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ABSTRACT In this article, the finite-time H, control problem for singular positive Markovian jump systems
with time-varying delay and saturation constraint was studied. Firstly, considering the discontinuities caused
by the mode-dependent singular matrix and Markov jump switching behavior, a state feedback controller
is designed to guarantee the positivity and mean-square locally finite-time H, stability of the considered
system. Secondly, the maximum finite-time domain of attraction of the considered system subject to input
saturation is estimated. Finally, to show the effectiveness of our control strategy, the simulation results are
given.

INDEX TERMS Finite-time H, controller design, saturation constraint, singular positive systems, optimize

control.

I. INTRODUCTION

In practice, many dynamic systems can be described by
Markov jump systems, which often encounter random faults,
component repairs and other factors, resulting from modifi-
cations of subsystem interconnection, abrupt environmental
disturbance, and so on. In view of this, some important
articles entirely devoted to many topics of this kind of system
have been presented, including filter [1], [2], network [3],
[4], actuator saturation [5], [6], [7], semi-Markovian jump
systems [8], [9]. In the research results on T-S fuzzy mode
[10], [11], [12], [13], fuzzy fault-tolerant tracking control of
Markov jump systems with unknown mismatched faults was
discussed in [12], and the mismatched quantized H, output-
feedback control of fuzzy Markov jump systems was studied
in [13]. Considering the combination with event-based
security control, event-based security control problem for an
interconnected system with Markovian switching topologies
was developed in [14], and event-triggered sliding mode
secure control for nonlinear semi-Markov jump systems was
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established in [15]. In the last decades, a lot of scholars
have been attracted to singular Markovian systems due to
their extensive applications in the modeling of robotics,
economics, and other areas [16], [17], [18], [19], [20]. It is
worth noting that, the system state after and before the
switching time may be discontinuous when considering the
switching behavior and the singular matrix of the given
system. However, few works are considered about such
uncontinuity in [21], [22], and [23].

On the other hand, in some practical engineering appli-
cations, especially for some plants with short working
time and fast response, the traditional lyapunov stability
cannot achieve the desired control goal. In this background,
finite-time control is becoming increasingly important.
Furthermore, the finite-time control scheme for Markovian
system has gradually become a hot research topic, and many
meaningful results have been derived in [24], [25], [26],
and [27]. Here are some references, sufficient conditions
were obtained to guarantee that the singular T-S fuzzy
Markovian jump system was finite time bounded in [26].
The finite-time stability problem of linear switched singular
systems was addressed in [27], and new sufficient conditions
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were presented to guarantee the considered systems with
finite-time unstable subsystems being finite-time bounded.

It should be noted that the physical system in the real world
involves non negative variables, such as population level,
absolute pressure, etc. These systems are represented as posi-
tive systems, which means that when the initial conditions and
inputs are nonnegative, their state and output are nonnegative.
Because of its practical application significance, the research
of positive systems has received extensive attention [28],
[29], [30]. For example, by applying an appropriate linear
co-positive type Lyapunov-Krasovskii function, the state
feedback controller was designed for singular positive
Markovian jump systems in [30]. Furthermore, the problem
of L control for positive Markovian jump systems with partly
known transition rates was discussed in [31]. The authors
proposed an event-triggered control for positive Markov
jump systems without/with input saturation in [32]. However,
it is worth pointing out that how to stable singular positive
Markovian jump systems with input saturation constraint
is still a problem. Based on the above discussion, when
considering the discontinuities caused by the singular matrix,
the design of Hy finite-time controller for the singular
positive Markovian jump system with time-varying delay and
saturation constraint has not been fully investigated till now.

The main object of this article is to further investigate the
finite-time H, controller design method for singular positive
Markovian jump delay systems with saturation constraint,
and the key contributions of this paper are briefly summarized
as follows:

1)When practical factors such as the discontinuities, partly
unknown transition rates, time delay, disturbance signal and
input saturation are combined in a Markovian jump system,
while also considering the special characteristics of singular
positive systems themselves, the controller designed method
is given to guarantee that the considered system is positive
and mean-square locally finite-time Hs, stable.

ii)For input saturation, the maximum finite-time domain
of attraction is estimated, and an optimization algorithm for
solving the problem is proposed.

