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Cramér–Rao Lower Bound Analysis for Elliptic Local-
ization With Random Sensor Placements

Elliptic localization (EL) based on time-sum-of-arrival (TSOA)
measurements has become popular due to its widespread applications
in wireless sensor networks (WSNs) and distributed radar systems.
While the performance limit of EL characterized by the Cramér–Rao
lower bound (CRLB) has been thoroughly studied in literature when
the sensor [transmitter and receiver (Rx)] positions are modeled as
fixed deterministic quantities, the bound in the random network
scenario has not been studied. This article introduces a methodology to
investigate the TSOA-based localization performance, for the scenario
where the sensors are randomly placed having their positions mod-
eled by random parameters with their probability density functions
specified. A tractable expression of the metric that approximates the
CRLB and its distribution is analytically derived to characterize the
fundamental limits of TSOA-based localization, which can be applied
to both conventional WSNs and the special case in which the Rxs
form a uniform linear array. Simulation results validate the theoretical
development and demonstrate how the performance of EL is affected
by the randomness of the sensor positions and different network
parameters.

I. INTRODUCTION

Positioning using radar technologies has been exten-
sively studied over the past few decades. Accurate loca-
tion information enables numerous commercial and de-
fense applications, including tracking, surveillance, au-
tonomous driving, simultaneous localization and mapping,
and so on [1]. The localization performance is governed
by the accuracy of the location-related measurements, and
unreliable measurements can limit the user experience
of location-based services. Recent advancements in dis-
tributed multiple-input–multiple-output [2] and passive [3]
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radar sensing technologies have enabled the acquisitions of
high-accuracy time delay and arrival angle with a resolution
of 3–30-cm spatial resolution and < 1◦, paving the way
for the development of centimeter-level applications. Fur-
thermore, the placement of transmitters (Txs) and receivers
(Rxs) is critical for localization, where inadequate configu-
rations can significantly impair localization accuracy.

Compared with circular positioning by time-of-arrival
(TOA) [4] and hyperbolic positioning by time-difference-
of-arrival (TDOA) [5], elliptic localization (EL) has been
widely adopted in radar and sonar systems, multistatic
arrays, and wireless positioning due to its higher flexibility
and better accuracy control [6], [7]. Specifically, EL is an ac-
tive approach to locate an object by the time-sum-of-arrival
(TSOA) measurements from several Txs to the Rxs through
the reflection by the object, where the trace of all possible
reflection points from the measurement of a Tx–Rx pair
forms an ellipse in the case of 2-D (ellipsoid for 3-D) [7]. In
real-world scenarios, it may be challenging to use multiple
Txs, and often one Tx is used instead. In such a case, it is
necessary to have at least three Rxs in order to determine
the object’s location without ambiguity in 2-D [8].

Numerous localization algorithms have been proposed
to locate an object using TSOAs when the Tx and Rx
locations are known, and their performance is commonly
assessed by comparison with the Cramér–Rao lower bound
(CRLB), where [1] gives the standard procedure for its
evaluation. When the Tx is moving and its position and
velocity are unknown, a semidefinite relaxation method was
developed in [9] to jointly estimate the object and Tx loca-
tions, along with the associated CRLB. A comprehensive
analysis of TSOA-based localization was performed in [7],
including an evaluation of the CRLB for EL under different
synchronization conditions and a tractable expression for
the optimal CRLB with the associated optimal Tx and Rx
placement derived. However, these CRLBs were obtained
assuming that the Tx and Rx positions are fixed deter-
ministic quantities, making them unsuitable for scenarios
where the Tx or Rx positions are better modeled as random
parameters.

To characterize the range-based localization perfor-
mance with random sensor positions, the authors in [10]
approximated the CRLB for TOA-based localization by
using the second-largest internodal angle and derived the
distribution under random network settings. An accurate
CRLB approximation method was introduced in [11] to
derive the distribution of CRLB for TDOA-based localiza-
tion under random network geometries, where the TDOAs
are observed with respect to (w.r.t.) one reference sensor.
However, this method does not support localization by
the full set of TDOA measurements [12], where we have
TDOAs for all sensor pairs. Furthermore, the approximation
methods in [10] and [11] are only suitable for evaluating the
localization performance under wireless sensor networks
(WSNs) and cannot be applied to bistatic radar configura-
tions. To the best of our knowledge, the CRLB analysis for
EL with random sensor positions is still an open problem
that has not been addressed.

