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Abstract—We apply linear programming (polynomial) tech-
niques for obtaining lower bounds for the potential energy of
antipodal spherical codes. For codes attaining our bounds we
prove Lloyd type theorems. We also provide general formulations
of our recent universal lower bound on energy of codes in infinite
projective spaces.

I. INTRODUCTION

Let C C S"~! be antipodal spherical code (i.e. C = —C)
with inner products in {—1}U[—s, s], where s € (0, 1), |C| =
M. For a given (extended real-valued) function h : [—1,1] —
[0, 400], we consider the h-energy (or the potential energy)
of C' defined by

E(n,C:h) = |i 3 (1)

h((2,9),

C| z,yeC,x#y
where (z,y) denotes the inner product of x and y. The
potential function h is called k-absolutely monotone on [—1,1)
if its derivatives h(¥)(t), i = 0,1,..., k, are nonnegative for
every t € [—1,1). An antipodal spherical code C' C S"~!
is called k-universally antipodal if it has minimum possible
h-energy among all antipodal codes on S"~! of the same
cardinality M = |C| and for all k-absolutely monotone
functions on [—1,1).

In this paper use a general linear programming bound on
energy of antipodal codes to propose good lower bounds for
codes with a few distinct inner products. We investigate codes
which attain our bounds for small values of k and prove
Lloyd-type theorems. In the last section we briefly describe
a general description of our recently obtained universal lower
bounds (see [3]) on energy of codes in infinite projective
spaces viewed as polynomial metric spaces [10].
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II. PRELIMINARIES

A. Gegenbauer polynomials and the linear programming
framework

For fixed dimension n, the normalized Gegenbauer poly-
nomials are defined by P\™(t) := 1, P{")(t) := ¢ and the
three-term recurrence relation

(i+n—2) P7)(t) == (2i+n—2)t P (£)—i P")(¢) for i > 1.

We note that { P™) (t)} are orthogonal in [—1, 1] with a weight
(1 —¢2)(»=3)/2 and satisfy Pi(")(l) =1 for all 4 and n. We
have P (1) = PU=3)/208)/D) 4 ) pl(n=3)/2:00-3)/2) (1
where Pi(“’ﬁ )(t) are the Jacobi polynomials in standard nota-
tion [11].

If f(t) € R[t] is a real polynomial of degree , then f(¢) can
be uniquely expanded in terms of the Gegenbauer polynomials
as

F) =" 1P (). )
1=0

We use the identity (see, for example, [7, Corollary 3.8],
[8, Equation (1.7)], [9, Equation (1.20)])

ClFW+ Y flay) =

z,y€C,x#y

CPH+ Y (Z mx))

j=1 \zeC

3)

as a source of estimations by polynomial techniques. Here
C C S™! is a spherical code, f is as in (2), {V;;(z) : j =
1,2,...,7;} is an orthonormal basis of the space Harm(i)
of homogeneous harmonic polynomials of degree ¢ and r; =
dim Harm(%).
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Theorem IL1. Ler f(t) = Z?i%(f) fiPi(")(t) be a real

polynomial such that

(A1) f(t) < h(t) for t € [—s,s], and

(A2) the Gegenbauer coefficients satisfy f; > 0 for even i.
Then

E(n,Cih) > Mfo—f(1) = f(=1) +h(=1) @4

for every antipodal code C' C S"~1 of cardinality M = |C|
and inner products in {—1} U [—s, s].

