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ABSTRACT In this paper, a novel barrier function-based super-twisting integral terminal sliding mode
control algorithm is proposed for a quad-rotor unmanned aerial vehicle (UAV). The approach of employing
an integral terminal sliding mode control strategy is adopted to achieve an equivalent control, while the
switching control law is designed using the super-twisting algorithm. The barrier function is introduced as
the gain of switching control law. The integral terminal sliding mode approach guarantees that the system’s
initial state lies on the sliding mode surface, while also enhancing the convergence rate of the system
state through exponential acceleration. Super-twisting algorithm is introduced to reduce the sliding mode
chattering. The barrier function can guarantee the convergence of output variables and induce a decrease in
gain proportionate to the output variables. Finally, the numerical simulation results demonstrate the efficacy

and exceptional performance of the proposed schemes.

INDEX TERMS
quad-rotor UAV.

I. INTRODUCTION
In recent years, quad-rotor UAVs have been widely used
in military and civilian fields such as military reconnais-
sance [1], power inspection [2], agriculture [3], and forest
fire control [4] and so on due to their advantages of small
fuselage and flexible movement. With the diversification and
complexity of applications for quad-rotor UAV [5], [6], there
is a high demand placed on their control performance. There
are two crucial objectives in the design of a quad-rotor UAV
controller: achieving precise attitude control by managing the
angles of the quad-rotor UAV and implementing effective
height control to position it advantageously. Because the
quad-rotor UAV system is highly nonlinear, it is a big
challenging research to achieve accurate control.

In previous work, there has been literature that has
proposed various quad-rotor UAV control methods such
as robust control [7], fuzzy control [8], adaptive neural
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network [9], backstepping [10] and sliding mode control. Due
to its simplicity, fast response speed, and robustness against
external noise interference and parameter perturbations,
the sliding mode control algorithm is often applied in
quad-rotor UAV control [11], [12], [13]. In the past few
years, remarkable control performance has been exhibited by
integral terminal sliding mode control [14], [15], [16]. The
integral terminal sliding mode control exhibits remarkable
attributes including excellent robustness, rapid response
speed, and finite time convergence. Compared to conven-
tional terminal sliding mode control, integral terminal sliding
mode control can achieve finite-time convergence of tracking
error and integration error without encountering singularity
issues [17].

However, in terms of chattering suppression, the per-
formance of integral terminal sliding mode control is
often unsatisfactory. In order to weaken the chattering
of the integral terminal sliding mode, the super-twisting
algorithm [18] is introduced to solve this problem. The
super-twisting algorithm is widely used to design controllers
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due to their excellent finite-time convergence [19], [20], [21].
However, the gain of the super-twisting cannot be updated
in real-time with the system state, which is easy to cause
instability of the control state. Therefore, the barrier function
is introduced as the gain of the super-twisting algorithm.
The barrier function guarantees the convergence of output
variables and maintains them within a predefined vicinity
of zero. Furthermore, because of the unique structure of
the barrier function, it compels the gain to decrease in
tandem with the output variable, thereby enhancing control
performance.

The primary aim of these methods is to adaptively
modify the control gains to minimize them to the greatest
extent possible, while still ensuring adequate mitigation of
disturbances. One approach to mitigate these disruptions
is by adjusting the gain to guarantee the attainment of
the sliding mode. Once the sliding mode is reached, the
high-frequency control signal is subjected to filtration and
utilized for extracting information regarding perturbations
in the controller’s gain. The gain of the sliding mode
controller is calculated by adding the filtered signal to a
constant value, which serves to offset any possible differences
between the actual disturbance and its estimated value derived
from filtering. However, a prerequisite for this is having
knowledge of the minimum and maximum acceptable values
for the adaptive gain. According to these methods, the gain
progressively rises until the sliding mode is attained, and
subsequently declines when the sliding mode is no longer
maintained, indicating a deviation from the desired state.
These approaches ensure that the sliding variable converges
to a neighborhood around zero within a finite time, without
significantly overestimating the gain.

