∪ 6−, which means sat(s/e) = sgn(e)
when (e, σ ) /∈ 5θ . �
Theorem: When the control law designed in (22) satis-

fies (23),
1) ∀ (e(0), σ (0)) ∈ De × Dσ can converge to the set 5θ

within a finite amount of time;
2) In the set 5θ , the equilibrium point (ē, σ̄ ) described

in (30) is asymptotically stable.(
ē = 0, σ̄ = −

θ

k0
[
ρ(λref )+ B0

] ·1 (λref )) (30)

where, 1(λ) =

∣∣∣ψ̂(λ)−ψ̃(λ)∣∣∣
Td

and 1(λ)
ρ(λ)+B0

satisfy the Lipschitz
condition.

Proof:
1) According to Lemma 1, Dσ is a positive invariant set.

Design the Lyapunov function

V =
1
2
e2 (31)

then

V̇ =eė=eλ̇=−eκ̃
{
ψ̃(λ)− (1− λ)

[
ψ̂(λ)−TdBsat(

s
θ
)
]}
(32)

When (e, σ ) /∈ 5θ , according to Lemma 2, there is:

V̇ ≤ −eκ̃
{
(1− λ) ψ̃(λ)− (1− λ)

[
ψ̂(λ)− TdBsgn(e)

]}
= −eκ̃ (1− λ)Td

[
ψ̃(λ)− ψ̂(λ)

Td
+ Bsgn(e)

]
≤ −κ̃ (1− λ)TdB0 |e| ≤ 0 (33)

∵ ∀ (e(0), σ (0)) ∈ De × Dσ , the set 5θ can be reached
within a finite amount of time.

2)
2-a) When (e, σ ) /∈ 5θ and e 6= 0,

σ̇ = e

ė = λ̇ = −κ̃
[
ψ̃(λ)− (1− λ) ψ̂(λ)+ TdB(

e+ k0σ
θ

)
]
(34)

Define

σ̃ = σ − σ̄ , s̃ = s− s̄, s̄ = ē+ k0σ̄ = k0σ̄ (35)

The Lyapunov function is

V =
1
2
s̃2 +

1
2
σ̃ 2 (36)
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then

V̇ = s̃˙̃s+ σ̃ ˙̃σ = s̃ṡ+ σ̃ σ̇ = s̃ (ė+ k0e)+ σ̃e

= −s̃κ̃
[
ψ̃(λ)− (1− λ) ψ̂(λ)+ Td · B(λ) · (

e+ k0σ
θ

)
]

+ s̃k0e+ σ̃e (37)

Substitute e = s̃− k0σ̃ in (37), get

V̇ = −s̃κ̃
[
ψ̃(λ)−(1−λ) ψ̂(λ)+Td · B(e+λref ) · (

s̃+s̄
θ

)
]

+ k0s̃(s̃− k0σ̃ )+ σ̃ (s̃− k0σ̃ )

= −

[
κ̃Td

B(e+ λref )
θ

− k0

]
s̃2

− κ̃ s̃Td

[
ψ̃(λ)− (1− λ) ψ̂(λ)

Td
+ B(e+ λref )

s̄
θ

]
− (k20 − 1)s̃σ̃ − k0σ̃ 2 (38)

In (38), define

s̄ = k0σ̄ =
−θ ·1(λref )
B(λref )

χ (λ) = κ̃TdB(λref )

then

V̇ = −
[
χ (e+ λref )

θ
− k0

]
s̃2 − χ (e+ λref )

× s̃
ψ̃(λ)− (1− λ) ψ̂(λ)

TdB(e+ λref )

−χ (e+ λref )s̃
1(λref )
B(λref )

− (k20 − 1)s̃σ̃ − k0σ̃ 2

≤ −

[
χ (e+ λref )

θ
− k0

]
s̃2 − (k20 − 1)s̃σ̃ − k0σ̃ 2

+χ (e+ λref ) |s̃|

·

∣∣∣∣∣1(e+ λref )
B(e+ λref )

−
1(λref )
B(λref )

+
λψ̂(λ)

TdB(e+ λref )

∣∣∣∣∣ (39)

where,∣∣∣∣∣1(e+λref )
B(e+ λref )

−
1(λref )
B(λref )

+
λψ̂(λ)

TdB(e+ λref )

∣∣∣∣∣ ≤ L |e|+θ (40)

Because θ is bounded, N > L can be found and makes
L |e| + θ ≤ N |e| when e 6= 0.