Notations:

A>0 The real symmetric and
semi-positive definite matrix

R'(R}) n-dimensional real(positive real)
vector space
(2, F,P) probability space
NT the transpose of the matrix N
Amax/min(A)  the maximum/minimum element of
matrix A

Il. PROBLEM STATEMENTS AND PRELIMINARIES
In a probability space (2, F, P), consider singular Marko-
vian jump systems (X):

E(r@)x (1) = A(r(0)x(@) + Aa(r)x(t — ¢(0)) (1)
+ B(r(t))sat(u(t)) + Ba(r(0)v(1),
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(1) = Cy(r()x(t) + Cya(r()x(t — (1))
+ D(r(0)v(?), (2)
x(t) = @), t €[-¢, 0], 3
in which x (#) € R" and y () € R? represent the state vector
and output vector, u (f) € R™ represent the controlled input
vector. v(¢) is the external input vector, ¢(¢) € Ly[—¢ O] is the

vector-valued initial continuous function. ¢ (¢) is the unknown
time-varying delay as follows:

0<¢)<i<oo, (()<¢ <1, )

{r (#)} is a right continuous Markovian process and taking
values in a finite set § = {l1,2,...,N}. Transition
probabilities is shown by:

LijA 4o (A)
I+ XiA+o0(D)

i #],
i=],
where A > 0, lima_0 (0 (A) /A) =0and A;; > 0, forj # i,
is the transition rate from mode i at time ¢ to mode j at time

t+ A and
Mi=— . i )
JES j#i
In this article, the transition rates may be partly unknown and

we use “?” to denote the unknown part. For instance, the
transition rates matrix can be described as follows:

Pva+m=ﬂun=n=I

A7 Az o A
Aol ?7 Ay - ?
pP=
: ? :
Anl Az ... ?

The set S{(Vi € S) is defined as:
st =5t Usi
with S} ={j nj is known for j € S}, and S, ={j
7j is unknown for j € S}.
The saturation constraints are described as follows:

—uog) < Ui < uoiy, uog) >0, i=1,---, m. (6)

To facilitate the presentation, we let A; = A(r(¢)), for each
r(t) = i € S, and other system constant matrices can be
represented as Agj, B, Bgi, Ci, Cgi, E;. It should be pointed
out that E; is known singular matrix. Then we design the
controller as follows:

u(t) = Kyp)x(1), (7N
Taking Eq.(7) to Eq.(1), we have

Eix (1) = (A; + BiKj)x(t) + Agix(t — ¢ (1))
+ B0 (u(t)) + Baiv(t), (8)

where 9 (u(t)) = sat(u(t)) — u(t).
To complete the control objective, the following assump-
tions, definitions, and lemmas are needed.
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Assumption 1: The external input vector v(¢) is bounded
by v and satisfies:

T
/ | v@) [l dt <9, 9=>0. )
0

Definition 1 ([30]): For the initial condition x9 > 0,
x0(0 — ¢(¢)) = O, if the corresponding trajectory x(f) >
0 holds for all + > 0, then systems (1)-(3) are said to be
positive.

Lemma 1 ([21]): For every i € N, the pair (E;, A;) is
regularity and the absence of impulses if and only if there
exist invertible matrices Mi and 1\71 such that

M;E;N; = I:(I) 8] , M;A;N; = |:A01 8i| . (10)
Moreover, it can be found that matrices M; and N; satisfy the
following equations,

E = MiEN; = [I O]

0 O
A = MiAN; = [ﬁi ﬁj] (11)
Il 1

then the pair (E;, A;) is impulse-free and regular if and only
if A4; is nonsingular and the above decomposition is satisfied.