The main contributions of this paper are listed as follows:

e A novel adaptive super-twisting integral terminal sliding
mode controller based on barrier function is proposed for
the quad-rotor UAV with external disturbance.

e Robust adaptive finite-time fast convergence stabilizer
and tracker design for a quad-rotor UAV system.

e The quad-rotor UAV often encounters various unes-
timable disturbances in the actual use process, such
as the wind. Disturbances due to wind are often
unpredictable. However, this algorithm does not require
an upper bound of the disturbance derivative, which
ensures that once the derivative of the perturbation
increases, the supertwist gain also increases. When the
gain is sufficiently large to guarantee convergence to the
origin, the barrier function strategy compels a decrease
in the supertwist gain along with the output variable,
thereby avoiding any detrimental effects caused by
excessive gain.

The remaining structure of this paper is as follows:
Section II introduces the dynamics modeling of quad-rotor
UAV based on state space. In Section III, problem description
and some preparatory work are given. In Section IV, the
designed sliding surface and control law are presented,
as well as the stability proof. A simulation experiment is
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used to verify the effectiveness of the proposed approach in
Section V. Finally, the conclusion of this paper and future
prospects are given in Section VL.

Il. DYNAMICS MODEL OF QUAD-ROTOR UAV

A quad-rotor system consists of four rotors that provide
different directions of turning and movement by adjusting
the total thrust, either increasing or decreasing it. In order to
establish a quad-rotor UAV model, the following assumptions
are made:

e The propellers have a rigid structure.

e The structure of the quad-rotor is both rigid and
symmetrical.

e The correlation between propeller velocity and thrust
and drag is characterized by a direct proportionality to
the square of each other.

Based on the assumptions and equations proposed by
Newton-Euler, we can express the dynamic equation of a
quad-rotor UAV in the following manner:

mi{ =Fy+Fg+F, "

JQ=-2NJQ+ I+ T, + T
where ¢ is the position of the quad-rotor’s center of mass
relative to the center of inertia. m is the mass of a quad-rotor
UAV. J € R¥3 is the symmetric positive-definite constant
inertia matrix. J is represented as follows:

L 0 0
J=[0 1, 0 @
0 0 I

where I;(i = x, y, 7) is inertia values respect to x, y and z axis.
§2 represents the angular velocity of the quad-rotor UAV. The
expression is as follows:

1 0 —sinf ¢
2=10 cos¢p cosOsing 0 3)
0 —sing cosbcosd v

where 0, ¥, ¢ are pitch, yaw and roll angles, respectively.
Fy denotes the total of the forces produced by the four
propellers, it can be expressed as follows

cospcosyrsing + singsinyr | 4
cospsindsiny — singcosyr Z F; 4)
cosfcosp i=1

Fy =

while F; = pwl.z. K, is related to lift. w; represents the
angular velocity of the four rotors. F; denotes the composite
force acting along the X, Y, and Z axes.

—Kfax 0 0 ]
Fqg = 0 —Kiay 0 ¢ (5
0 0 —Kji,

where Kj, Kfzy and Ky, are positive translation drag
coefficients. The gravity matrix F, could be expressed as
follows:

Fo=| 0 (©6)
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where g represents the gravity. Iy represents the torque
generated by the four rotors as:

d(F3 —Fy)
d(Fy — F2) (7

Ff =
Cd(w% — w% + a)% — wﬁ)

where d and Cp denote the distance between the propeller’s
axis of rotation and the center of the quad-rotor UAV,
as well as its drag coefficient. I, represents the outcome of
aerodynamic friction torques, it can be expressed as follows:

Kfax 0 0

=0 Kfay 0
0 0 Ko,

II$21|* ®)

where K., Ky,y and Kg,; denote the aerodynamic friction
coefficients. I, represents the resultant of torques caused by
the gyroscopic effect and it is expressed as follows:

4 0
ry=> 2", 0 ©
i=1 (=)t o,

where J, denotes the rotor inertia. The dependence of the
control law on the angular velocity of the propeller is
expressed as follows:

Uy K, K, K, K, w?
u | _ —K; 0 K, 0 a)% (10)
u3 0 -K, 0 K, w%
us Cp —-Cp Cp —Cp wj
where u;(i = 1,2,3,4) denotes the control singles.