Proof. Using (3) and the conditions of the theorem we con-
secutively have

Mf(1) + ME(n,C;h) =
M(fW)+r=1)+ > hl(zy) >

(z,y) €[—s,s]
M(F)+n(=1) = f(=1)+ D> f({zy) =
z,yeC x#y
M(h(=1) = f(=1)) + |C* fo +
deg(f) £ & 2
> IS (vwe) -
i=1 ' j=1 \zeC

M(M fo + h(=1) = f(=1)),
which implies (4). ]

B. Distance distributions of antipodal spherical designs

Let C C S"™ ! be a spherical code and let z € C.
The nonnegative integers A;(z), t € [—1,1), are defined by
Ai(x) = {y € C : {x,y) = t}|. The system of numbers
{A¢(z) : =1 < t < 1} is called the distance distribution
of C with respect to z. If C' is antipodal, we clearly have
A_1(z) = —1 and Ay(z) = A_¢(x) for every z € C and
te(0,1).

Further, the distance distributions of spherical designs of
strength 7 satisfy the following Vandermonde-type system of
7+ 1 linear equations [2, Theorem 2.1] (see also [7, Theorem
7.4], [1], [6, Chapter 14]).

m

Yo Ag@)sl =blC1 =1, j=0,1,....7, (5
i=1
where s1, ..., Sy, are all distinct inner products between x and
the points of C'\ {z}, by = 1, by, = % and

b; = 0 for odd j.

C. Derived spherical codes

Suitable parameter sets for k-A-universally optimal antipo-
dal codes can be investigated by consideration of their derived
codes [7, Theorem 8.2]. For a code C' C S*~1, a point z € C
and an inner product «, the derived code of C' with respect to
z and « is the set

Co(z) ={y € C: (2,y) = a}

re-scaled on S 2.
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It is not difficult to see that the inner products of C,,(z) are
in the set

B —a? . .
Iy = T a2t B is an inner product of C'» N [—1,1).
-«

Moreover, if C' is a spherical 7-design then C,(z) is a
spherical (7 — ¢ + 1)-design, where ¢ = |1, ,|.

III. ANTIPODAL CODES WITH INNER PRODUCTS —1 AND
+s

Assume that h is 4-absolute monotone and s € (0,1).
Consider the polynomial

3 3
F6) =Y at' =3 fiP"(1)
i=0 i=0
which satisfies the interpolation conditions
f(ds) = h(s), f'(s) = W (s).

This implies
_ 2(h(s) + h(=s)) — s(h'(s) = I'(=s5))

. ©

ao
W(s) — h'(=s)

4s '
It also follows that f(¢) satisfies (A1) (here we need the fourth
derivative of h to be positive).

For (A2), the only condition that must be checked is fo > 0.
Since

a9 —

ag(n —1) _ (n—1)(h'(s) = h'(=s))

n 4ns

Ja=

follows from h”(t) > 0, we conclude that f(¢) satisfies the
conditions of Theorem II.1. Therefore E(n,C;h) > M fy —
f(1) = f(=1) + h(—1) for every antipodal code C C S"~!
of cardinality M = |C| and inner products in {—1} U [—s, s].
If the equality is attained then the inner products of C' belong
to {—1,s,s}. Note that f > 0 implies that C' is a spherical
3-design.

We now calculate the bound of f(¢) and compare it to the
energy of some known codes. First, we have the bound

M fo— f(1) = f(=1) + h(-1)
h(—1) + M (ao + %) — 2(ag + as) =

h(=1) + (M — 2)ag + @ =

h(=1) + (M = 2)(2(h(s) + h(=s)) = 5(h'(s) = h'(=s)))

>0

1 +
(M —2n)(K(s) — h'(=s))
dns o

where ag and as are taken from (6).

Assume that C' C S™ ! of cardinality M = |C| has inner
products in —1, —s and s. Then the distance distribution of
C with respect to z in fact does not depend on x and is given
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by A_i(z) =1 and A_(z) = As(x) = 2. Therefore the
h-energy of C' is

pYy — (M —2)(h(—s) + h(s)) _
E(n,C;h) = h(—1) + 5 = &

R(—=1) + (M — 2)(azs* + ag).

Equating (7) and (8) we obtain that C' is 4-universally optimal
if (% —2) az = (M —2)ays?, i.e. for s = M—2n

n(M=2)" Notice
the necessary condition M > 2n.