Motivated by these limitations of the previous works, we
shift our focus to TSOA-based localization and deduce the
corresponding CRLB, where the positions of Txs and Rxs
are random and characterized by their probability density
functions (PDFs). The development in this work results in a
tractable expression of the bound to assess the performance
limit for both WSNs and bistatic radar configurations with-
out resorting to time-consuming and complicated simula-
tions. The main contributions of this article are summarized
as follows.

1) Tractable CRLB: A performance bound that ap-
proximates the CRLB under white Gaussian noise
for EL is developed, which unifies two different
localization scenarios: 1) WSNs and 2) bistatic radar
configurations. This bound is simple to evaluate, and
simulation results show that it approaches the actual
CRLB accurately.

2) CRLB Distribution: The distribution of the CRLB
under white Gaussian noise for TSOA-based local-
ization is derived analytically in terms of the spatial
distribution of sensor nodes. It provides insight into
the average localization performance when the sen-
sor positions are random quantities.

The rest of this article is organized as follows. The
system model is formulated in Section II. The state-of-the-
art (SOTA) CRLB computation methods involving random
parameters are introduced in Section III, and the proposed
performance bound is derived in Section IV. Section V
presents the simulations for validation. Finally, Section VI
concludes this aticle.

II. SYSTEM MODEL

We consider a 2-D static EL system with one Tx and
multiple Rxs, as described in [7]. Our goal is to determine
the location of an object, denoted by ψ = [x, y]T , using
time measurements. Two different EL scenarios are consid-
ered, namely, the WSN and a bistatic radar configuration.
Fig. 1(a) depicts the TSOA-based localization in a typical
WSN with L sensors. One sensor at position ψt = [xt , yt ]T

acts as the Tx, while the remaining sensors are Rxs with
positions ψl = [xl , yl ]T , l = 2, . . . , L. The Euclidean dis-
tance between the object and the lth sensor is given by:
dl = ‖ψl − ψ‖. In practice, not all L − 1 receiving sen-
sors are available for localization due to the bandwidth
and transmit power limits. We introduce a variable al to
indicate the availability of sensor l , where al = 1 with
probability 1 − pa. The number of participating sensors in
the localization process is then equal to L̂ = ∑L

l=1 al . In
a bistatic radar configuration, it is common for the Tx to
have one omnidirectional antenna and for the Rxs to be the
L̂ − 1 antenna elements of a uniform linear array (ULA)
with interelement spacing λ, as illustrated in Fig. 1(b). This
scenario is treated as a special case of a WSN where all Rxs
form a ULA.

5588 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 60, NO. 4 AUGUST 2024



Fig. 1. Illustration of localization system model. (a) WSN. (b) Special
case.

To account for the randomness of the sensor positions
that often occur in practice, we do not assume the sensor
positionsψt andψl are known. Instead, they are modeled as
unknown random parameters sampled from known spatial
distributions f (ψt ) and f (ψl ). Various spatial distributions
can be applied to model the randomness of the sensor
locations, including the Gaussian and uniform distributions,
which are widely utilized to simulate the user hotspot in
heterogeneous networks [13]. The distance associated with
the TSOA from the Tx through the object to the lth Rx is
modeled as

rl = ‖ψl − ψ‖ + ‖ψ − ψt‖ + nl = dl + dt + nl (1)

where nl is the zero-mean additive white Gaussian noise
with known variance σ 2

n [7].1 The vector form of (1) is r =
g(ψ) + n, where r = [r2, r3, . . . , rL̂]T , g(ψ) = [g2(ψ),
g3(ψ), . . . , gL̂(ψ)]T , and n = [n2, n3, . . . , nL̂]T . In this ar-
ticle, our primary focus is on investigating the CRLB for
TSOA-based localization under random sensor placement.
For the estimators to determine the object location using
TSOAs, see [7], [8], and [9].

1The nonline-of-sight condition is modeled by using a large value of σ 2
n .