wi(i = 1,2, 3,4) is the angular velocity, it can be expressed
as follows:

—1 2

w1 K, K, K, K, Ui
wy | —K; 0 K, 0 u
w3 0 -K, 0 » u3
w4 Cp —-Cp Cp —-Cp U4

Y

The dynamics model of a quad-rotor UAV can be expressed
as follows:

1

X = —[—Kpxx + (cospsinbcosyr + singsinyrug |
m
1

V= —[—Kpayy + (cospsinbsinyr — singsinyr)u |
m

1
7= Z[—dezz + (cospcosO)u1] — g

. 1 .. . .
[0.5peld = [y = L)J6 — Kpax§* — J,820 + dus]
.. 1 .. . _ .
b =10~ Lyyé — Kpy0? + J,2¢ + dus]

Yy

. 1 .. .
¥ = Tl = L)$o — Kpaz¥r* + Cpua]

(12)
where 2 = 0w — w» + w3 — w4.
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IIl. PROBLEM STATEMENT AND PRELIMINARIES
Considering X; = [¢, $,6,0,9,7, 2, Z]T (i=1...8)are
the system states. The state space equation of Eq. (12) is
expressed as follows

)'Cl = X2
X2 = a1x4xe + azxg +a32x4 + biupy + dy(t)
X3 = x4

X4 = agxoxg + asx? 4 ag2xa + baus + dp(t)

Xs = X6 (13)

X6 = a7xox4 + agxé + b3ug +dy (1)
X7 = X3
COSX|COSX3

Xg = agxg — g uy + dy(t)

where u;(i = 1,2, 3,4) are the control singles and di(j =

I—

¢, 0, Y, z) are external disturbances with a; = = lez,a2 =
ey = Fra = B as = #,% = 7
a7 = lezly,as = _iﬁ",@ = T b = b=,
by = 2.

The error between the expected and the actual value and
the first derivative of the error are defined as follows:
€1 = X1 — X1d, €2 = X3 — X24
€3 = X5 — X34, €4 = X7 — X44 (14)

el = X1 — X4, €2 = X3 — Xog

€3 = X5 — X34, €4 = X7 — X4q (15)

€1 =X| — X4, €2 = X3 — Xog

€3 = X5 — X34, €4 = X7 — X4q (16)
where x;y(i = 1,2,3,4) is the expected trajectory,
Xig(i = 1,2,3,4) is the first derivative of the expected

trajectory and X;q(i = 1, 2, 3, 4) is the second derivative of
the expected trajectory.

Definition 1 [22]: ¢ > 0 is fixed and given. For any
positive real number b, a barrier function can be defined
as a continuous function Lp(x) : x € (—¢,¢) such that
Ly(x) € [b, o0] and it increases on the interval [0, £].

o Limpy—¢Lp(x) = 400

e The function Ly(x) exhibits a distinctive minimum point

at zero.

In this study, the barrier function can be defined as follows

NG

Ly(s) = —Y——,

(e —Is)2
where b is a positive value and s is the sliding surface.
According to [22], the variable gain L(, s) could be defined
as follow:

se(—e,¢) a7

0<t<n
r>1

pt +o,
Ly(s),

where ¢ is time, p and o are two positive numbers. For any
t > t1, |s| < e is satisfied.

L(t,s) = [ (18)
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IV. CONTROLER DESIGN AND STABILITY INVESTIGATION
In this section, an integrated terminal sliding mode control
strategy is proposed. Inspired by [23], integral terminal
sliding surfaces are designed as follows:

2
)\lxl

. 2,
st =arer +é1+ B [ Isi] sign(sy) dt

/\23'%
) 7
52 =anex+ e+ Bo [ Isa] 22 sign(sy) dt

(19)

)\3%
. 2
53 =o3e3+e3+ B3 [ Is3]"3 % sign(s3) dt

)\l.v%
. 2,
4 = oues + es + Ba | Isal 4% sign(ss) dt

which o;(i = 1,2,3,4) and B;(G = 1,2, 3,4) are positive
values. A\; and w;(i = 1,2,3,4) are positive values with
Ai
Taking the derivative of formula (19) yields formula (20)
as follows