Make x(t) = Nl._lx(t), we can rewrite the system (8) as
follows:

Ex (1) = AiX(1) + Agix (1t — £ (1)) + B (u(1)) + Baiv(1),
y(@) = Cyix(t) + Cyaix(t — §(1)) + Div(1), (12)
where Cy,' = CyiN;, Cyd,' = CyqiNj, 1_(1' = K;N; and
e TAa A
Ai=A;+BK;,=|"~" o
1 l + g [Al3 Al4} k]
Adl’l Adi2i|
Agi = MiA4N; = | - - ,
@ i |:Adi3 Adia
B'l Bdi]
Bi=MB; =]~ Bagi = MiBg = | = )
i iDi |:Bi2j| di = di = |:Bdi2j|

Due to switching behavior, the state of the system may be
discontinuous before and after the switching jump time. Use
x(#)~ and )_c(tj)+ to represent the system states before and
after switching moment #;, respectively. If the considered
system is regularity and the absence of impulses [17], it can
be derived that:

()T =Ty, (13)
with
I 07. 4
f= a0

Defining 7 = [;7, %71, the system (12) with v(r) = 0 can
be reduced to the following nonsingular system:
Apxi(0) + Apxa(t) + Agn ¥ (t — (1))
+ Aain¥a(t — £(1)) + B9 (u(1))
0 = Apxi(0) + Az (1) + Agiaxi(t — (1)

Xi(t) =
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+ Agiaia(t — £(1)) + Bd (u(t)) (14)
Then, we have

X = @Ay — 2Al4 Ap)x (1)

+ (Adzl 12Al4 Ad13)xl (t —¢(@)
+ (Adgi> — AizA,4 Aga)ia(t — £(1)
+ (le 12Al4 BtZ)ﬁ(“(t))

X(t) = —Ai4 Apxi(t) — A, Mg (t — ¢(1)
— Ay Aguia(t = £(1) = Ay Bpd () (15)

ObV1ously, the system (15) is positive if and only if o
A,gAl i A,3) are Metzler matrices and
Adgit — ApA;, Y43 > 0, Aap — ApAg' A > 0,
A 'Ap >0, —A'Au3 >0, A Ay >0,
—Az'Bn > 0, if 9(u(t) >0,
~Ay'Bp < 0. if ?(u(n) <0,
ApAy'Bp) = 0. if #(u(t) = 0,
ApAy'Bi) <0, if d(u() <0. (16)

(Bll -
(Bll -
Definition 2 ([30]): Regularity and the absence of impulses.
(i) System (12) with v(t) = O is said to be regularity,
if det(sE — A;) # Oforall t € [0, T).
(ii) System (12) with v(t) = 0 is said to be the absence of
impulses, if deg(det(sE — A;)) = rank(E) for all t € [0, T1.
Lemma 2 ([21]): If the system (12) is regularity and the
absence of impulses, then the following matrices transforma-
tion can be fulfilled for nonsmgular matrix M; and N;,

= diag{l, 0}, M, AN; =
dzag {Eaai, 0},
M;B; = [a(fi] . MiBg; = [dgdi} ,

and the system (15) can be equivalent to the following system
x(1) = Epif(1) + Egaif(t — £ (1)) + Epid (u(1))
+ Epaiv(t),
(1)t =Tyx@), a7

where

diag{8n;, I},

Lemma 3_ For the system (12) and the designed controller
parameter K;, the given appropriate matrix L; € R™*" if x(¢)
is in the set D(u,) which is defined as follows:

D(u,) = {x(t) € R"; —upky < (Kigy + Ligk))X(t) < uock)s
upky > 0, k=1,...,m},

then for any positive matrix 7; € R", we derive:
S@@)' Ti = x0T L] T;
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>0, if 9(u()) <0,
— ) T, +xOTLI'T; > 0, if 9u()) > 0.

Proof: As can be seen from the above, u(t) = Kix(t) =
sat(u(t)) — 9 (u(t)) holds, then one has

—uo) < (sar(u(t)) — 9 u(t))) + Lig)x(t) < uok)
= —ugk) — sar(u(t)) < =) + Lig)x(t)
< uggk) — sat(u(r)). (18)
Consider that, when saturation occurs, we have wugg)— |
sat(u(t)) |= 0, if 7 (u(t)) < O(u(t) > 0), one can derive
— P (u(t)) + Ligyx(t) < uow)y — sat(u(t))
= P (u(?) — Ligyx(1) = 0
= o) T, —x)'LI'T; > 0, (19)

if 9 (u(r)) = O(u(t) < 0), we have

— P u(?)) + Ligyx(¢) = 0
= ) T; + @) LI'T; > 0. (20)

The proof is completed.

