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Abstract—Field sensors, such as magnetometers and accelerometers,
are widely used sensors for attitude estimation, yet their accuracy is lim-
ited by sensor measurement bias. This paper reports a novel methodology
for estimating the sensor bias of three-axis field sensors. Our approach
employs three-axis angular velocity measurements from an angular-rate
gyroscope to estimate the three-axis field sensor measurement bias that,
when properly calibrated, can significantly improve attitude estimation.
We report three methods implementing this approach based on batch
linear least squares, real time Kalman filter, and real time adaptive
identification. Assuming the field is constant, our methods impose less
restrictive conditions for the movements of the instrument required
for calibration than previously reported methods, do not require a
priori knowledge of the field (e.g. the magnitude of the local magnetic
field) or the attitude of the instrument, and also ensure convergence
for the estimated parameters. The proposed methods are evaluated
and compared with the previously reported methods with numerical
simulation and in a comparative laboratory and field experimental
evaluation with the sensors onboard an underwater robot vehicle. Finally,
as an application example of the magnetometer bias calibration, the
proposed methods are used to improve the estimation of the position of
an underwater vehicle in Monterey Bay at 2,800 m depth.

Index Terms—Calibration and identification, estimation, adaptive con-
trol, Kalman filter, sensor fusion, robotics, field sensors, magnetometers,
navigation, underwater vehicles, Doppler navigation.

I. INTRODUCTION

Field sensors, such as magnetometers and accelerometers, measure

the strength and the direction of a field in the instrument frame

and are widely used in many applications. This kind of sensors are

commonly used to estimate the attitude of the system—for example

in vehicle navigation systems (e.g., space, air, ground, and marine

vehicles) where it is critical to estimate the attitude of the system

for accurate performance. Field sensors such as magnetometers

and accelerometers are also commonly used in personal electronics

devices for example for augmented reality applications, or provid-

ing to the user navigation directions. Magnetometers can measure

Earth’s local magnetic field vector and thus determine the device

heading, Figure 1(a). Accelerometers can measure in the absence

of accelerations the device’s inclination with respect to the Earth’s

local gravity vector and thus determine the local horizontal plane and

vertical direction—i.e. roll and pitch, Figure 1(b). Currently many

integrated devices incorporate angular-rate gyroscopes—that measure

the angular rotation rate of the device—together with accelerometers

and magnetometers to enable dynamic estimation of the full attitude

(e.g., heading, pitch and roll) of the instrument. Several methods

are available to estimate the attitude with these sensors—the reader

is directed to Crassidis et al. for a review of attitude estimation

methods [1].

All of these sensors are affected by biases, scale factors, and non-

orthogonality of their measurements. Sensor calibration is critical for

accurate performance, specially for attitude estimation with these
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(a) Magnetometers (b) Accelerometers

Fig. 1. Examples of field sensors: (a) Magnetometers measure the local
magnetic field. (b) Accelerometers at rest measure the local gravitational field.

devices. A common and relevant calibration problem that affects

field sensors is a measurement bias. The methods reported herein

are useful in the scenario in which field sensor (such as a magne-

tometer or accelerometer) must be calibrated for field sensor bias.

For example, magnetometers are highly affected by magnetic field

biases that can cause erroneous measurements that can change over

time (i.e. whenever the vehicle is reconfigured to accommodate new

instruments or payloads). Accelerometers also have to be calibrated

to estimate sensor measurement bias that can vary with time and

with instrument temperature. For applications in which continuous

calibration is required for accurate performance, real time, adaptive

sensor bias estimation is desirable.

This paper reports a novel general approach to calibrate field

sensors based on angular rate sensors, assuming the field is constant.

In addition, this paper reports several novel methods based on the new

approach for batch and real time field sensors calibration. Finally,

this paper reports a comparative evaluation of the proposed methods

with numerical simulation and also reports comparative experimental

evaluations with sensors onboard an underwater robot vehicle in the

field. We note that unlike most previous studies of field sensor bias

estimation, the present study reports a comprehensive comparison of

the performance of the proposed novel approaches to the performance

of several previously reported approaches. Parts of this study were

preliminarily reported in [2]. The present paper includes several

additional novel theoretical and experimental contributions that have

not been previously reported. Among other contributions the concept

of observability is included for each proposed method, a new com-

parative deep-sea field experimental evaluation, and a new section

reporting an at-sea experimental evaluation as an application of the

proposed methods for improved navigation of underwater vehicles.

This paper is organized as follows: Section I gives an introduc-

tion and overview of previously reported methods for field sensor

calibration. Section II describes our general proposed approach for

field sensor bias calibration and describes our proposed methods

to solve for the measurement sensor bias. Section III describes the

performance evaluation methodology used in this paper. Section IV

reports a comparative numerical simulation results. Sections V and

VI describe our laboratory and field experimental setup, respectively,

and report comparative experimental evaluation of the performance of

the different sensor bias estimation methods. Section VII describes, as

illustration, a common application of the magnetometers for the case
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of a dead reckoning underwater navigation and reports comparative

experimental evaluation. Section VIII summarizes and concludes.

A. Related Work

Among the field sensor calibration the calibration of magne-

tometers has been studied extensively in the last decades. Several

of these approaches have been or can be applied to the case of

other 3D field sensors such as accelerometers. Several approaches

for magnetometers calibration have been reported that estimate the

calibration parameters without the use of additional references sen-

sors. Traditional approaches include approximated solutions such as

the conventional heading swing method, e.g., [3]. Recently, several

reported methods have addressed more rigorously the three-axis

magnetometer calibration problem. The problem of self-calibrating

a three-axis magnetometer without external reference, can be for-

mulated as an sphere or ellipsoid fitting problem. For estimating

magnetometers bias, Gambhir proposed a “centered” approximation

that can be solved with linear least squares [4]. This approach is

inconsistent when using measurements corrupted by noise, [5], so

different calibration approaches have been developed to overcome this

problem. Alonso and Shuster proposed, the “TWOSTEP” method,

that uses Gambhir’s solution as initialization to an iterative sec-

ond step for estimating the sensor bias [5] and, as reported in a

later work, also estimates the scale and orthogonality factors [6].