>\1.¥%
. . . 2 .
S1=arer 4+ e+ Bilsi| 1T sign(sy)
Azs%
. . 7
§2 = anesr + &y + Balsa| 22 sign(sy)

2
)\3.!3

(20)

. . . 2 .
§3 = azes + €3 + B3ls3| 33 sign(s3)
A4sﬁ
. . . 2 .
§1 = aaeq + E4 + Palsa] TV sign(sy)

Setting § = 0 and submitting (12), (13), (14)
and (15) into (20), the control laws can be expressed as
follows:

1 - .. .
Ueq = —b—(alx4x6 + azxg + a382x4 — X14 + ky1sign(sy)
1
Alx%

+arér + Bulsi| 0 sign(s)))

1 - .. .
U3eq = —b—2(114x2x6 + asx + ag$2x2 — ¥2a + kasign(sz)
)\2&%
) 7 .
+aéy + alsa| 122 sign(sy))

1 . . .
Udeq = —E(G7X2X4 + agxg — ¥3q + kasign(s3) + a3és

>\3s§
l+#3s§ .
+B31s3] sign(s3))

Uleg = —————(aoxg — g — X4q + kysign(ss) + aaey
COSX|COSX3

/\4.v4
l+/445£ .
+Ba4ls4l sign(s4))

21

where k;(i = 1, 2, 3, 4) are the positive values.
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The switch control law can be designed as follows:

Uyl = —Ll\/Esign(sl) — /lesign(sl)dt
Uy = —Lz\/@sign(sz) — / L%sign(sz)dt
Ugy3 = —L3\/@sign(S3) — /L%sign(n)dt
L Ugyd = —L4\/@sign(S4) — /Lfsign(m)dt

(22)

where y;(i = 1,2, 3,4) and ;G = 1,2, 3, 4) are all positive
numbers.
Then, the design of the controller is as follows:

U2 = Ugeq + Uswl
U3 = U3eq + Usw2
U4 = Udeq + Usw3

Ul = Uleq + Uswa

(23)

The control flow chart of this paper is shown in Figure 1.

Theorem 1: Given the system (13) and the controller (23),
the sliding surfaces (19) will converge to O in a finite time.

Proof 1: Choose the Lyapunov equation as follows:

1
Vi= — 2
2
1
V2 = ES%
LT, (24)
= —g
3 ) 3
1
V= =53
4 2S4

Differentiating V; with respect to time gives

2
)\lxl

Vi =si{arér + & + Bilsi| 0 sign(s)}  (25)

Substituting Eq. (23) and (13) into Eq. (25) leads to
Vi = si(—kusign(s1) — biLi+/Is1lsign(s1)

— b / Lisign(sy)dr) (26)

Since the barrier function L is a piecewise function, the
following proof is divided into two parts.

1) WhenO <t < t1, Eq. (26) can be written as follow:
Vi = si{—kisign(s1) — bi(pit + 01)V/Is1sign(s1)

~ b1 [(ut + o1 Psigntsn) d

< —{ki lsil +baort + ) s |2

by Isi] / (o1t + o1’ di) @7)

according to Definition 1, Eq. (13) and Eq. (21), we can
getk; > 0,b1 > 0, p; > 0and g1 > 0. Thus, one can
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Adaptive
> i i
Laws Barrier function
pt+o, 0<t<t External
L(t,s) = L(s).t>1 disturbances
b b=h
Inout [%9@5%:%/] o e . Switching y
—> —
npu - Controller sw
A
+ ——— ™ UAV
[¢) 63 l//’ Z]
Equivalent
-
Controller Meq [4.6,y,7]
FIGURE 1. The control block diagram.
obtain Vz, V3 and V4 are all negative definite. The integral terminal
Vi < —ki Isi| sliding mode controller enables the system to achieve
=" optimal trajectory characteristics and guarantees the global
= 2k (l S2)% asymptotic stability of the closed-loop control system.
551
— V2K Vl% 28) V. SIMULATION EXPERIMENT