Definition 3: If there exist constanta > 0 and 8 > 0, such
that e(||EX(t; %o, ro)|l1) < ae Ple(||Exo|1), the system (12)
is exponentially stable in the mean square sense.

Definition 4 ([27]): For system specified parameters ¢y >
c1 > 0, T > 0 and mode-dependent matrix ki > 0,ifa
controller with the same form as formula(7) and the state
trajectory of the system satisfies:

e (ETR) < c1 = (& ()ETR) < e2,
nel-¢ 0, nel0, T, (1)

the system (12) is stochastically finite-time bounded stable
under v(¢) # 0 and (¢, ¢, T, IA?,-, V) conditions.

Definition 5 ([20]): For system (12) and any system mode
i, construct the stochastic Lyapunov-Krasovskii function
V(x(), r(t), t > 0), and along the system (12) its weak
infinitesimal operator is represented as:

LV&E®), i, 1)

1
= limAHoE[S{V(?C(t + A1), rigar, T+ ADX(@E) = x,
re =1} = V&), i, 1]

- %V(}‘c(t), i 1)+ %V(f(t)’ i, DX 0)

N
+ D mVE®), j. 1. (22)

j=1

lIl. MAIN RESULTS
In this part, we devote to the exponential stability and finite-
time H, performance analysis for systems (12).

Theorem 1: For a given scalar A > 0, given matrix L;,
the systems(12) with v(#) = 0 and suitable initial conditions
belonging to s(ETP;, 1)is positive and exponentially stable,
if there exists matrix P; € R, T; € R’} , such that
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(i) The pair (E, A;) is regularity and the absence of
impulses;
(ii) Condition (16) and the following inequality hold

Y zihi YGETPj+ O+ Mi)ET P+ Al Pi+ EQ

J

+LI'T; < 0,if 9u) >0, (23)
SV i Y ETPj+ o+ iDET P+ Al Pi+ EQ

—LI'T: < 0,if 9(u@) <0, 24)
ALP, — (1 - 0)EQ <0, (25)

—T;+BI'P; < 0,if 9(u)) >0, (26)

—T; —B'P; < 0,if 9(u()) <0, (27)
o E" Pi — (K + Ligy) = 0,if () <0, (28)

uo E" Pi 4+ (Kijy + Liy) = 0, if 9(u(®)) = 0. (29)

Proof: For any system mode r (1) = i € S, the following
Lyapuonv function is considered for system(12):

t
V(E(@), r(1)) = (T ET Py + / x(s)TEQds,
1=¢(1)

set r(t) =i,and P; € R", Q € R, one can drive that

e(VE( + AD), r(t + AD|X(), (1)) — V&), r(1)))
= XN, Atk + ADTETP;
+ (14 2 AD%(E + A ET P — %) ET P,
+@OTEQ — (1= Lxt — () EQ)AL  (30)
When i = j, applying EX(t+ At) = EX(t)+ (A (1) +Agix (1 —
¢(t)) + B;v(u(t)))At, one can get from Eq.(30) that
(1 4+ 1iADX(t + ADTETP, —x(0)TET P;
=+ 1ANE OET + G AT + 5"t — c(0)A);
+ 9u@)) BIYP;At — x(t)TET P;
= aiAtR(OTET P+ GT(0OAT 4+ 37 (¢ — ¢ ()AL
+ ()" B )PiAL + o(AD). 31)
When j # i, we should deal with the discontinuities. From
Eq.(17),~we have x(¢ + Ar) = T'jj(x (1) + (Eaix (1) + Eagix(t —
£(t)) + Ep;v(u(t)))At), then one can deduce
SN i ALk + ADTET P
=30, L h AT CHTE P+ oA (32)
Apply (1) < ; and Lemma 3, we can further obtain
e(VE(t + Ab), r(t + At, o(t + AD|X(@), r(1), o(1))
= V(x(@), r(), o (1)),
< @D+ G+ @D EQ— (1 - Ox(t — t(t) EQ)At
+ @) Ty — ¥ LI TH AL, if 9(u() <0,
— @) Ti = X)L THAt, if #(u(t) = 0. (33)
Denoting