In addition, Alonso and Shuster surveyed some of the previously

reported magnetometer bias calibration methods [7]. Gebre-egziabher

[8] proposed a linearized batch least squares method that is initialized

using a nonlinear estimator. Vasconselos et al. [9] formulate the

problem as an ellipsoid fitting problem, and solve it using an iterative

maximum likelihood estimate (MLE) method. Similar methods have

been considered to calibrate specifically the accelerometers based on

the assumption that in static conditions the sensor is subjected only

to gravitational force, e.g. [10], [11]. For practical implementation in

different applications there are some limitations to these methods. In

general, all of these calibration methods require large angular rota-

tions of the instrument to measure a large section of the sensor output

for an accurate calibration. For better performance it is necessary

to know accurately the local magnitude of the Earth’s magnetic or

gravitational field. This value can be calculated by empirical models,

e.g. [12], but can present large error in environments with unmodeled

magnetic distortions (e.g., due to ferro-magnetic structures such as

buildings or other local magnetic anomalies). Finally several of these

methods are formulated for batch estimation and are not practical for

continuous real time operation.

Although inertial sensors are commonly available with magne-

tometers in a combined instrument package, most previous reported

methods for calibrating magnetometers do not utilize these additional

sensors. Li and Li [13] and Kok et al. [14] make use of the

accelerometers to measure the local gravity vector to propose methods

to estimate the magnetometer calibration. The drawback of these

approaches based on acceleration measurements is that translational

accelerations of the instrument can perturb the measurements intro-

ducing errors in the magnetometer calibration.

Many applications require the ability to perform the field sensor

calibration in real time due to (1) the calibration parameters changing

during operations (e.g., due to change in vehicle payload) or (2) local

field disturbances that render it impossible to estimate the calibration

parameters before operation (e.g., for an underwater vehicle deployed

from a large steel ship). Crassidis and Lai, [15], propose an extension

to the TWOSTEP method based on the extended Kalman filter (EKF)

and the unscented Kalman filter (UKF) to estimate in real time

the sensor bias, scale, and orthogonality factors. Pylvanainen [16]

proposed a recursive least squares method based on a linearized

version of the ellipsoid fitting problem. Ma and Jiang proposed an

alternative method based on the UKF, [17], and Guo at al., [18],

reported an EKF approach. These methods exhibit some of the

same problems noted for the batch methods, and also do not ensure

convergence of the estimated parameters to the true values. Based

on the same technique used by Alonso and others to compare the

norm of the vectors in [19] the authors report an extension of the

attitude estimator originally reported by [20] to estimates bias in the

vector measurements. The drawback of this approach is the same

as similar solutions based on the norm of the vector requiring large

angular movements and to accurate know the local magnitude of the

field. In some cases, such as indoor spaces, magnetometers measure

a field with a non constant direction [21]. This is a different problem,

however; it is not the focus of the present paper.

Based external-measurement sensors, such as cameras or range

measurements, several methods have been proposed to estimate the

accelerometer bias. Among them a very active community is related

with visual-inertial methods (e.g., [22], [23]) where the gyroscope

and accelerometer biases are continuously estimated. For magnetic

sensor bias estimation, [24] proposed an ad hoc method, based

on external measurements from a global navigation satellite system

(GNSS) based two-antenna heading system. Troni and Eustice [25]

reported an approach utilizing relative angular position measurements

calculated—e.g., from multi-view image registration—to estimate the

three-axis magnetometer measurement bias both as a batch process

and also in real time. The drawback of these approaches are (i) they

require additional sensors, (ii) they require external measurements

that may be unavailable in many robotics applications, and (iii) if the

relative angular position signal, from cameras or other sensors, is not

available, they may be computationally intensive.

These previously reported approaches all share several limitations

that limit their wide implementation: First, they require large an-

gular movements. Second, they require accurate knowledge of the

magnitude of the local field. Third, they are only available as batch

methods or do not ensure convergence properties. The current paper

reports a novel approach to the problem of accurate real time adaptive

estimation of the sensor bias in three-dimensional field sensors. This

approach employs three-axis angular velocity measurements from an

angular-rate gyroscope to estimate the field sensor bias of a three-axis

magnetometer or three-axis accelerometer (assuming the static case

or compensated for linear accelerations). Three specific methods are

proposed based on this novel general approach: one based on linear

least squares, one Kalman filter approach, and one novel adaptive

identification approach. Our main motivation is for the problem of

magnetometers sensor bias, but it can also apply to other field sensors

such as three-axis accelerometers. Recent results report simulation

studies of bias estimation for both accelerometers and gyroscopes

[26], but this falls beyond the scope of the present paper, and it does

not change the general results of the present experimental evaluation.

The novel proposed solution does not, at present, estimate scale and

orthogonality factors. The proposed approach, which to the best of

our knowledge has not been previously reported, exhibits several ad-

vantages: (1) it does not require the large angular movements required

by previously reported approaches, (2) it does not require local field

information, such as the magnitude and/or world-frame direction of

the local magnetic or gravitational field, (3) it is implementable in

real-time, and (4) it has provable convergence properties.

II. PROPOSED APPROACH AND METHODS

This section reports a novel approach to estimate the sensor

measurement bias error in 3-axis field sensors (e.g. magnetometers)

based on the instrument- frame angular-rate measurements (e.g., from

angular-rate gyroscopes).
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A. Mathematical Background
Matrices are denoted by capital letters, vectors and scalars are

denoted by lowercase letters, and the dimensions of all symbols

is stated explicitly. We represent the rigid body attitude using the

rotation matrix R(t) ∈ SO(3) describing the rotation from the

instrument frame V to the inertial (world) fixed frame W . Let

ω = [ωx, ωy, ωz]
� ∈ R

3 and define the usual skew-symmetric

operator [ω]× : R3 → R
3×3

[ω]× =

⎡
⎣ 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

⎤
⎦ . (1)

B. Novel Proposed Approach
Three-axis magnetometers and accelerometers are widely used in

navigation applications. Measurements from these sensors are subject

to systematic errors due to measurement sensor bias, scale factor and

(lack of) orthogonality. We consider the usual model for measurement

sensor bias

x(t) = x̄(t) + b (2)

where x̄(t) ∈ R
3 is the true field value in the instrument reference

frame, x(t) ∈ R
3 is the measured field value in the instrument

reference frame, and b ∈ R
3 is an unknown constant sensor bias.