Let ny = ﬁkl, we can get 1, = ]72—1 It means that
s1 converges to (-¢, ¢) in finite time:

Hn=1t+1 (29)
2) Whent > t1, Eq. (26) can be written as follow:
. eb
Vi = si{—kisign(s1) — blL@/ Is1]sign(s1)
(e —Is1])2

_ b / (Y en(sy i)
(6 — Isu])}

3
< —t{kilsil + b1 T Is1]2
(e —Is1D2
eb?
+ b |Sl|/—dt}
(e —IsiD
eb 3
< —{ki1 Is1] +b1L] Is1]2}
(e —Is1D2
3
< —{ki |s1] + bby |s1]2}
1 3
= V2K V] — bb 23V (30)

We can obtain that V1 < 0. Let np = ﬁkl, N3 =

bb12%, tm = 77% + %. The function V1 will converge to

zero in a finite time at the initial time #q:
s =11+ 1ty (31)

To sum up, Vl < 0 is negative definite, which means
that Vi and s; are both bounded. In the same way,
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The system parameters are given in Table 1.

TABLE 1. The system parameters.

Parameter Value Parameter Value

m(Kg) 0.486 Kja(N/rad/s) 6.3540e-4
d(m) 0.25 K (N/m/s) 5.5670e-4
I:(N m/rad/s?) 3.8278e-3 Kjqy(N/m/s) 5.5670e-4
I(N m/rad/s?) 3.8278e-3 Kja(N/m/s) 6.3540e-4
I(N m/rad/s?) 7.6566e-3 Kp(N m/rad/s) 2.9842¢-3
Kjux(N/rad/s) 5.5670e-4 Cy(N m/rad/s) 3.2320e-2
Kfay(N/rad/s) 5.5670e-4 J-(N m/rad/s?) |2.8385¢-5

Remark 1: To adjust the parameters of the controller (23),
some guidelines are provided below:
e choose #; according to characteristics of sliding surface;
o take k; > 0 with |k;| > |dj|(i=1,2.3.4;j=¢, 0, ¥, 2);
e barrier function parameters ¢, b, p;, 0j(i,j = 1,2,3,4)
are determined by trial and error.
1) Trajectory tracking experiment
The initial state of the quad-rotor UAV system is
selected as x;, = 1( = 1...8). The external
disturbances are selected as dy = 0.5sin(4t),dy =
0.5cos(4t), dy = 0.55in(8t), d, = 0.5cos(8t). o; =
10 =1,2,3,4), 81 = fo = B3 =0.1 and B4 = 0.01,
Ai=50=1,2,3,4)and n; =3.5(0 =1,2,3,4) are
selected as the sliding surface parameters. The gains of
the controllers are chosen as k; = 5( = 1,2, 3,4).
tn=15e=01,b=1,pi=p=p3=2,p4 =3,
01 = 02 = 03 = 0.5 and o4 = 1.5 are the barrier
function parameters. x14 = sin(5t), xo0g4 = cos(5t),

VOLUME 12, 2024
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X1d seeeeeees Proposed method
T T

o/(rad)

S
X2d seearenns Proposed method
1 i i i i
0.5F i
=)
£ or il
)
0.5 )
0 1 2 3 4 5 6 7 8 9 10

w/(rad)

151 1
T oI E
- RN
N 5

05F 3 1

o .
. . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10

FIGURE 3. ¥ (yaw angle) and z (altitude) tracking results.

x3g = sin(10t) and x4y = 0.2t are the desired
trajectories.

Figure 2 illustrates the impact of roll angle and pitch
angle on track tracking. In this figure, it is evident
that within a time range of approximately 0.5 seconds
and 0.1 seconds, the trajectories of roll angle and
pitch angle accurately follow the expected trajectory.
Figure 3 illustrates the impact of yaw angle and altitude
on track tracking. The figure indicates that the yaw
angle achieves tracking of the desired trajectory at
0.5 seconds, while the altitude achieves tracking of the
desired trajectory at 1.3 seconds.