I 0
Ty = [0 O}NIN,,
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it’s thus clear that E” '] = E” ;. From conditions (23)-(27)
of Theorem 1, we have

LV(x(1), r(1)) < x()TETP; < 0. (34)

Denote U; = 2 “#l,\ﬂ ETPj+ A+ )ETP;+ATP; +

EQ + L T;, and 81 = Amin(— U) 8> is the minimum value

of all non-zero elements of (ET P;), 83 = Apax(ETP)), 84 =
Amax(@), || X(0 = £(@)) [[1=Il X(0) ||;. One can deduce that

LV (x(2), r()) < =81 llx@)l:- (35)
Meanwhile, it’s known that
eVE(@), r(1)) > 8¢ | EX(@®)]1. (36)

One can further get from Dynkin Lemma

t
eV(x(1), r(r)) = eV (x(0), r(0)) — 518(/0 IX()ll1ds). (37)
By combining the above inequalities, it can be concluded that

S| EX(D)I1 < e831EXO0)11 + 84Z [EX(O)I1

t
— 818( /0 IZ(s)Il1ds)
ellEX(D)11 < 85" (83 + 840)e | EX(0) |1
t
55 816 /0 |EX(s)]|1ds)

- _ _ _ o _] - _
ellEX()|l1 < 85 e 1 BFHO T EXO)1,  (38)

then the system (12) is exponentially stable in the mean
square sense based on Definition 3. Define the initial state
x(t) € e(ETP;, 1), which means that X" (1)ET Pix(1) < 1.
From conditions (28)-(29), with ¢ (u(¢)) < 0it’s easily known
that

o (VETPi — £ (1)K, +Ll(k)) >0
= uog) > (xT(r)ETP> ST (K + L)
= UQ(k) = X (t)( (k) + Lz(k)) (39)
If 9 (u(t)) > 0, we have
oy’ (HET P; +)_CT(I)(KL(1<) + Lz{k)) >0
= X" (/K + Ligy) = —uox" (DET P;
=T
=X (t)(K ith) + Lz(k)) > —UQ(k)- (40)
It is known that (ETP;, 1) € D(u(0)) which defined in
Lemma 3.
Theorem 2: For some known parameters, A > 0, o > 0,
if there exists matrix P; € R’ ,T; € R, ,and S € R} such that
(1) The pair (E, A;) is regularity and the absence of
impulses;

(i1) Condition (16), (25)-(29) and the following inequality
hold

SV i X ET P+ S + (4 2i)ET P + AT P;
+EQ+LI'T; <0,if 9(u(r)) >0, (41)

Y shi YGETPi+aS + (L + M)ET P+ A] Pi

J=1.j#

VOLUME 12, 2024

+EQ-LI'T: <0, if 9(u()) <0, (42)
Bl.P; —aS <0, (43)
crop +cicog +avos(l — ey < e To,er,  (44)

where op = max,esamax(P) ap = mm,esamm(P) ch =
Umax(Q) Oq = Gmm(Q) 0s = Omax(S), Q = RQ =
R;P;, the systems(12) with v(#) # O is locally finite- tlme
stochastically stable with (¢; ¢; T R; v), and incipient states
within the scope of e(ET P;, 1), where

1
Ri ot (1) 0 0
Ro | 0 - 0 --- 0
Ri= l ’Ri= . R.lz . .
: : : ", 0
Ry 0 0 0 L

’ Rin
Proof: Using Lyapunov functionals similar to those in

Theorem 1, and combining the conditions in theorem 2, one
can obtain

t

LV(&E@), i) < v (1)S + a(V(E(®), i) — / ()T EQds.
1—¢

(45)

Since that — [/ p ()T EQds < 0, the following formula is
shown as

LVG®), i) < v (S + aVEQ), ). (46)
Multiplying left by e~ yields,
Ll VE(1), )] < ae" T (1)S. (47)