III. CRLB ANALYSIS IN RANDOM WIRELESS NET-
WORKS

The CRLB is a commonly used metric for evaluating the
performance of an unbiased estimator [1]. The CRLB that
bounds the mean-square error (mse) for TSOA positioning
is the trace of the inverse of the Fisher information matrix
(FIM)

CRLB(TSOA) = tr(FIM−1(TSOA)) (2)

FIM(TSOA) = E

{
−∂2 ln f (r;ψ)

∂ψ∂ψT

}
(3)

where f (r;ψ) represents the PDF of the TSOA measure-
ment vector parameterized by the object location. Con-
ventional approaches for computing the CRLB typically
assume that the sensor (Tx and Rx) positions are fixed
and deterministic. Next, we will introduce three SOTA
approaches for analyzing this metric in random network
settings, where sensor positions are treated as random pa-
rameters.

A. Numerical Computation

Numerical computation of the CRLB based on (2) re-
quires the PDF of the TSOA vector parameterized only
by the object position. Assuming that L̂ sensors are avail-
able for localization, such a PDF can be obtained through
marginalization by representing the joint PDF as conditional

f (r;ψ) =
∫
ψt

· · ·
∫
ψL̂

f (ψt ,ψ2, . . . ,ψL̂ )

f (r|ψt ,ψ2, . . . ,ψL̂ )dψt dψ2 · · · dψL̂. (4)

Since the measurement noise is assumed to be indepen-
dently and identically distributed (IID) with a zero-mean
Gaussian distribution, i.e., nl ∼ (0, σ 2

n ), the PDF of the
TSOA vector conditioned on Tx and Rx locations is

f (r|ψt ,ψ2, . . . ,ψL̂ )

=
(

1√
2πσn

)L̂−1

exp

⎧⎨
⎩ −1

2σ 2
n

L̂∑
l=2

(rl − dl − dt )2

⎫⎬
⎭. (5)

When we model the spatial distribution of each sensor to be
Gaussian and independent of the others, we have

f (ψt ,ψ2, . . . ,ψL̂ ) =
L̂∏

l=1

(
1√

2πσl

)2

× exp

{ −1

2σ 2
l

[
(xl − x̄l )

2 + (yl − ȳl )
2
]}

(6)

where σ 2
l is the variance of sensor node distribution and

(x̄l , ȳl ) represents the mean of the lth sensor location
in the Cartesian coordinates. Analytical evaluation of (4)
with (5)–(6) is intractable. However, (4) can be evaluated
numerically [14], and the associated CRLB, denoted by
CRLBnc(TSOA), can be calculated by (2)–(3). For other
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sensor spatial distributions, (4) and (5) still apply, and (6)
should be updated accordingly.

REMARK 1 This method does not provide a closed-form
expression of (2), making it difficult to understand how the
randomness of the sensor positions affects the localization
performance. However, the result can align with the actual
CRLB. See [15] for the details of evaluating the CRLB using
numerical computation.

B. Modified CRLB

The modified CRLB can provide the performance limit
of an estimation problem, which has been utilized for
analyzing the estimation performance in the presence of
Rayleigh fading [16]. It removes the randomness of the
sensor positions by taking the expectation over them in the
FIM to generate

En,ρ

[
−∂2 ln f (r, ρ;ψ)

∂ψ∂ψT

]
= Eρ

{
En|ρ

[
FIM(TSOA|ρ)

]}
(7)

where ρ = {ψt ,ψ2, . . . ,ψL̂}. The modified CRLB of the
object position is then given by

CRLBm(TSOA)

= tr
([
Eρ

{
En|ρ

[
FIM(TSOA|ρ)

]}]−1
)

. (8)

REMARK 2 The modified CRLB is computed by taking the
expected value of FIM over the sensor positions, indicating
that (8) is not equivalent to the exact CRLB obtained by
(2) due to the fact 1/E[x] �= E[1/x]. The modified CRLB is
found to be quite lower than the exact CRLB in the problem
considered and will not be discussed further.

C. Approximate CRLB

An alternative approach is to approximate the CRLB in
(2) by characterizing it as a function of a single random
variable ((r. v.)) � [10], [11], and we denote this bound by
CRLBa(TSOA). When the distribution of � is known, we
can evaluate the probability P(CRLBa(TSOA) ≤ s), where
s is the given localization accuracy, e.g., 1 m2. Based on
this idea, we derive the CRLB distribution for TSOA-based
positioning in the following section.