Multi-axis field sensors such as magnetometers and accelerome-

ters measure, in instrument coordinates, the Earth’s local magnetic

field—in the absence of local disturbances—or gravity vector field,

respectively, which are each considered to be locally (∼hundreds of

kms) constant and fixed with respect to the inertial world frame of

reference. The true fixed world-frame field vector x0 is related to the

instrument-frame sensor measurement of the field x̄(t) by

x0 = R(t) (x(t)− b). (3)

In the case that the attitude of the instrument, R(t), and the true field

vector, x0, are both known accurately, then solving for the unknown

sensor bias, b, is trivial.
In many practical cases, however, such as the case of the ubiq-

uitous micro-electro-mechanical systems (MEMS) inertial measure-

ment units (IMUs) that are widely used in vehicle navigation systems,

R(t) is not directly instrumented—thus the trivial calibration solution

is not applicable for these devices. MEMS IMUs are typically

equipped with a 3-axis magnetometer, a 3-axis accelerometer, a 3-

axis angular-rate gyroscope, and a temperature sensor.
Differentiating (3), yields

0 = Ṙ(t) (x(t)− b) +R(t) ẋ(t). (4)

Note that ẋ0 ≈ 0 is an approximation assuming the field is locally

constant in the inertial reference frame. Using the standard equation

Ṙ(t) = R(t)[ω(t)]×, we have

ẋ(t) = −ω(t)× (x(t)− b), (5)

where w(t) is the measured angular-rate in instrument coordinates,

and × is the standard cross product operator. Note that the instrument

attitude, R(t), does not appear in (5).
This is the main contribution of the paper. Here we have refor-

mulated a classic field sensors bias calibration problem in terms of

the change of orientation, allowing for direct use of the angular-rate

gyroscopes. In the next section we report three methods for bias-

compensation based upon the novel proposed approach.

C. Proposed Methods Based on the Novel Proposed Approach
We wish to estimate the constant unknown sensor bias, b, for the

system (5) from the signals ω(t) and x(t). The proposed solutions

include (i) a batch least squares method, (ii) a real time Kalman filter

method, and (iii) a novel real time adaptive identification method.

1) Linear Least Squares for Sensor Bias Calibration: The un-

known sensor bias, b, can be estimated with linear least squares

estimation. The sum of squared residuals (SSR) cost function is

SSR(b) =
n∑

i=1

1

σ2
i

||ẋi + ωi × (xi − b)||2, (6)

where σi is variance of the measurement, and each measurement xi

is a discrete sample measurement (e.g., xi represents a discrete-time

sampling of x(t)). The linear least squares estimate for b is given by

b̂ = argmin
b∈R3

SSR(b)

= (
n∑

i=1

1

σ2
i

W 2
i )

−1(

n∑
i=1

1

σ2
i

Wi yi), (7)

where Wi ∈ R
3×3 is the skew-symmetric matrix from the measure-

ments ωi, Wi = [ωi]×, and yi ∈ R
3 is the calculated vector from

the measurements, yi = ẋi + ωi × xi.

Remark (Numerical differentiation). A drawback of this approach
is that it requires the signal ẋ(t), which for magnetometers and ac-
celerometers can only be obtained by noisy numerical differentiation
of the sensor measurement x(t).

Remark (Existence of solutions). The solution (7) exists when the
set of measured angular velocity vectors, [ω1, ω2, · · ·ωn] are not all

collinear, in consequence, (
n∑

i=1

W 2
i ) is full rank and is thus invertible.

2) Kalman Filter for Sensor Bias Calibration: The system (5) can

be rewritten as [
ẋ

ḃ

]
︸︷︷︸
Φ̇

=

[−[ω]× [ω]×
0 0

]
︸ ︷︷ ︸

A(t)

[
x
b

]
︸︷︷︸
Φ

, (8)

with the measurement model

z = [I 0]︸ ︷︷ ︸
H

[
x
b

]
, (9)

we can define the following linear time-varying (LTV) system

Φ̇(t) = A(t) Φ(t) + ν1(t), ν1(t) ∼ N (0, Q),

z = HΦ+ ν2(t), ν2(t) ∼ N (0, R).
(10)

After a discretization of the continuous-time system the sensor bias

estimation can be solved with a standard discrete-time Kalman filter

implementation [27]–[29] that does not require differentiation.

Remark (Observability). The sufficient conditions for observability
of the LTV system (10) can be shown by a rank test (see e.g [30],
Theorem 9.10), the rankΘ = 6, where

Θ =

⎡
⎣ I 0

−[ω]× [ω]×
[ω]2× − [ω̇]× −[ω]2× + [ω̇]×

⎤
⎦ . (11)

Note that for full column rank of the matrix Θ, the equation Θ v �= 0
should hold for all v �= 0. If v = [v1 v2]

� then it is required that
[ω]×v2 �= 0 or [ω̇]×v2 �= 0 for all v2 �= 0. That is equivalent to
[ω̇]×ω �= 0. Assuming ω(t) is continuous differentiable, then the
system (10) is observable on [t0, tf ] if for some ta ∈ [t0, tf ],

ω̇(ta)× ω(ta) �= 0. (12)

An interpretation of (12) is that the axis of rotation needs to vary
during the time interval to make the system observable.
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3) Adaptive Identification for Sensor Bias Calibration: The un-

known sensor bias, b, can be estimated on-line with a novel adaptive

identification algorithm which, to the best of our knowledge, has not

been previously reported. The possible advantages of this adaptive

approach are that (i) it does not require numerical differentiation of

the sensor measurement x(t), (ii) it is less computationally expensive

than the previously proposed method based on Kalman Filter, and (iii)

it could be combined with other nonlinear observer methods.

Consider the following adaptive observer for the plant of the form

(5)

˙̂x(t) = −ω(t)× (x̂(t)− b̂(t))− k1 Δx(t)

˙̂
b(t) = k2 (ω(t)×Δx(t))

, x̂(0) = x̂0

, b̂(0) = b̂0,
(13)

where estimation errors are defined as

Δx(t) = x̂(t)− x(t), Δb(t) = b̂(t)− b. (14)

Given the measured angular-rate signal, ω(t), and biased 3-axis

field sensor measurement, x(t), our goal is to construct an estimate

of b̂(t) of the unknown sensor bias parameter b such that: 1) all

signals remain bounded, and 2) b̂(t) converge asymptotically to b,

i.e. limt→∞ Δb(t) = 0.

We first review some results that will be required later.

Definition 1 (Persistency of Excitation [31], [32]). A matrix
function W: R

+ → R
m×m is persistently exciting (PE) if there

exists T, α1, α2 > 0 such that for all t ≥ 0:

α1 Im ≥
∫ t+T

t

W(τ)W�(τ) dτ ≥ α2 Im (15)

where Im ∈ R
m×m is the identity matrix. M ≥ 0 is a generalized

inequality meaning M is a positive semidefinite matrix.

Lemma 1 (Barbalat’s Lemma [33]). Let φ : R → R be a uniformly
continuous function on [0,∞). Suppose that limt→∞

∫ t

0
φ(τ) dτ

exists and is finite. Then, φ(t) → 0 as t → ∞.