Theorem IIL.1. The codes from Table 1 are 4-universally
optimal.

TABLE I
SOME 4-UNIVERSALLY OPTIMAL ANTIPODAL SPHERICAL CODES.

Dimension | Cardinality | Inner products
n 2n + 2 —1,+1/n
3 12 —1,4+1//5
5 20 —1,+1/3
6 32 -1,+1/3
7 56 —-1,+1/3
10 32 —-1,+1/5
15 72 —1,£1/5
21 56 —-1,+1/9
21 72 —1,+1/7
21 252 —1,41/5
22 352 —-1,+1/5
23 552 —-1,+1/5
28 128 —1,+1/7
35 240 —-1,+1/7
36 128 —-1,+1/9
43 688 —1,£1/7
45 200 —1,+1/9

Investigation of the distance distributions of the derived
codes allows obtaining a Lloyd-type theorem.

Theorem IIL.2. If an antipodal code C C S"~ of cardinality
M = |C| and inner products —1, —s and s is 4-universally op-
timal, then (n, M, s) = (n,4n,1/\/2n — 1) or s = / M4=2n

n(M—2)
. . M M—4n - .. .
is rational and - + =" is positive integer.

Proof. For fixed x € C, the derived code C(x) is a spherical
2-design of cardinality |Cs(z)| = Ay(z) = 22, inner

products s1 = ﬁ_s and sy = —7%. The distance distribution

of Cs(x) with respect to y € Cg(x) satisfies the equations
Ag (y) + As,(y) = % — 1, 5144, (y) + 5244,(y) = —1,

S%Asl(y) + S%A32(y) = % — 1. Using §? = n([J\/?Eg)

we obtain A, (y) + A, (y) = 254 and A, (y) — As, (y) =
M—in
2ns
If s is irrational then A, (y) = As,(y) and M = 4n,
_ 1
whence s = N

If s is rational, then A, (y) = W =44
% — 1 must be nonnegative integer. O

The next table shows all possibilities for 4-universally
optimal codes which satisfy the conditions of Theorem III.2
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TABLE 11
SOME POSSIBILITIES FOR 4-UNIVERSALLY OPTIMAL ANTIPODAL
SPHERICAL CODES.

Dimension | Cardinality Inner products
n > 7, odd 4n —1,+1/v/2n -1
19 152 —-1,+1/5
20 192 —1,+1/5
37 296 —1,+1/7
41 492 —1,+1/7
42 576 —1,+1/7
45 1080 —1,+1/7
46 1472 —1,+1/7
47 2256 —1,+1/7

IV. ANTIPODAL CODES WITH INNER PRODUCTS —1, +s,
AND O

Assume now that A is 6-absolute monotone. Consider the
polynomial

F6) =Y ait = > [iP™(1)
i=0 i=0
which satisfies
f(£s) = h(Es), [f/(£s)=h'(Es),
f(0) = h(0), f(0) =h(0).

It satisfies (A1) (here we need h to be 6-absolute monotone)
and the conditions to be satisfied for (A2) are fo > 0 and

fa>0.
We have
B as(n? —1)
iz i aag 20 @z
Iy = (6as + (n+4)az)(n—1) 50 e

n(n+4)
6ay + (n+4)az > 0.

The interpolation conditions give

ap = h(0),
_ 4(h(s) + h(=s)) — s(h'(s) — W'(—s)) — 8h(0)
B 452 O
0y = s(h'(s) = W' (=s)) — 2(h(s) + h(—s)) + 4h(0)
454 '

Denoting F'(s) = s(h/(s) — h'(—=s)) — 2(h(s) + h(—s)) +
4h(0) we consecutively calculate F’'(s) = s(h”(s) +
Wi(=s)) — (W(s) — W(—s)) and F"(s) = s(h"(s) —
h"(—s)) > 0 since h''(s) is increasing. Thus F’(s) is
increasing for s > 0 and F'(s) > F’(0) = 0, whence F(s) is
increasing for s > 0 and F'(s) > F(0) = 0. Therefore ay > 0
and fy > 0.