IV. UNIFIED CRLB IN RANDOM NETWORKS

A. WSN Localization

Let us assume that the locations of the sensors are given a
priori and the FIM for the object positionψ under Gaussian
measurement noise is [1]

FIM(TSOA) =
[
∂g(ψ)

∂ψ

]T

C−1

[
∂g(ψ)

∂ψ

]
(9)

where C is the measurement covariance matrix equal to
σ 2

n · I in our case. Let θt be the azimuth angle of the object
w.r.t. the Tx and θl be that viewed from Rx l , as illustrated

in Fig. 1. The partial derivative of g(ψ) w.r.t. ψ is

∂g(ψ)

∂ψ
=

⎡
⎢⎢⎣

x−x2
d2

+ x−xt
dt

y−y2

d2
+ y−yt

dt

...
...

x−xL̂
dL̂

+ x−xt
dt

y−yL̂
dL̂

+ y−yt

dt

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

cos θ2 + cos θt sin θ2 + sin θt
...

...

cos θL̂ + cos θt sin θL̂ + sin θt

⎤
⎥⎥⎦ . (10)

By substituting (10) into (9), we have

FIM(TSOA) = 1

σ 2
n

·
[

f1 f2

f2 f3

]
(11)

where

f1 =
L̂∑

l=2

(cos θl + cos θt )2

f2 =
L̂∑

l=2

(sin θl + sin θt )(cos θl + cos θt )

f3 =
L̂∑

l=2

(sin θl + sin θt )2. (12)

The CRLB for the object position ψ based on TSOA
measurements, as shown in (2), is then computed by

CRLB(TSOA) = tr
(
FIM−1(TSOA)

) = σ 2
n · b

D
(13)

where

b =
L̂∑

l=2

(cos θl + cos θt )2 + (sin θl + sin θt )2

=
L̂∑

l=2

cos2 θl + cos2 θt + 2 cos θl cos θt

+ sin2 θl + sin2 θt + 2 sin θl sin θt

=
L̂∑

l=2

2 + 2 (cos θl cos θt + sin θl sin θt )

=
L̂∑

l=2

2 + 2 cos(θl − θt ) ≤ 4(L̂ − 1). (14)

Then, we approximate the denominator of the CRLB D in
(13) as

D =
L̂∑

l=2

(cos θl + cos θt )2
L̂∑

l=2

(sin θl + sin θt )2

−
⎛
⎝ L̂∑

l=2

(cos θl + cos θt )(sin θl + sin θt )

⎞
⎠

2
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(a)≈
L̂∑

l=2

(cos θl + cos θt )2
L̂∑

l=2

(sin θl + sin θt )2

(b)≈
L̂∑

l=2

(cos θl + 1)2
L̂∑

l=2

sin2 θl

(c)≤ (L̂ − 1)
L̂∑

l=2

(cos θl + 1)2 (15)

where
(∑L̂

l=2(cos θl + cos θt )(sin θl + sin θt )
)2

was ne-

glected in (a) when there are sufficient number of sen-
sors [11], which has also been verified by [10] via simu-
lation. (b) is achieved by choosing the coordinate reference
with the object as the origin and the Tx on the positive x-axis
such that cos θt = 1, sin θt = 0 [7], and (c) sets

∑L̂
l=2 sin2 θl

to its maximum value, i.e., (L̂ − 1). Utilizing the CRLB in
(13) by taking the maximum values of b and D in (14)–(15)
leads to the approximate CRLB of the object position

CRLBa(TSOA) ≈ σ 2
n · 4∑L̂

l=2(cos θl + 1)2
. (16)

However, it is still hard to derive the CRLB distribution as
(16) contains the summation of the terms (cos θl + 1)2.

To approximate the CRLB using a single (r. v.) based
on the notion of mutual information [10] that is commonly
used in machine learning and statistics, we can select a � ∈
{θl}L̂

l=2 that provides the highest amount of information to
the denominator of (13) through maximizing the mutual
information. The mutual information is

I
(
D; θl |L̂

) = h
(
D|L̂) − h

(
D|θl , L̂

)
(17)

and the differential entropies are given by

h(D|L̂) = −
∫

D̄
fD(d|L̂) log2 fD(d|L̂)dd

h(D|θl , L̂) = −
∫

D̄

∫
θ̄

fD;θl (d, θl |L̂)

× log2 fD(d|θl , L̂)dddθl (18)

where fD(·) and fD;θl (·) represent the PDF of D and the joint
PDF of D and θl , respectively. D̄ and θ̄ denote the supports of
d and θl . These PDFs can be obtained through Monte Carlo
simulations. Based on the selected �, the denominator of
(16) is rewritten as

Da ≈ (L̂ − 1)(cos � + 1)2. (19)

To conclude, we have the following corollary.