Lemma 2 (Besacon’s Lemma [34]). Given a system of the following
form:

ė1 = g(t)e2 + f1(t); e1 ∈ R
p,

ė2 = f2(t)
(16)

such that

1) limt→∞ ||e1(t)|| = 0; limt→∞ ||f1(t)|| = 0;
limt→∞ ||f2(t)|| = 0;

2) g(t), ġ(t) are bounded, and gT (t) is persistently exciting;
then limt→∞ ||e2(t)|| = 0.

We assume the following:

Assumption 1. We assume the signals ω(t), ω̇(t), and x(t) are
bounded, thus there exist three positive constants c̄1, c̄2, and c̄3 such
that ∀t: |ω(t)| ≤ c̄1, |ω̇(t)| ≤ c̄2, and |x(t)| ≤ c̄3.

We can now state the main result for the adaptive identifier.

Theorem 1 (Sensor Bias Observer). Consider the system (5) with
time-varying ω(t) and x(t). Let (x̂, b̂) denote the solution to (13)
with k1, k2 > 0 positive gains, and ω(t) satisfying the Assumption
1, and is PE as defined in Definition 1. Then the equilibrium
(Δx,Δb) = (0, 0) of (13) is globally asymptotically stable.

Proof. From (13) and the estimation errors definition (14), the error

system is

Δẋ(t) = −ω(t)× (Δx(t)−Δb(t))− k1 Δx(t)

Δḃ(t) = k2 (ω(t)×Δx(t)).
(17)

Consider the Lyapunov candidate function

L =
1

2
||Δx||2 + 1

2 k2
||Δb||2 (18)

where L is a smooth, positive definite, and radially unbounded

function by construction. Differentiating and recalling (17) yields

d
dt
L = Δx�[−ω × (Δx−Δb)− k1 Δx] + Δb�(ω ×Δx)

= −k1 ||Δx||2 ≤ 0. (19)

The time derivative of this Lyapunov function is negative semi-

definite, thus guaranteeing global stability of the system, but ad-

ditional arguments are needed to show global asymptotic stability.

Given that the Lyapunov function (18) is bounded below by 0 and,

in consequence of (19) is bounded above by its initial value, Lt0 , and

since (18) is a radially unbounded function of Δx(t) and Δb(t), we

can conclude that Δx(t) and Δb(t) are bounded. Note that ω(t) is

bounded from Assumption 1. From (17) and the fact that all signals

on the right hand side of (17) are bounded then Δx(t) and Δb(t)
are continuous and, in addition, Δẋ(t) and Δḃ(t) are bounded, thus

Δx(t) and Δb(t) are uniformly continuous. For any t, we have∫ t

0
||Δx(τ)||2 dτ ≤ 1

k1
Lt0 then Δx(t) ∈ L2. Thus from Barbalat’s

lemma, we can prove globally asymptotically stability for Δx(t).
If Δx(t) → 0 then Δḃ(t) → 0 as t → ∞, but we need some

extra results to prove asymptotically stability of Δb(t). Since by

assumption [ω(t)]× is PE and satisfies Assumption 1, using (Lemma

2) we can conclude globally asymptotically stability for Δb(t).

Remark. The requirement of [ω(t)]× is PE as defined in Definition 1
give us observability condition similar to (12). The PE condition is
only satisfied when the axis of rotation, or ω(t) direction, change
over time.

Remark. The proposed observer based on (13) is globally asymptot-
ically stable, although the gains k1, k2 > 0 can be used to change the
performance of the observer. The first gain, k1, adjust the learning
rate of the estimated field sensor signal, thus changing the amount
of filtering of the measured field sensor signal. The second gain, k2,
adjust the learning rate of the estimated bias signal.

III. EVALUATION METHODOLOGY

We compared the performance of six methods for field sensor bias

estimation. Three batch estimation methods were evaluated:

a. Centering: For comparison purposes, the sensor bias is estimated

using the first step of the TWOSTEP method [5] that leads to a

simple batch linear least squares solution.

b. TWOSTEP: For comparison purposes, the sensor bias is esti-

mated using the full TWOSTEP method [5].

c. SAR-LS (Sensor-bias based on Angular Rate - Least Squares

method): The sensor bias is estimated using the batch method

proposed in section II-C1 based on angular-rate in the

instrument-frame. The value of ẋ is numerically calculated by

a first-order numerical differentiation of x. Furthermore the

measurements are low-pass filtered to reduce noise resulting

from differentiation.

In addition, three real time methods were evaluated:

d. AI-EKF (Attitude Independent - Extended Kalman Filter): For

comparison purposes, the sensor bias is estimated using the real-

time attitude independent previously proposed method based on

the EKF [15]. The method based on the magnitude equation

estimate the sensor bias requiring linearization to apply a stan-

dard EKF method. Note that for an accurate comparison the

implemented version of this method only estimates the sensor

bias, and not the scale and orthogonality matrix.
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e. SAR-KF (Sensor-bias based on Angular Rate - Kalman Filter

method): The sensor bias is estimated using the Kalman filter

method described in section II-C2 based on angular-rate in the

instrument-frame.

f. SAR-AID (Sensor-bias based on Angular Rate - Adaptive

Identification method): The sensor bias is estimated using the

adaptive identification method proposed in section II-C3 based

on angular-rate in the instrument-frame.

Evaluated methods names are marked in bold-italic font. Previously

proposed methods names used for comparison are marked only in

italic font.

For comparison purposes, between batch estimation and real-time

estimation methods, the sensor measurement bias used for the real-

time estimation methods (AI-EKF, SAR-KF and SAR-AID) consists

of the average of the last 20% of the estimated sensor measurement

bias. The TWOSTEP and AI-EKF methods require knowledge of the

local magnetic field magnitude. In our evaluation we employed the

standard US/UK World Magnetic Model [12], [35]. To isolate from

the angular-rate gyroscope bias effects, we have removed in post-

processing the average of the in-water angular-rate measurements.

Alternatively, it is possible to use the compensated data, available

from the specific MEMS IMU attitude sensor used, but it does not

change the general results in our experimental evaluation. Earth’s

rotation rate, 15◦/h, is well below the noise floor of MEMS angular

rate sensors, and thus Earth rate is neglected in the present analysis

and also is neglected in the cited previous studies.