Figure 4 illustrates the discrepancy in tracking accuracy
between the desired trajectory and the actual trajectory.
From the graph, it is evident that the errors of all four
trajectories exhibit a rapid convergence towards zero
when tracked concurrently. The state remains stable
once the tracking error reaches a convergence of 0. This
validates the capability of the proposed methodology
to efficiently mitigate external disturbances and affirms
the efficacy of this approach. Figure 5 shows the sliding

VOLUME 12, 2024
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FIGURE 6. The control signals.

2)

surfaces, which could converge to O in a short time.
Figure 6 depicts the control signals.

Contrast experiment

The desired trajectories are selected as x4 = sin(t),
x2q = sin(2t), x33 = 2sin(t) and x4g = 0.1¢, all other
parameters are consistent with the parameters of the
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[——x1d ceeeeens Proposed method ssssssses Method of [24]]
T T T T T

@/(rad)

t/(s)
‘ e X2 wnwennens Proposed method sessssees Method of [24]
T T T T T T T T

0/(rad)

t/(s)

FIGURE 7. ¢ (roll angle) and ¢ (pitch angle) compare tracking results.

— 3l rremeeee Proposed method *=*=====+ Method of [24] ‘
T T T T T T T T

y/(rad)

t(s)
— Al v Proposed method ====x===+ Method of [24] ‘
T T T T T T T T

FIGURE 8. y (yaw angle) and z (altitude) compare tracking results.

previous experimentand, and the proposed method is
also compared with the method of [24].

Figures 7 and 8 show the comparative tracking results
for the four degrees of freedom of the quad-rotor UAV
¢ (roll angle), 6 (pitch angle), ¥ (yaw angle), and
z (altitude), respectively. It can be clearly observed
in the figures that the proposed method can track the
desired trajectory quickly and accurately. However,
using the methods in [24], there is a certain deviation
from the desired trajectory, and the tracking speed is
slower than that of the method proposed in this paper.

Figure 9 shows the tracking errors of using the
proposed method and method of [24]. The convergence
speed of e and e is significantly faster than that of
the method in [24], and the convergence accuracy is
also higher than that of the method in [24]. e3 and e4
converge to 0 significantly faster than the method
in [24]. In addition, it can be clearly seen in Figure 9
that the tracking error of the proposed method is
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FIGURE 9. ¢, 6, ¥ and z compare tracking errors.

significantly smaller than that of the method in [24],
which proves the superiority of the proposed method.

In summary, the simulation experiments validate the
effectiveness and robustness of the proposed barrier
function-based super-twisting integral terminal sliding
mode control strategy. Super-twisting algorithm has the
ability to effectively reduce the chattering of the sliding
surface. The implementation of the barrier function strategy
guarantees that as the derivatives of disturbances increase, the
super-twisting gains also increase to ensure that the output
value remains within the desired vicinity before gradually
decreasing. The above two strategies effectively improve
control performance.

VI. CONCLUSION

In this article, a barrier function-based super-twisting integral
terminal sliding mode control strategy is proposed for altitude
and attitude control of quad-rotor UAVs. The integral term of
sliding mode ensures that the system’s initial state lies on the
sliding surface from the beginning, thereby eliminating the
reachable segment. Additionally, incorporating an exponen-
tial component enhances the speed at which the system state
converges. The super-twisting algorithm is implemented to
mitigate the chattering issue associated with the sliding mode
control approach while utilizing the barrier function as the
gain of the super-twisting algorithm to further enhance the
robustness of the control system. Moreover, the algorithm
neither requires an upper bound on the derivative of the
perturbation nor uses a low-pass filter, which ensures that
once the derivative of the perturbation increases, the overtwist
gain also increases, thus ensuring that the output value
belongs to the desired neighborhood. Finally, the proposed
method is validated and proven to be effective and superior
through simulation experiments.

For future work, although the sliding mode control strategy
is robust to model uncertainty, there are still adverse effects.
References [25], [26], and [27] combine neural networks with
sliding mode control to effectively avoid the impact of model
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uncertainty. Therefore, inspired by the above articles, the
next step is to combine the neural network with the method
proposed in this paper, which should be applied in practice.
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