COROLLARY 1 Assuming that L̂ sensors are detected and
choosing the angle θt = 0 for the reference purpose, there
exists a � ∈ {θl}L̂

l=2 that provides the highest amount of
information in terms of mutual information among the L̂ −
1 Rxs such that the CRLB of the object position from TSOA
measurements with white Gaussian noise of power σ 2

n can

Fig. 2. Optimal sensor placement according to A-optimality for
localization of an object with one Tx and eight Rxs (L̂ = 9), where half

of the Rxs are placed along the straight line with an angle of 70.53◦ w.r.t.
the object above the axis defined by the object and Tx positions and the

other half below [7].

be approximated by

CRLBa(TSOA) ≈ σ 2
n · 4

(L̂ − 1)(cos � + 1)2
(20)

where the value of � is related to the spatial distribution of
the sensors.

REMARK 3 From the derivations in [7] by invoking the
Courant–Fischer–Weyl min-max principle [17] and select-
ing a coordinate reference as step (15.b), the optimal sensor
placement by the A-optimality that minimizes the trace
of the CRLB matrix (2) is achieved when the FIM (9) is
diagonal [7], i.e.,

L̂∑
l=2

sin θl (cos θl + 1) = 0 (21)

and a tractable expression of the A-optimal CRLB for the
deterministic scenario is [7]

CRLBo(TSOA) ≈ σ 2
n · 27

16L̂
. (22)

By having odd L̂, θt = 0, and θl = −θl+1, where l =
2, 4, . . . , L̂ − 1, the optimal sensor placement appears when
cos θl = −1/3, i.e., θl ≈ 180◦ − 70.53◦. Fig. 2 depicts the
optimal sensor placement for EL when L̂ = 9, where the Tx
is placed in the positive x-axis with the object at the origin
and the Rxs are allocated along two straight lines having
angles ±70.53◦ with half of the Rxs in each. The Rxs with
an angle of 70.53◦ are assigned even indexes, while the Rxs
with an angle of −70.53◦ are assigned odd indexes. For the
optimal localization performance with two Txs, see [18] for
the details.

For a particular interest in the CRLB with multiple Txs,
we update Corollary 1 as follows. Considering N Txs and
M Rxs are detected for use in a localization area, the CRLB
in this case is

CRLBt (TSOA) = σ 2
n · bt

Dt
(23)
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where

bt =
M∑

m=1

N∑
n=1

(cos θm + cos θt,n)2

+ (sin θm + sin θt,n)2 (24)

and

Dt =
M∑

m=1

N∑
n=1

(sin θm + sin θt,n)2

×
M∑

m=1

N∑
n=1

(cos θm + cos θt,n)2

−
( M∑

m=1

N∑
n=1

(sin θm + sin θt,n)

× (cos θm + cos θt,n)

)2

. (25)

By applying similar steps in approximating bt and Dt ,
as described in Corollary 1, we have

bt ≤ 4MN, and Dt ≈ (MN )2(cos �t + 1)2 (26)

where �t is the angle that contributes the highest amount of
information to Dt in terms of mutual information among the
sensors. Thus, the approximate CRLB of the object position
is

CRLBa,t (TSOA) ≈ σ 2
n · 4

MN (cos �t + 1)2
. (27)

Alternatively, the denominator of (13) can be approxi-
mated, as described in [11]. We first rewrite (15) into

D ≈ (L̂ − 1)
L̂∑

l=2

(cos θl + 1)2

= (L̂ − 1)
L̂∑

l=2

(1 + 2 cos θl + cos2 θl ). (28)

The approximation strategy replaces the term
∑L̂

l=2 1 +
cos2 θl with a proper constant, and thus, D will become
a function of

∑L̂
l=2 cos θl only. By setting η �

∑L̂
l=2 1 +

cos2 θl , we have

D ≈ (L̂ − 1)
L̂∑

l=2

(1 + cos2 θl )