IV. NUMERICAL SIMULATION EVALUATION

A Monte Carlo simulation evaluation was implemented with 100

iterations for each of two datasets. Each iteration is a new smooth

random sequence of angular movements starting from new initial

angular positions. The first dataset, SIM1, simulates the case of large

angular movements of the instrument in all degrees of freedom,

depicted in Figure 3(a). The second dataset, SIM2, simulates a

constrained angular movement of the instrument, depicted in Figure

3(b). The duration of each experiment is 60 s and the simulated sensor

data is generated at 100Hz.

We consider the usual noise model adding Gaussian noise to the

measurements of the magnetometers (σmag = 1mG) and angular-

rate gyroscopes (σgyro = 5mrad/s). These values were in the same

range than the sensors used in the experimental evaluation, as shown

in Figure 2. The true magnetic field vector is x0 = [200, −40, 480]�

mG and the bias is b = [20, 120, 90]� mG. For a more realistic

evaluation, the magnitude of the magnetic field used for estimation

with the TWOSTEP and AI-EKF methods was 1% greater than

the value used in generating the simulated data. In practice the

magnetic field magnitude can significantly differ from magnetic

models available due to magnetic distortions such as ferro-magnetic

structures or other local magnetic anomalies. We have empirically

selected the gains to obtain the best performance for each method

under these The covariance matrices used by the AI-EKF and SAR-

KF methods are Q = 0.1I6×6 mG2/s2 and R = I3×3 mG2. These

values were chosen in the range of the expected process and sensor

noises. The gains used by the SAR-AID method are k1 = 1, k2 = 1
for the SIM1 and k1 = 1, k2 = 100 for SIM2. These estimator gains

were chosen empirically for the range of the instrument angular-rate

for each experiment. Figure 4 shows the estimation performance for

each simulated experiment.

The simulation results show that for a complete range of move-

ments, SIM1, the batch methods Centered and TWOSTEP methods

show the best performance. Although the proposed methods also

estimate the magnetometer bias with an error under 1 mG. The

worse performance is shown by AI-EKF method with bias estimation

errors over 5 mG. The AI-EKF method is affected by linearization

Fig. 2. Magnetometer Measurement Noise: Histogram showing the experi-
mental sensor noise measured in a static setting.

(a) Simulation Data SIM1 (b) Simulation Data SIM2

Fig. 3. Magnetometers simulated data: Three-dimensional plot of the magne-
tometers simulated data (black dots). The large reference-frame is at (0,0,0)
with x-axis in red, y-axis in green, and z-axis in blue. The small reference-
frame is at the center of the sphere at the known sensor bias b. The reference
sphere depicted in the figure has a radius equal to the magnitude of the local
magnetic field vector and centered at b.

errors and does not ensure convergence. For the second dataset with

a limited range of movements, SIM2, the SAR-LS, SAR-KF and

SAR-AID methods show the best performance, with bias estimation

errors under 2-3 mG. The other methods (Centered, TWOSTEP

and AI-EKF) show a bias estimation error over 10 mG. Note that

the TWOSTEP and AI-EKF methods are very sensitive to errors

in a priori, known value of the magnitude of the local magnetic

field. For small movements experiments (such as SIM2), we notice

that the sensor bias estimation error grows proportionally to the

error in the magnitude of the magnetic field. In our simulation

performance evaluation, an error in the magnitude used for estimation

is introduced representing a 1% of the real magnitude. But for

common applications, the difference between the local magnitude

of the magnetic field and the predicted by the model can include

order of magnitude higher errors (such as inside/near ferro-magnetic

buildings or other unknown magnetic anomalies).

It is interesting to notice that the required processing time on a Intel

Core i7 computer for SAR-KF estimation was on average 13.1 s that

is 5 times greater than the SAR-AID (2.5 s), and 6 times greater

than the SAR-LS (2.2 s). This is due to the fact that the Kalman

filter implementation is more computationally expensive than the

implementation of the adaptive identification method or the batch

least squares method.

The simulation results support the utility of all proposed methods.

The next section reports a field experimental performance evaluation.

The reader is directed to [2] for an additional laboratory experimental

performance evaluation of these methods.

V. LABORATORY EXPERIMENTAL EVALUATION

This section reports the results of a comparative experimental

performance evaluation of the six calibration methods in laboratory
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(a) Simulation results from SIM1

(b) Simulation results from SIM2

Fig. 4. Performance evaluation results from simulated data: The y-axis shows
the sensor bias estimation error for each solution (mG) in logarithmic scale.
Each box plot is calculated from 100 iterations.

Fig. 5. JHU ROV submerged inside the Johns Hopkins Hydrodynamic Test
Tank

experimental trials of an remotely operated underwater robotic ve-

hicle (ROV) equipped with a MEMS IMU. The ROV is shown in

Figure 5. The facility contains a 7.5 m diameter × 4 m deep indoor

fresh water tank made of steel. The ROV is actuated by six 1.5

kW DC brushless electric thrusters and can be actively controlled

in six degrees of freedom (DOF). A suite of sensors commonly

employed in deep submergence underwater vehicles is present on the

ROV. For our experimental performance evaluation we use a MEMS

based IMU, the Microstrain 3DM-GX3-25 (LORD Sensing Systems,

Williston, VT 05495, USA) [36]. The internal magnetometer’s noise

(a) Laboratory Data from EXP-L1 (b) Laboratory Data from EXP-L2

Fig. 6. Experimental evaluation laboratory data: Three-dimensional plot of
the magnetometers recorded data for each experiment (black dots). The large
reference-frame is at (0,0,0) with x-axis in red, y-axis in green, and z-axis in
blue. The small reference-frame is at the center of the sphere at the SAR-AID
estimated sensor bias b∗. The reference sphere depicted in the figure has a
radius equal to the magnitude of the local magnetic field vector and centered
at b∗.

level is σmag = 1mG and angular-rate gyroscope’s noise level is

σgyro = 5mrad/s. Data was sampled and recorded at 100 Hz.

For comparing the heading estimation performance, we used a high-

end inertial navigation system (INS), the iXBlue PHINS III (iXBlue

SAS, Saint-Germain en Laye, France) [37], as ground-truth. The

PHINS provides heading with 0.05◦ accuracy, and pitch/roll with

0.01◦ accuracy. The high-end INS attitude data was re-sampled to the

MEMS IMU sampling time to estimate the vehicle heading position.

Two experiments were performed. The first laboratory experiment,

EXP-L1, measures a large range of movements, Figure 6(a). The

trajectory is a sequence of 720◦ heading rotations, with three different

levels of pitch (0◦ and ±25◦). These high-pitch dynamic trajectories

are not feasible to implement in many ground, marine, or aerial

vehicles. The second laboratory experiment, EXP-L2, measures a

more feasible sequence of movements, Figure 6(b), where the range

of movement of the vehicle is limited in pitch (±10◦) and roll (±5◦).