Integral calculation from O to 7,

eV (1), i) — V(EO), 1) <« /0 fpas vi(0)ds.  (48)
So it can be concluded that
X ET P} < VE@), i)
< 'V (x(0), ro) + avoge™ /l e “ds
< ' [avos(l —e*') + V(E(O)(? o)l (49)
Meanwhile, it can be inferred
e(¥(TETP;) = elx(t)T ETR'RiP;)
= e(x(TETR'P;)
= e(x()'ET P} > elo,x(t) ETR;) (50)
= e(x()TETP;} < e{opx(t) ETR;} (51)
Further calculation reveals that
elog X R} < e{x()" Q) < elopx(®)' R} (52)
Because of ¢{xT (0)ETR;} < ¢y,
elx(TETP;) < e*'[ciop + 1209 + adas(1 — e*)]. (53)
Being able to know that
X E"Pi} = ope(x()" ET R},
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one can achieved that

e [ciop + c1L0op + avog(l — )]
op ’

elxTETR;)} <

(54)

Conditions (44) shows that e{x(1)T ETR;} < c».

Similar to Theorem 1, the theorem is proven.

The following conclusion, we further consider the case
where the transition rates are partially unknown.

Theorem 3: For some known parameters, A; > 0, A >
0, a > 0, if there exists matrix P; € R, p; € R}, g; € Rz_,
T; e R ,and S € R such that

(i) The pair (E, A)) is regularity and the absence of
impulses;

(ii) Condition (16), (26)-(27) and the following inequality
hold

Ui <0, if d(u()) >0, (55)
Un <0, if 9(u()) <0, (56)
E"Pi—ETp; <0, i #j € Su, (57)
ETPi—ETp; >0, i=j€ Su, (58)
ALPi+ Clai— (1 - DEQ <0, (59)
(DiT + B;)Pi -yl <0, (60)

o |
)L_luo(k)ETPi — (Ki{k) + Li{k)) >0,if ?u@) <0, (61)

1 - = .
A—lumETPi + (K + Liy) = 0. if 9(u(t)) = 0,  (62)
ciop +c1Log +ayv(l — ey < e_“Tapcz, (63)
where
Un = Ejil,j#i)»ijTi]T-ET(Pj —p)+aS +Clyg
+ O+ MDETP +ATP+EQ+ LT,
Up =S}, juhi Y ET (P — pi) + S + Cl g

J
+ (4 1)ETP; + A?P,‘ + EQ—LiTT,',

the systems(12) with v(#) # 0 and initial conditions of system

satisfied with e(ET P;, A1) is positive and locally finite-time

stochastically stable with (c; ¢ T R; V), and incipient states

within the scope of e(ETP;, 1).

Proof: Based on the transition rates of the Markov jump
process partially unknown and Ej]i (Aij = 0, choose a
Lyapuonv-Krasovkii function similar to Theorem 1 and split
the transition rates into known and unknown parts, then we
have

LV (), i) = LV(x(1), i) — zj’i MGET pi = LV(R(1), i)
N =T N -7
= Zili jesMiET pi = By jes, MiE” pi
(64)

From theorem 2, it can be derived that,

LVE®@), i) < yIvOll =y (g + aVE@), i), (65)
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On account of —y(t)Tq,- < 0, we conclude
LV (x(@), i) < ylvOll1 + oV (x((@), D). (66)

Similar to the proof of Theorem 2, Equation (63) yields.
At the same time, the following equation holds under zero
initial conditions,

T
UV (ED), i) < /O WIVOI =y Ogddr.  ©67)

Further derivation reveals that

T T
/0 ) qidi < /0 y IO, (68)

and

T y T
/ Ily@®lhdr < / v(Olldt. (69)
0 Amin(qi) Jo

Given that the initial state X(r) belongs to e(ETP;, A1) and
T OETP; < Aj. it can be concluded that e(ETP;, 1) €
D(u(0)) which is mentioned in Lemma 3. The theorem has
been proven so far.