+ (L̂ − 1)
L̂∑

l=2

2 cos θl

= (L̂ − 1) · η + 2(L̂ − 1)
L̂∑

l=2

cos θl . (29)

Let D̂ = D/(L̂ − 1) − 2
∑L̂

l=2 cos θl , we then define an lp-
norm minimization problem as

η̂ → arg min
η

fp(η) = arg min
η

N∑
n=1

∣∣∣D̂[n] − η

∣∣∣p

(30)

where 1 ≤ p ≤ 2, D̂[n] is the observation of D̂ in the nth
realization of the sensor positions, where n = 1, 2, . . .,N .
Then, the compact matrix form of (30) is given by

arg min
η

fp(η) = arg min
η

‖Aη − b‖p
p

= arg min
η

‖q‖p
p (31)

where A = [1, . . . , 1]T , b = [D̂[1], . . . , D̂[N ]]T and q =
Aη − b = [q[1], . . . , q[N ]]T . We can rewrite (30) as

fp(η) =
N∑

n=1

|qn|p =
N∑

n=1

|qn|p−2q2
n (32)

and interpret |qn|p−2 to be the weight in each observation.
η can then be obtained by using the iteratively reweighted
least squares (IRLS) as [19]

η̂ = (AT W A)−1AT W b (33)

where W = diag(|q1|p−2, |q2|p−2, . . . , |qN |p−2). In conclu-
sion, we have the following corollary.

COROLLARY 2 Assume that L̂ sensors are present for lo-
calization, there exists an η̂ such that the CRLB of the
object position in (2) with the FIM given by (9) can be
approximated by

CRLBa(TSOA) ≈ σ 2
n · 4

η̂ + 2	
(34)

where 	 = ∑L̂
l=2 cos θl and has a PDF given by [20]

f (	 | L̂ − 1) = 1

2π

∫ ∞

−∞

[
J0(x)

I0(0)

]L̂−1

e−i	xdx (35)

where I0(·) is the modified Bessel function of order zero and
J0(·) is the integral form of the zero-order Bessel function.

Corollary 2 indicates that the approximate CRLB is pa-
rameterized by

∑L̂
l=2 cos θl . Given L̂ and σ 2

n , its cumulative
distribution can be obtained from that of 	

P(CRLBa(TSOA) ≤ s | σn, L̂, η̂)

= P

(
σ 2

n · 4

η̂ + 2	
≤ s

∣∣∣ σn, L̂, η̂

)

= P

(
4σ 2

n

s
≤ η̂ + 2	

∣∣∣ σn, L̂, η̂

)

= 1 − P

(
	 ≤ 2σ 2

n

s
− η̂

2

∣∣∣ σn, L̂, η̂

)
. (36)

It is worth noting that the approximation method
from [11], as described in Corollary 2, cannot be extended
to the case with multiple Txs because the denominator of the
CRLB contains a summation of cosine terms. The method
provided in Corollary 1 addresses this limitation of [11]
and opens the possibility of approximating the CRLB for
localization with the full set of TDOA measurements.

B. Special Case

In the special case where all receiving sensors form
a ULA, which often appears in the bistatic radar config-
uration, the performance of TSOA-based localization is
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degraded due to the loss of one degree of freedom (DoF).
In addition, it is evident that the denominator of (13) is
approximately equal to zero when the interelement spacing
of the ULA is sufficiently small, rendering Corollary 1 inad-
equate for characterizing its performance. Without applying
the approximation in step (a), (15) becomes

D = (L̂ − 1)
L̂∑

l=2

(cos θl + 1)2

−
⎛
⎝ L̂∑

l=2

sin θl (cos θl + 1)

⎞
⎠

2

(d )≥ (L̂ − 1)
L̂∑

l=2

(cos θl + 1)2

−
L̂∑

l=2

(cos θl + 1)2
L̂∑

l=2

sin2 θl

=
[

(L̂ − 1) −
L̂∑

l=2

sin2 θl

]
·

L̂∑
l=2

(cos θl + 1)2 (37)

where (d) follows from the Cauchy–Schwarz inequality.
Thus, the approximate CRLB given by Corollary 1 can be
rewritten as