The magnetometers bias was estimated with each evaluated method

using data from EXP-L1 and EXP-L2. From each estimated mag-

netometers bias, b̂i, we can calculate the heading error, between the

heading from the magnetometers with the estimated bias b̂i removed,

hgdi, and the heading from the high-end INS sensor, hdgREF . First,

for a self validation comparison, we use each experiment dataset

to estimate the magnetometers bias and the same data to calculate

the heading error. Second, for a cross validation comparison, we

use each experimental dataset to estimate the sensor measurement

bias, and then use each bias to correct the magnetometers measure-

ments on a different experiment and calculate heading and heading

error. The magnitude of the magnetic field used for the TWOSTEP

and AI-EKF methods was 520 mG [35]. The covariance matrices

used by the AI-EKF method are QAI−EKF = 10I33mG and

RAI−EKF = I33mG. The covariance matrices used by the SAR-

KF method are QSAR−KF = diag([4, 4, 4, 0.1, 0.1, 0.1])mG and

RSAR−KF = I33mG. These values were chosen in the range of the

expected process and sensor noises. The gains used by the SAR-AID

method are k1 = 5 and k2 = 100. Table I and Figure 7 summarize

the experimental results.

From the self validation performance evaluation, the SAR-LS,

SAR-KF, and SAR-AID methods show a good performance in both

experiments, correcting the heading error from the original 20-

27◦ range to less than 2-3◦. The SAR-LS performance is slightly

worse than SAR-AID—we believe that this is due to the noise

introduced by the numerical differentiation of the sensor measurement
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TABLE I
SUMMARY OF THE SENSOR BIAS ESTIMATION RESULTS FROM EXP-L1 AND EXP-L2. BEST TWO PERFORMANCES IN EACH RELEVANT COLUMN IS

MARKED IN BOLD FONT.

EXP-L1 for Calibration

Self Cross

b̂x b̂y b̂z σ(hdgE) σ(hdgE)
[mG] [mG] [mG] [degrees] [degrees]

Raw 0.000 0.000 0.000 27.362 20.478
Centered [5] 21.945 123.870 85.770 2.377 0.857
TWOSTEP [5] 21.940 123.867 85.676 2.378 0.857
SAR-LS 21.054 130.364 94.193 3.340 1.338
AI-EKF [15] 17.819 122.404 15.342 5.227 2.916
SAR-KF 21.703 130.259 106.288 3.277 1.409
SAR-AID 21.265 130.364 93.475 3.349 1.339

EXP-L2 for Calibration

Self Cross

b̂x b̂y b̂z σ(hdgE) σ(hdgE)
[mG] [mG] [mG] [degrees] [degrees]

Raw 0.000 0.000 0.000 20.478 27.362
Centered [5] 18.242 136.132 79.734 2.049 4.719
TWOSTEP [5] 18.246 136.180 78.641 2.064 4.750
SAR-LS 19.884 131.012 98.597 1.421 3.430
AI-EKF [15] 18.740 137.848 18.084 3.362 7.107
SAR-KF 20.072 119.145 105.158 1.013 1.922
SAR-AID 21.543 119.455 105.742 0.959 1.923

(a) Results EXP-L1

(b) Results EXP-L2

Fig. 7. Summary of the sensor bias estimation results from EXP-L1 and
EXP-L2. The y-axis shows the heading error after calibration for each
evaluated sensor bias estimation method. Self validation (solid): Heading
error using the same data set for estimation and evaluation. Cross validation
(dashed): Heading error using the other experiment for estimation and each
for evaluation. All units in degrees.

required by the SAR-LS method. On the other hand, the Centered

and TWOSTEP methods show a good performance for the first

large angular movements experiment, but these methods have a less

accurate performance for the more limited calibration dataset EXP-

L2. For EXP-L2, the Centered and TWOSTEP methods show error

that is twice of the error the proposed SAR-AID method. AI-EKF,

like in the numerical simulations, shows the worse performance of

Fig. 8. Magnetometer bias estimation over time for EXP-L2: The x-axis
shows the time (min) and the y-axis the estimated bias for each method (mG).
In segmented red the AI-EKF method, in segmented dot blue the SAR-KF
method, and in solid green the SAR-AID method.

the evaluated methods, although is still able to estimate the bias and

improve the heading estimation, but not as good as the proposed

methods (SAR-LS, SAR-KF, and SAR-AID).

From the cross performance evaluation, several interesting re-

sults were observed. When using EXP-L2—with a small range of

movements—for calibration and EXP-L1—with a large range of

movements—for evaluation, the SAR-LS, SAR-KF, and SAR-AID

methods show a very good performance. Similar or even better

performance than with self calibration with EXP-L1, showing been

less sensitive to the range of movement. On the other hand, all

the previously proposed methods (Centered, TWOSTEP, and AI-

EKF) show a large increase of the error, showing that they are very

sensitive to small range of movements. Finally, a less representative

case, when using EXP-L1, with a large range of movements, for

calibration and EXP-L2 for evaluation, all the methods are able to

improve the performance compared to self calibration with EXP-L2.

The exception is for the case of SAR-KF and SAR-AID that are able

to obtain better performance with less range of movements. These

methods are able to estimate online the measurement bias, so the fact

that the experiments were performed in a steel test-tank with a non-

uniform magnetic field affect their result when compared in a cross

validation experiment. The next section show more representative

cases in the case of field experiments.

Figure 8 shows the sensor bias estimation over time for the three
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Fig. 9. Raw data over time for EXP-L2: The x-axis shows the time (min) and
the y-axis the raw data for each sensor. In segmented red the magnetometer
data [mG], and in solid green the angular-rate gyroscope data [rad/s].

Fig. 10. MBARI R/V Western Flyer, ROV Doc Ricketts and detail of the
sensors used in the field experimental evaluation

real time evaluated methods (AI-EKF, SAR-KF, and SAR-AID) for

EXP-L2. As a reference, Figure 9 shows the raw magnetometer and

angular-rate gyroscope data for EXP-L2. The results show that all

the methods converge quickly in bx and by due to the nature of the

excitation with large heading movements. But the term bz , is correctly

estimated, after limited movements in pitch and roll are applied, only

for SAR-EKF and SAR- AID, but not for AI-EKF.