The condition fo > 0 <= 6as + (n 4+ 4)az > 0 is
equivalent to

(3= (n+4)s*)G(s) > 0,

where G(s) = s(h'(s) — h'(—s)) — 4(h(s) + h(—s)) + 8h(0).
Similarly to above, straightforward calculations show that
G(s) > 0 (now we get the fourth derivative of G(s) equal
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to s(h®)(s) — h®)(—s)) and here we need again h to be 6-
absolute monotone). Hence the condition (A2) holds true for
every s € (0, ni+4 .

We now calculate the bound of f(¢) from Theorem IL1 as
follows:

Mfo—f(1) = f(=1) + h(=1) =

h(=1) + M (ao+ff+n(2":‘f2)> —2(ap + ag +ay) =
)+ (0 2)0p 4 (20002 M2l £20es
(10)

where the coefficients ag, as and a4 are taken from (9).

Assume now that C' C S"~! of cardinality M = |C| has
inner products in —1, —s, 0 and s. To achieve the above energy
bound C must be a spherical 5-design if fo > 0 and f; >
0. Then the distance distribution of C' with respect to z is
determined from the equations

2A5(x) + Ap(z) = M —2,
9 M
245(x)s® = — —2,
n
4 M
2A5(z)s* = oy 2.

(recall that A_;(z) = 1 and A_;(x) = As(x)). Resolving this

. [3M—2n(nt2)
we obtain s = ,/%,

_ _ M-2n__ (n+2)(M—2n)?
Aulr) = Aa(o) = =5 5 = 2n(3M — 2n(n +2))’
Ao(z) = M —2 — 24, () = M= DA = n(n +1))

n(3M —2n(n +2))

(of course, As(x) and Ap(z) must be nonnegative integers;
again the distance distribution does not depend on z). Thus
the h-energy of C' is given by

(n+2)(M —2n)2(h(—s) + h(s))
2n(3M — 2n(n +2))
2M(n —1)(M —n(n+1))h(0)
n(3M — 2n(n + 2))
(n+2)(M —2n)*(ap + azs® + ass?)
n(3M — 2n(n + 2))
2M(n—1)(M —n(n+1))ag
n(3M — 2n(n + 2)) '

E(n,C;h) = h(—1) +

h(—1)+

(In

The expressions (10) for the bound of f(¢) and (11) for the
energy of C' are equated for determining suitable parameters
for 6-universally optimality.

Theorem IV.1. The codes from Table 2 are 6-universally
optimal.

Theorem IV.2. If an antipodal code C C S"~! of cardi-
nality M |C| and inner products —1, —s, 0 and s is

31
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TABLE III
SOME 6-UNIVERSALLY OPTIMAL ANTIPODAL SPHERICAL CODES.

Dimension | Cardinality | Inner products
4 24 —-1,0,4+1/2
6 72 —1,0,4+1/2
7 126 —1,0,4+1/2
8 240 —-1,0,4+1/2
22 2816 -1,0,4+1/3
23 4600 —1,0,4+1/3

6-universally optimal, then: s = ,/% is ratio-

2
nal and Ag(x) %, X % +

(n—1)M (M?—-8nM+4n>(n+2)) dY — (n—1)(M—n(n+1))M?
4n(3M—2n(n+2))?2 an - n(3M—2n(n+2))?
are nonneg(ltlve mtegers.