CRLBa(TSOA) ≈ σ 2
n · 4ε

(L̂ − 1)(cos � + 1)2
(38)

where ε = 1/ cos2 �. To represent the CRLB using a single
(r. v.), ε is approximated using a suitable constant, as
described in [11], and its estimate can be determined by
solving

ε̂ → arg min
ε

N∑
n=1

(
ε · CRLBa(TSOA)[n]

− CRLB(TSOA)[n]
)2

(39)

where CRLBa(TSOA)[n] and CRLB(TSOA)[n] are given
by Corollary 1 and {(2), (9)} using different network con-
figurations, respectively, and the optimization problem can
be solved using the IRLS stated in (30) to (33) for a number
of network configurations denoted by N in (39). The pa-
rameter ε is treated as a constant that is common across
different network configurations [21] and therefore (39)
needs to perform only once for a given L̂. To summarize, we
present the unified CRLB for both WSN and bistatic radar
cases in the following proposition.

PROPOSITION 1 (Unified CRLB) Assuming that L sensors
are present and L̂ = ∑L

l=1 al sensors participate in local-
ization, in which their positions are modeled as random
parameters. There exists an ε̂ such that the performance
lower bound of TSOA-based systems for locating an object
under white Gaussian noise in WSNs or bistatic radar
configurations is given by

CRLBa(TSOA) ≈ σ 2
n · 4ε̂

(L̂ − 1)(cos � + 1)2
(40)

where � ∈ {θl}L̂
l=2 provides the highest amount of informa-

tion among the sensors according to the mutual information
computed by (17) and θl is the azimuth of the object w.r.t.
Rx l such that the azimuth of the object w.r.t. the Tx is zero.

Note that Corollary 1 is a special case of Proposition
1 when ε̂ = 1, and its performance can be improved by
selecting a suitable ε̂. Compared with [11], Proposition 1
does not ignore the term

(∑L̂
l=2 sin θl (cos θl + 1)

)2
in (37),

thereby leading to a better approximation accuracy. Propo-
sition 1 indicates that the CRLB for TSOA localization is a
function of σ 2

n , L̂, and �. Given σ 2
n and L̂, the cumulative

distribution of the CRLB on (2) can be obtained in terms of
the cumulative distribution of �

P(CRLBa(TSOA) ≤ s | σn, L̂, ε̂)

= P

(
σ 2

n · 4ε̂

(L̂ − 1)(cos � + 1)2
≤ s

∣∣∣ σn, L̂, ε̂

)

= P

(
4σ 2

n ε̂

s
≤ (L̂ − 1)(cos � + 1)2

∣∣∣ σn, L̂, ε̂

)

= 1 − P

(
� ≤ arccos

(
2σn

√
ε̂

s(L̂ − 1)
− 1

) ∣∣∣ σn, L̂, ε̂

)

(41)

where s is the specified accuracy requirement in terms of the
mse of a location estimate. The derived bound can provide
insights to a system designer on how the network configu-
rations can be adjusted to achieve the intended localization
accuracy.

V. SIMULATION RESULTS

A. Simulation Setup

This section examines the accuracy of the bound defined
by Proposition 1 and compares it with the actual CRLB
obtained by the method introduced in Section III-A via
1 × 105 realizations at a certain noise level. The object is
located at the origin ψ = [0, 0]T . The sensor locations are
randomly generated from a uniform distribution within a
circle centered at the origin with a radius of 50 m. For the
special case where all receivers form a linear array, the array
center is chosen by the same uniform distribution, and it is
arranged vertically with an interelement spacing of λ = 0.5
m. In the case of WSN, we set ε̂ = 1 in the simulations.
However, for the bistatic radar configuration, the value
of ε̂ is determined as 6 from (39) through N = 1 × 106

observations. The variance of the range error is set to
σ 2

n = 1/(10
SNR
10 ) [7], where SNR is the signal-to-noise ratio

in dB. During the simulation, the impact of the network load
is ignored, i.e., pa = 0, and its influence will be manifested
by reducing the number of sensors.

B. Accuracy of the Bound by Proposition 1

Fig. 3 plots the accuracy of the approximate CRLB using
Corollary 1 in the general WSN scenario. The obtained
result is compared with the exact CRLB by (2) and the
A-optimal CRLB [7] given by (22). It is observed that the
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Fig. 3. Accuracy of approximate CRLB from Corollary 1 versus SNR
for random sensor network when L = 9.