VI. FIELD EXPERIMENTAL EVALUATION

This section reports the results of a comparative experimental

performance evaluation of the six calibration methods in field ex-

perimental trials of a remotely operated underwater robotic vehicle

(ROV) equipped with a MEMS IMU. The navigation data were

obtained during oceanographic survey missions of the Doc Ricketts
ROV operated from the R/V Western Flyer, Figure 10, conducted

(a) Field Data from EXP-F1 (b) Field Data from EXP-F2

Fig. 11. Experimental evaluation field data: Three-dimensional plot of the
magnetometers recorded data for each experiment (black dots). The large
reference-frame is at (0,0,0) with x-axis in red, y-axis in green, and z-axis in
blue. The small reference-frame is at the center of the sphere at the SAR-AID
estimated sensor bias b∗. The reference sphere depicted in the figure has a
radius equal to the magnitude of the local magnetic field vector and centered
at b∗.

in December, 2014 in Monterey Bay at 2,800 m depth. The ship

and ROV are owned and operated by the Monterey Bay Aquarium

Research Institute (MBARI). Doc Ricketts ROV displaces 5,000 Kg,

is rated to a depth of 4,000 meters.

For this experimental performance evaluation we use a MEMS

based IMU, the Vectornav VN100 (VectorNav Technologies,

LLC, Dallas, TX, USA) [38]. Its magnetometers’ noise level is

σmag = 1mG and its angular-rate gyroscopes’ noise level is

σgyro = 0.5mrad/s. The MEMS IMU data was sampled and

recorded at 80 Hz. For comparing the heading estimation perfor-

mance, we used a high-end INS, the Kearfott Seadevil (Kearfott

Corp., Little Falls, NJ, USA) [39], as ‘ground-truth’. The Kearfott

Seadevil includes a Doppler velocity log (DVL) as well as a ring-

laser gyro and it provides heading with 0.05◦ accuracy, and pitch/roll

with 0.03◦ accuracy. The real-time position estimation accuracy is

0.05% of the total distance traveled if the DVL continuously tracks

the seafloor. The high-end INS data was sampled and recorded at 25

Hz. The MEMS IMU attitude data was interpolated to the high-end

INS sampling time to estimate the vehicle heading position. Due to

the lack of the precise knowledge of the real magnetometer bias,

heading error is used as the used error metric for evaluation. To

isolate from alignment errors, heading error is defined as the standard

deviation between the measured heading from the high-end INS and

the calculated heading from the bias compensated magnetometer

data for each evaluated method. To isolate from the angular-rate

gyroscope bias effects, we have removed in post-processing the

average of the angular-rate measurements. Alternatively, it is possible

to use the compensated data, available from the specific MEMS IMU

attitude sensor used, but it does not change the general results in our

experimental evaluation.

Two experiments were performed during the same day as part of

a seafloor mapping survey dive. The first field experiment, EXP-F1,

measures a sequence of movements, Figure 11(a). The trajectory is

a sequence of 360◦ heading rotations, with changes on the vehicle

configuration to produce (5◦) pitch and roll movements. As a very

common design the ROV is stable in pitch and roll due to a center

of buoyancy and gravity separation, but with limited control on those

axes. The second field experiment, EXP-F2, measures a 185 m long,

“mowing the lawn”, standard survey, Figure 11(b), where the range

of movement of the vehicle is normally limited in pitch and roll.

The magnetometers bias was estimated with each evaluated method

using data from EXP-F1 and EXP-F2. From each estimated magne-

tometers bias, b̂i, we can calculate the heading error, between the

heading from the magnetometers with the estimated bias b̂i removed,

hgdi, and the heading from the high-end INS sensor, hdgREF . First,
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(a) Results EXP-F1 for evaluation

(b) Results EXP-F2 for evaluation

Fig. 12. Summary of the sensor bias estimation results from EXP-F1
and EXP-F2. The y-axis shows the heading error after calibration for each
evaluated sensor bias estimation method. Self validation (solid): Heading
performance using the same data set for estimation and evaluation. Cross
validation (dashed): Heading performance using the other experiment for
estimation. All units in degrees.

for a self validation comparison, we use each experiment dataset to

estimate the magnetometers bias and the same data to calculate the

heading error. Second, for a cross validation comparison, we use each

experimental dataset to estimate the sensor measurement bias, and

then use each bias to correct the magnetometers measurements on

a different experiment and calculate heading and heading error. The

magnitude of the magnetic field used for the TWOSTEP and AI-EKF

methods was 479 mG [35]. The covariance matrices used by the AI-

EKF method are QAI−EKF = 10I33mG and RAI−EKF = I33mG.

The covariance matrices used by the SAR-KF method are

QSAR−KF = diag([0.1, 0.1, 0.1, 0.001, 0.001, 0.001])mG and

RSAR−KF = I33mG. These values were chosen in the range of the

expected process and sensor noises. The gains used by the SAR-AID

method are k1 = 2 and k2 = 10. Table II and Figure 12 summarize

the experimental results.

For this particular case the required magnetometer calibration

is minimal, less than 30 mG, a relatively small bias. This is an

uncommon case but it highlights the importance of magnetometer

calibration under even less critical cases. Under a small measurement

bias the previously reported methods, specially AI- EKF, benefits

from a reduction on the linearization errors and local minimum. Those

limitation were shown in the simulation and experimental evaluation.

From the self and cross performance evaluation, the SAR-LS,

SAR-KF, and SAR-AID methods show a very good performance

Fig. 13. Magnetometer bias estimation over time for EXP-F1: The x-axis
shows the time (min) and the y-axis the estimated bias for each method (mG).
In segmented red the AI-EKF method, in segmented dot blue the SAR-KF
method, and in solid green the SAR-AID method.

Fig. 14. Raw data over time for EXP-F2: The x-axis shows the time (min) and
the y-axis the raw data for each sensor. In segmented red the magnetometer
data [mG], and in solid green the angular-rate gyroscope data [rad/s].

in both experiments, with an excellent performance correcting the

heading error from the original 3-6◦ range to less than 0.8◦. On the

other hand, the Centered, TWOSTEP and AI-EKF methods while

show a good performance for the self calibration experiments, these

methods have a less accurate performance for cross calibration eval-

uation. For all these previously reported methods the cross validation

error increase between 55%-120% compared with the self validation

error.

Figure 13 shows the sensor bias estimation over time for the three

real time evaluated methods (AI-EKF, SAR-KF, and SAR-AID) for

EXP-F2. As a reference, Figure 14 shows the raw magnetometer

and angular-rate gyroscope data for EXP-F2. The results show that

all the methods converge quickly in bx and by due to the nature of

the excitation with large heading movements. But the term bz , is

correctly estimated only for SAR-EKF and SAR-AID but not for AI-

EKF. Even under a relative small bias and limited range of movement

of the vehicle.