V̇ ≤ −
[
χ (e+ λref )

θ
− k0 − Nχ (e+ λref )

]
s̃2

+

[
k20 + 1+ Nχ (e+ λref )

]
|s̃| |σ̃ | − k0σ̃ 2

⇒ V̇ ≤ −
[
|σ̃ | |s̃|

]
P
[
|σ̃ |

|s̃|

]

P=

 k0 −
k20+1+Nχ (e+λref )

2

−
k20+1+Nχ (e+λref )

2
χ (e+ λref )

(
1
θ
− N

)
− k0


(41)

(42) exists and makes matrix P negative definite.

k0 > 0, θ ∈
(
0, θ∗

)
θ∗ = min

e∈De
[N +

k0
χ (e+ λref )

+
1

k0χ (e+ λref )
(
1+ k20 + Nk0χ (e+ λref )

2
)2]−1 (42)

2-b) When e = 0, s̃ = s− s̄ = e+ k0σ − k0σ̄ = k0σ̃ , then

V̇ = s̃˙̃s+ σ̃ ˙̃σ = k0σ̃ · k0 ˙̃σ + σ̃ ˙̃σ

=

(
k20 σ̃ + σ̃

)
˙̃σ =

(
k20 σ̃ + σ̃

)
σ̇ = 0 (43)

From 2-a) and 2-b) the second characteristic in the
Theorem is proven.
Via the analyses of 1) and 2), the Theorem is proven. �

C. JOINT CONTROL VARIABLE
There are inevitable errors in the slip rate estimation caused
by model error, sensor zero drift and disturbances. Therefore,
the wheel speed information directly measured by the sensor
is used to introduce wheel angular acceleration into the
control variable to improve the problem of the decrease of
the control effect, which may be caused by the slip rate as the
single control variable.

According to (5), the derivative of the slip rate is

λ̇ = −
v̇x
ωrw
+

vx
(ωrw)2

ω̇rw = −
µ(λ)Fz
mwωrw

+
1− λ
ωrw

ω̇rw (44)

when the slip rate converges to the equilibrium point, λ̇ = 0,

ω̇r=
µ(λ)Fz
mw(1−λ)

=
Fz
mw

µ(λ)
(1−λ)

(45)

where, µ (λ) can be expressed by the modified Burckhardt
tire model:

µ(λ)=C1−C1 exp[−
C2

C1
(λ+C5λ

2)]−C3λsgn(λ)+ C4λ
2

(46)

where, Ci(i = 1, 2, 3, 4) are tire model factors that can be
fitted according to tire test results.

From (45), the one-to-one correspondence between the
angular acceleration and the slip rate can be obtained, when
the slip rate is in a steady state.

Assuming that Fz/mwg, we define the Angular Accelera-
tion Coefficient (AAC)

η :=
ω̇rw
g

(47)

and the AAC at the steady state slip rate is

η̄ =
µ(λ)
1− λ

(48)

Design the joint control variable

ε = αλ+ (1− α)η, 0 < α < 1 (49)

Figure 5 shows the µ− λ curve described by (46) and the
reference slip rates on different road surfaces.
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FIGURE 5. µ-λ curve and reference slip rates under different road
adhesion conditions.

The η̄ − λ curves are made based on the same tire model
shown in Figure 5 and (48) shown in Figure 6. Corresponding
to λ = λref , η̄ = η̄ref is marked with a horizontal line.

FIGURE 6. η̄ − λ curves under different road adhesion conditions.

FIGURE 7. η̄ − λ curve and joint controlled variables under different road
adhesion conditions.

The reference joint control variable is described in (50) and
Figure7.

εref = αλref + (1− α)η̄ref (50)

IV. SIMULATION AND EXPERIMENT
The simulation and experiment platform in this paper is a
distributed drive electric vehicle with four in-wheel motors.
The parameters of the vehicle andmotor are shown in Table 1.

TABLE 1. Main parameters of the test vehicle.

A. LOW-FRICTION ROAD SIMULATION
The simulation was performed in the CarSim R© and
MATLAB/Simulink environment. In CarSim R©, an initial
vehicle speed of 0.1 km/h was set, the driver accelerated
at full throttle, and the road adhesion coefficient was 0.2.
To simulate the measurement of the signal noise and delay,
white noise was added to the wheel speeds and longitudinal
acceleration signals in Simulink, and we increased the time
constant of the motor torque signal by a delay of 0.004 s. The
simulation results are shown in Figure 8, where ‘‘w/o. ctrl.’’
indicates the simulationwithout the proposed controlmethod,
and ‘‘w. ctrl.’’ indicates the simulation with the control.

In the simulation, with the torque control of the ASR,
the speed error finally converged to less than 2%, as shown
in Figure 8(a). The joint control variable, which is composed
of the slip rate and angular acceleration coefficient was used
as the joint control variable of the controller, and α = 0.2.
Although the slip rate was not the only control variable,
Figure 8(b) shows that the slip rate controlled by the ASR
finally converged to the optimal slip rate of approximately
0.005; at the same time, Figure 8(c) shows that the final
wheel angular acceleration also converged to η̄ref , which
corresponds to the ‘‘low-adhesion road’’ shown in Figure 6.
In Figures 8 (b) and (C), the wheel without ASR control
seriously slipped; the slip rate and AAC decreased after a
period of acceleration since the external characteristics of the
motor at high speeds were limited and reduced the driving
torque. Figure 8(d) shows the wheel torque received from
the motor control unit when the vehicle was controlled by
the proposed ASR. It has been proven that the joint control
variable can ensure a good slip rate control effect when there
are signal noise and estimation errors.