Fig. 4. Accuracy of approximate CRLB (27) of the multiple Tx case
versus SNR for random sensor network when M = 4.

devised benchmark (20) is very close to the exact CRLB. If
the fixed optimal sensor geometry is adopted, the localiza-
tion error of TSOA-based localization decreases, resulting
in a lower CRLB compared to the devised benchmark.
Furthermore, Fig. 4 examines the approximate CRLB in
(27) for the multiple Tx case. It is clear that the localization
performance of EL increases with the number of Txs partic-
ipating in localization. The approximate CRLBs, indicated
by the green square, yellow plus sign, and red circle, closely
follow the exact CRLBs represented by the solid green,
yellow, and red lines, indicating that the approximation
method described in Corollary 1 is not only suitable for
the EL scenario with a single Tx but also applicable to the
EL scenario involving multiple Txs, and the approximation
error in Corollary 1 can be further decreased by optimizing
ε̂.

In the special case of a linear arrangement of Rxs,
the localization performance will greatly deteriorate as one
DoF is lost from the collected TSOA measurements. Fig. 5
illustrates that the localization performance decreases in
comparison to the result in Fig. 3, including the CRLB
value obtained in WSNs and its A-optimal localization
performance given by (22). It is seen that the approximation
error between the bound from Corollary 1 and the exact
CRLB increases significantly. By introducing the constant
ε̂, it is shown that the approximate CRLB by Proposition 1
approaches the actual CRLB. It indicates that the proposed
approximate bound not only characterizes the localization
performance for TSOA-based positioning in conventional

Fig. 5. Accuracy of approximate CRLB from Proposition 1 versus SNR
for the special case of random placements of linear arrangement of Rxs

when L = 9.

Fig. 6. Comparison between localization performance of [8] and
approximate CRLB from Proposition 1.

WSNs but also in the special case of a linear array of Rxs
that appear in bistatic radar localization.

C. Impact of Network Configurations on CRLB
Distribution

We first examine the effectiveness of Proposition 1
by validating it with the localization performance of the
positioning algorithm from [8] utilizing the same noise
settings. It is observed in Fig. 6 that the mse of [8] reaches
the CRLB under small noise conditions, and the developed
approximate CRLB is very close to the actual CRLB,
demonstrating the potential of leveraging a single (r. v.)
to characterize the performance bound of TSOA-based lo-
calization. It supports that the devised benchmark can be
applied to evaluate various TSOA positioning approaches
with extremely high computational efficiency. Furthermore,
we examine the accuracy of the CRLB distribution (41) in
Fig. 7 by numerical evaluation of the probability with the
uniformly generated sensor positions stated at the beginning
of this section. It is seen that the devised CRLB cumulative
distribution closely approximates the actual one from the
exact CRLB, affirming the validity of (41). When σn is fixed
at 5 m, the yellow, green, and blue curves in Fig. 7 show that
the localization accuracy of TSOA positioning increases
with the number of participating sensors L. Nevertheless,
deploying a larger number of sensors also escalates the
cost of the overall system. Hence, it is vital to strike a
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Fig. 7. Accuracy of approximate CRLB cumulative distribution versus
the range error when L = 7 and the number of available sensors when

σn = 5 m.

balance between the cost of a localization system and the
desired positioning accuracy. Note that reducing the number
of sensor nodes affects the network load on localization
performance. Fig. 7 also evaluates the impact of the range
error on the localization performance when L = 7. It in-
dicates that the positioning error is more sensitive to σn

than L, as demonstrated by yellow, red, and black curves.
The proposed benchmark provides valuable insights for
optimizing the network settings and configurations to meet
the desired requirement of localization accuracy.

VI. CONCLUSION

This article derived a tractable expression that approxi-
mates the CRLB of TSOA-based localization together with
its cumulative distribution, providing insights into the im-
pact of random sensor placements on the localization accu-
racy. The approximate CRLB and the distribution accurately
reflect the actual localization performance of both conven-
tional WSNs and typical bistatic radar configurations. They
can serve as valuable benchmarks for designers to evaluate
the statistical average performance of a TSOA localization
system under random sensor allocations without the need
for lengthy and complex simulations.
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