The numerical simulation and field experimental evaluation results

all show an excellent performance of the proposed methods (SAR-LS,

SAR-KF, and SAR-AID) for the case of heading estimation. But

heading errors are due to several factors not only measurement bias

error. In addition the results are averages over a full experiment and

do not highlight the consistent bias in the measurement that can

produce large errors on some applications such as navigation. On the
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TABLE II
SUMMARY OF THE SENSOR BIAS ESTIMATION RESULTS FROM EXP-F1 AND EXP-F2. BEST TWO PERFORMANCES IN EACH RELEVANT COLUMN IS

MARKED IN BOLD FONT.

EXP-F1 for Calibration

Self Cross

b̂x b̂y b̂z σ(hdgE) σ(hdgE)
[mG] [mG] [mG] [degrees] [degrees]

Raw 0.000 0.000 0.000 3.012 6.148
Centered [5] -1.856 33.194 -11.632 0.970 1.600
TWOSTEP [5] -1.861 33.209 -11.953 0.971 1.600
SAR-LS -3.044 26.958 -17.532 0.600 0.589
AI-EKF [15] -1.831 33.373 -16.106 0.977 1.594
SAR-KF -2.447 27.034 -16.415 0.586 0.593
SAR-AID -0.986 27.776 -20.778 0.644 0.618

EXP-F2 for Calibration

Self Cross

b̂x b̂y b̂z σ(hdgE) σ(hdgE)
[mG] [mG] [mG] [degrees] [degrees]

Raw 0.000 0.000 0.000 6.148 3.012
Centered [5] 11.281 15.599 266.008 0.760 3.471
TWOSTEP [5] 10.097 16.884 237.761 0.717 3.140
SAR-LS -4.908 24.091 -16.312 0.749 0.822
AI-EKF [15] 2.672 24.826 -19.358 1.033 0.933
SAR-KF -4.939 25.358 -7.040 0.578 0.763
SAR-AID -2.578 27.298 -32.586 0.602 0.657

next section we show an application where the heading estimation is

utilized in the position estimation of an underwater vehicle on a field

experimental evaluation.

VII. APPLICATION TO UNDERWATER VEHICLE NAVIGATION

In underwater vehicle navigation the most common dead-reckoning

navigation method is based on velocity measurements from the

Doppler velocity log (DVL) combined with measurement from

attitude and heading reference system (AHRS). In this case heading

errors are a critical factor in position estimation [40].

This section reports the results of a comparative experimental

performance evaluation of the six calibration methods in field exper-

imental trials of an ROV equipped with a MEMS IMU and a DVL.

These navigation data were obtained during a 135 minute survey

mission of the Doc Ricketts ROV operated from the R/V Western
Flyer, Figure 10, in Dec., 2014 in Monterey Bay at 2,800 m depth.

For magnetometer measurement bias calibration, we used the

calibration parameters estimated on EXP-F1 and reported on Table II.

The vehicle attitude, specially heading, is estimated with a nonlinear

complementary filter, [41]. As a ground-truth position, we used

the attitude and velocity measurements from the high-end INS, the

Kearfott Seadevil [39], to estimate the vehicle position. Then we used

the same velocities measurements but replace the attitude with the

estimated attitude from each calibrated magnetometer data. Finally

we can calculate the position error as the difference in between

the estimated position and the ‘ground-truth’ position. Therefore the

different position performance is due to the use of a different heading

sources based on magnetometer measurements calibrated with each

evaluated method. Figure 15 shows the norm of the XY position error

corresponding to each magnetometer calibration method.

The position error for the case with magnetometer sensor without

any calibration (RAW) is 138 m after 1,395 m of distance traveled.

This represent around 10% of the distance traveled. The SAR-LS,

SAR-KF, and SAR-AID methods show an excellent performance. All

the proposed methods are able to calculate the position with an error

less than 2 m. This represent around 0.2% of the distance traveled.

On the other hand, the Centered, TWOSTEP and AI-EKF methods

while are able to improve the performance after calibration, these

methods have a less accurate position estimation performance with a

position error around 2% of the distance traveled.

VIII. CONCLUSIONS

The proposed angular-rate aided estimation methods (SAR-LS,

SAR-KF, and SAR- AID) were shown to improve the sensor bias

estimation performance under some circumstances compared with

previously reported methods (Centered, TWOSETP, and AI-EKF).

Fig. 15. Norm of the XY position error between the ground truth position
from the Kearfott Seadevil INS and the calculated position based on heading
estimated with the calibrated magnetometer measurements with each method.

A limitation shared with with all reported bias calibration methods

is that they require angular motion of the instrument. And that an

advantage of the approaches reported herein is that they do not

require a-priori knowledge of the local magnetic field vector, and do

not require knowledge of the instrument’s real-time angular position,

unlike previously reported methods which require one or both.

The numerical simulation, laboratory experimental results and field

experimental results quantified the sensor measurement bias estima-

tion performance under different scenarios of calibration motions.

The proposed method, SAR-LS, SAR-KF and SAR-AID, show good

performance for all the evaluated scenarios. Previously reported meth-

ods, Centered, TWOSTEP, and AI-EKF, show good performance only

when the data represent large instrument angular motion. Moreover,

TWOSTEP and AI-KF require exact knowledge of the magnitude of

the local magnetic field.

The comparative laboratory and field experimental evaluation quan-

tified the resulting calibrated heading estimation performance when

compared with the heading reported by a high-end INS. The proposed

method, SAR-LS, SAR-KF and SAR-AID, show significantly smaller

heading error after calibration than all the previously reported meth-

ods for the case of a more feasible sequence of calibration movements

for most ground, marine, or aerial vehicles. Furthermore the proposed

methods (SAR-LS, SAR-KF, and SAR-AID) ensure convergence to

the estimated sensor bias value while the real time method, AI-EKF,
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does not ensure convergence to the true values. The simultaneously

compensation for biases in both field sensors and angular-rate sensors

is the subject our present research and will be addressed in future

publications.

Finally as an application of the proposed methods for the case of a

dead reckoning underwater vehicle navigation shows excellent results

reducing the position estimation error from a 10% of the distance

traveled to less than 0.2%. This compare favorably to previously

reported methods that were able to only reduce the position error to

around 2% of the distance traveled. These results should be useful to

improve the performance of low-cost MEMS-based attitude sensors

and, in consequence, improve the navigation accuracy for low-cost

ground, marine, or aerial robotics vehicles.
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