Remark 1: The gains of the designed controller can be
figured out as K; = K! B P; by calculating conditions (55)-
(63). The following are the specific calculation steps:

Firstly, select the A value, and then use the LMI toolbox
to find unknown matrices that satisfy the linear matrix
inequality (55)-(63), such as K;, Pi;

Secondly, use the K; = K iTBiTP,' obtained in the previous
step to test whether the (i) and (ii) conditions in Theorem 3
are true. If it holds, then the feedback gain matrices K; are the
feasible solution; On the contrary, adjust the value of A and
return to the first step.

Remark 2: The method of optimizing the finite time
domain of attraction can be expressed as:

min v

(K;, c1, c2, v)

1
s.t. inequalities (55) — (63) withv = IV
1
IV. NUMERICAL EXAMPLES
Example 1: The given system(X) (1)-(3) parameters as the
follows:
Mode 1
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1 0
D2=1,E2=[0 q0:|.

Choose
1 0 1 -1
M2=M1=[O 1],N1=|:0 1],

1 0
N2=|:_1 l:|'

Then one can be obtained

)

- 1
E =M E\N| = ME;,Ny) = |:O 0]

_ 4 -3 _

R } [ 13

- 0.8 0.3 - 0.3
In this system simulation, the initial values of the system are
set to external disturbances as v(f) = 0, input restriction as
lu;] < 0.5, and the delay as ¢(¢) = 0.5|sin t|. Because the
range of values for sine functions is between 0 and 1, it’s easy
to know ¢ = ¢ =0.5.

In addition, the following values are known in advance as

follows:

_10.5t+0.5 | =06 06
¢(’)—[ 2415 ] A’f‘[ 03 —0.3]'
By using theorem 1, we have

K1 =[-5.3421
Ky = [—4.8763

~1.8872],
~0.9785] .

In simulation, time delay and input limitation can represent
communication delay and actuator saturation limitation in
actual systems, respectively. After comparing Fig. 1 and
Fig. 2, it can be concluded that the controller designed by
the algorithm in the article can make the closed-loop system
exponentially stable and the system state converges to 0.
Example 2: Using the same system model parameters and
input limitation given in Example 1, the designed metrics with
finite-time stability are given as ¢c; = 0.4, ¢ = 0.8, T =
10, R; = I, y = 0.8, v(t) < v = 1. Given initial system
values and partially unknown system transition rate matrix as

follows:
—0.5¢ N ? ?
—t | Y7104 —04 |

(1) = [
According to the linear matrix inequality optimization result
of Theorem 3, it can be obtained that
K = [—7.4736
K>, = [—6.3826

~1.2561],
—1.0024] .

Similar to Fig. 1 in the previous example, it can be seen from
Fig. 3 that the open-loop system in Example 2 is divergent.
After adding the designed finite-time bounded controller,
it can be seen that the system state changes within the ¢,
range within time 7 in Fig. 4. Therefore, the effectiveness
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x10°
:

FIGURE 1. The state response of the open-loop system (1)-(3) of
example 1.

X2

0.5

FIGURE 2. The state response of the closed-loop system (12) of
example 1.

x10°
.

state

FIGURE 3. x(t)7 ETR; of open-loop system (1)-(3) of example 2.

of the algorithm in the theorem was demonstrated through
simulation.

Remark 3: If we do not consider nonlinear characteristics
such as input saturation, from the simulation results the Hy
performance y = 0.8 is less than the results of literature [33].
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FIGURE 4. x(t)7 ETR; of closed-loop system (12) of example 2.

V. CONCLUSION

The article designs a finite-time controller that can use
feedback control to achieve H, exponential stability for pos-
itive singular Markovian time-delay systems. The theorem
presented in the article can be used to calculate the gain
matrix of feedback controllers using convex optimization
techniques based on linear matrix inequalities, and the
effectiveness of the method was validated from the final
simulation. The next step of work will be to reduce
conservatism and expand the scope of the applicable system
of the theorem by relaxing assumptions and considering
other unmodeled dynamic characteristics. Compared to other
situations such as the uncertainty of state transition rates
studied in reference [34], this is also a direction to expand
the generality of our work. In addition, other forms of
control techniques such as dynamic state feedback and output
feedback will be used to develop our control methods.
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