Proof. For fixed x € C, the derived code C(x) is a spherical
3-design of cardinality |C,(z)] = As(z) = 24=22, inner
products s; = 1‘—;, S = —% and s3 —1>. The
distance distribution of Cj(z) with respect to y € Cs(z)
satisfies the system

M—2n

X+Y+2 = Mmooy
81X+SQY+532 = -1 <
sIX +83Y +537 = g ge 1
X+Y+2z = =21
s(X-2) = % -1
X+7z = (Qnﬂ({fj’;g - 1) A=) | Motn y 2

(here A, (y) = X, As,(y) =Y and A, (y) = Z for short).
If s is irrational then X = Z and M = 4n. This implies

52 = i%_’; which is possible only for n = 3 and leads to the

icosahedron which does not have inner product 0.

If s is rational, then we have

M(M?—-8nM+4n>(n+2))

(M—4n)(1+4s) (n—1)
X 4dns + 4n(3M —2n(n+2))?
y = (n=1)(M—n(n+1))M?>
n(3M—2n(n+2))?
M—4n
Zz = X- 2ns

and X, Y, Z must be nonnegative integers.

V. BOUNDS IN INFINITE PROJECTIVE SPACES

In a more general setting we describe universal linear
programming bounds which are natural analogs of our bounds
from [3]. The infinite projective spaces RP"~1, CP"~!, and
HP" ! are polynomial metric spaces [9], [10] are allow
treatment which is very similar for the case of the Euclidean
spheres S"~ 1.

Denote by T,P"~ !, ¢ = 1,2,4, the projective spaces
RP" 1, CP"!, and HP™ !, respectively. We refer to [3] for
conceptual explanations of the terms below (Levenshtein inter-
vals, Levenshtein function, Delsarte-Goethals-Seidel numbers,
Levenshtein 1/N-quadrature nodes and weights).
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The Levenshtein intervals are
1,1 1,0 .

Gt oti?], itm=2k-1,
1,0 41,1

[tk,é’tk,é} )

b is the greatest zero of the Jacobi polynomial

In =
if m = 2k,

where t
P(aJré(n 1)

—Lb+5-1) (t)
The Levenshtein function is given as

Lok—1(4,n,s), s € Lop—1

L, n,s) =
L%(ﬁ,n,s), s € Loy.
where
n— k44—
. 1(M8)<k+“ D 1)(23 ’)
— 3 10y - _ _;'_,
bl (320
P(e(n 1) 57 ( )
s
X 1 - (Ij(nll)71 ﬁfl)
e 2 2 (8)
and
k+ Z(n 1) 1 +5—
Lt - (7 T D)
(G
(/(71;1) v ( )
k
x |1— (e(n11) 1L,
Py 2 (s)

The Delsarte-Goethals-Seidel numbers are:

IR ICES S T
C w2 JOE ) ook,
(i)
Dy(n,7) = TS
CmCE) i —op
(G o
k41

The Levenshtein 1/N-quadrature nodes {ca; ¢}%
tively {$;.¢}¥_,), are the roots of the equation

Pk(t)Pk_l(S) — Pk(S)Pk_l(t) =0,
where s = ay, (respectively s B, g) and Pi(t) =

(FF 51 . )]
P, (t) (respectively P;(t) = P, (t)) are
Jacob1 polynomials.

*_, (respec-

Theorem V.1. Given the projective space T,P"~ 1, (
1,2,4, let h be a fixed absolutely monotone potential, n
and N be fixed, and 7 = 7(n,N) be such that N €
(D¢(n,7), Dy(n, T+ 1)]. Then the Levenshtein nodes {c; ¢},
respectively {B; ¢}, provide the bounds
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k

Er(n, N,h) > N>~ pih(ai ), (12)
=1
k

Er(n, N, h) = N>~ 7ih(Bi), (13)

i=0
respectively, where Ey(n, N, h) is the infimum of the h-energy
of codes in TyP" ' of cardinality N. The Hermite inter-
polants for h(t) at these nodes are the optimal polynomials
which solve the finite linear programming problem for poly-
nomials of degree at most .

The bounds (12) and (13) are attained by codes which are
called universally optimal [4]. In fact all known examples

appear to be maximal (with respect to their cardinality) codes
(see [9], [10], [5D).
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