Table 2 shows a comparison of road adhesion utilization
rates [calculated by (51)] when different α values and ±5%
speed error were introduced.

ηuse =

N∑
n=0

4∑
i=1

Fx,i (n)

N∑
n=0

4∑
i=1
µi (n)Fz,i (n)

(51)
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FIGURE 8. Simulation results on a low-friction road.

where, N is the number of operations in the simulation
process.

Table 2 shows that under real vehicle speeds, compared
to the slip rate control variable alone, the road adhesion

FIGURE 9. Experiment results on a joint-friction road.

utilization rate decreased by no more than 1% after using the
joint control variable. In the case of vehicle speed estimation
error, the results of the experimental group, which only used
the slip rate as the control variable, significantly deteriorated;
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FIGURE 10. Experiment results on a split-friction road.

however, use of the joint control variable can maintain a high
utilization rate of road adhesion and be robust against speed
estimation errors.

B. JOINT-FRICTION ROAD EXPERIMENT
The test conditions were set as follows: the vehicle started on
a dry tiled road and subsequently entered a wet tiled road. The
test results are shown in Figure 9.

In Figure 9 (the same below), the ‘‘real’’ slip rate was
calculated by (1), where the ‘‘real’’ vehicle speed was

TABLE 2. Comparison of the road adhesion utilization rates.

measured using a high-precision GPS and inertial navigation
system (Oxford R© RT 3003); the wheel speed, which was
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equal to the in-wheel motor speed, was fed back from the
motor control unit.

The tire-road peak adhesion coefficient estimated with the
method proposed in [29] is shown in Figure 9(b). Figures 9(b)
and (c) indicate that after the wheel entered the wet tile road
and began to slip, the kinematic speed estimation method
was activated (flag_kin = 1) and switched to the dynamic
estimator after a certain amount of time (flag_kin = 0 when
the dynamic and kinematic estimators worked alternately).
The speed shown in Figure 9(a) indicates that after the vehicle
entered the wet tile road, the speed estimation error gradually
decreased with the intervention of the slip rate controller and
dynamic speed estimator.

Figures 9(c) and (d) show that the slip rate control was not
involved and that the motor provided the torque required by
the driver when the vehicle was on the dry tile road. After the
vehicle entered the low-adhesion road, the slip rate controller
intervened to reduce the slip rate to the reference value,
which effectively suppressed wheel skidding and ensured the
driving performance of the vehicle. The proposed controller
was robust against speed estimation errors and changes in the
tire-road friction condition.

C. SPLIT-FRICTION ROAD EXPERIMENT
The experiment conditions were set as follows: the left wheel
was on the dry tile road and the right wheel was on the wet
tile road. The experiment results of the front left wheel and
rear right wheel are shown in Figure 10.

Figure 10 shows that the wheel on the dry tile road did
not excessively slide, and the slip rate control flag was 0; the
controller of the wheel on the wet tile road was involved, and
the slip rate gradually decreased to near the reference value
to ensure stability.

V. CONCLUSION
In this paper, the robust variable structure slip rate control
system for distributed drive electric vehicles is designed,
including tire slip rate estimators, the speed estimator and the
slip rate controller, that can calculate the slip rate in real time
and make the joint control variable track its reference value
using fast, precise and independent motor torque control.

1) Using the interaction between kinematic and dynamic
estimation models, the dynamic model is adopted when the
slip rate is small, which avoids the problem of the cumulative
errors and the high dependence on the information quality
of the sensors. In the case of a large slip rate, the kinematic
method is adopted to estimate the vehicle speed, which avoids
the problem of a decrease in tire model accuracy.

2) Based on the speed and slip rates obtained from
low-cost sensors and the designed estimators, the joint
control variable, which consists of the slip rate and angular
acceleration coefficient, is proposed. The anti-windup sliding
mode variable structure control law is designed, which shows
good performance even in the presence of speed estimation
error, and the asymptotic stability of the tracking error is
proven by Lyapunov theory.

3) The results under various simulation and experimental
conditions verify that the speed estimation algorithms can
estimate the speed on both high- and low-adhesion roadswell.
The adopted slip rate control algorithm can intervene in time
when the wheel is over skidding, restrain the rapid increase
of the wheel slip rate, prevent serious wheel skidding on
low-adhesion roads, ensure wheel stability and improve the
vehicle driving performance.
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