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Abstract—This paper considers the fundamental limit of ran-
dom linear estimation for i.i.d. signal distributions and i.i.d.
Gaussian measurement matrices. Its main contribution is a
rigorous characterization of the asymptotic mutual information
(MI) and minimum mean-square error (MMSE) in this setting.
Under mild technical conditions, our results show that the
limiting MI and MMSE are equal to the values predicted by
the replica method from statistical physics. This resolves a well-
known problem that has remained open for over a decade.
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Transitions, Random Linear Mixing, Replica Method

I. INTRODUCTION

HE canonical random linear estimation (or compressed

sensing) problem can be formulated as follows. The signal
is a random n-dimensional vector X" = (X7,...,X,) whose
entries are drawn independently from a common distribution
Px with finite variance. The signal is observed using noisy
linear measurements of the form

Y = (A, X") + Wy,

where {A;} is a sequence of n-dimensional measurement
vectors, {W},} is a sequence of standard Gaussian random
variables, and (-, -) denotes the Euclidean inner product between
vectors. The primary goal is to reconstruct X" from the set
of m measurements {(Y}, Ar)}7-,. Since the reconstruction
problem is symmetric under simultaneous scaling of X™ and
{W}}, the unit-variance assumption on {W}} incurs no loss of
generality. In matrix form, the relationship between the signal
and a set of m measurements is given by

Y7n, — A7",X7’L + Wm (1)

where A™ is an m X n measurement matrix whose k-th row
is A}C.

The work of G. Reeves was supported in part by funding from the Laboratory
for Analytic Sciences (LAS) and the NSF under Grant No. 1718494. The work
of H. Pfister was supported in part by the NSF under Grants No. 1545143
and No. 1718494. Any opinions, findings, conclusions, and recommendations
expressed in this material are those of the authors and do not necessarily reflect
the views of the sponsors. This paper was presented in part at the Institut
Henri Poincaré Spring 2016 Thematic Program on the Nexus of Information
and Computation Theories [28] and at the 2016 International Symposium on
Information Theory [29].

G. Reeves is with the Department of Electrical and Computer Engineering
and the Department of Statistical Science, Duke University, Durham, NC 27708
USA (e-mail: galen.reeves@duke.edu). H. Pfister is with the Department of
Electrical and Computer Engineering, Duke University, Durham, NC 27708
USA (e-mail: henry.pfister@duke.edu)

Copyright (c) 2017 IEEE. Personal use of this material is permitted. However,
permission to use this material for any other purposes must be obtained from
the IEEE by sending a request to pubs-permissions @ieee.org

Digital Object Identifier: 10.1109/TIT.2019.2891664

1557-9654 (© 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

This paper analyzes the minimum mean-square error
(MMSE) reconstruction in the asymptotic setting where the
number of measurements m and the signal length n increase to
infinity. The focus is on scaling regimes in which the measure-
ment ratio §,, = m/n converges to a number § € (0, 00). The
objective is to show that the normalized mutual information
(MI) and MMSE converge to limits,
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almost everywhere and to characterize these limits in terms of
the measurement ratio § and the signal distribution Px. We
note that, throughout this paper, all logarithms are natural and
all mutual informations are computed in nats.

Using the replica method from statistical physics, Guo and
Verdu [1]] provide an elegant characterization of these limits
in the setting of i.i.d. measurement matrices. Their result
was stated originally as a generalization of Tanaka’s replica
analysis of code-division multiple-access (CDMA) with binary
signaling [2]]. The replica method was also applied specifically
to compressed sensing in [3]-[8]. The main issue, however, is
that the replica method is not rigorous. It requires an exchange
of limits that is unjustified, and it requires the assumption
of replica symmetry, which is unproven in the context of the
random linear estimation problem.

The main result of this paper is that replica prediction
is correct for i.i.d. Gaussian measurement matrices provided
that the signal distribution, Py, has bounded fourth moment
and satisfies a certain ‘single-crossing’ property. The proof
differs from previous approaches in that we first establish some
properties of the finite-length MMSE and MI sequences, and
then use these properties to uniquely characterize their limits.

A. The Replica-Symmetric Prediction

For the stated problem, the replica method provides con-
jectured single-letter expressions for the asymptotic mutual
information Z(J) and the asymptoic MMSE M(§). The
resulting replica formulas are defined in terms of the scalar
mutual information function Ix (s) £ I(X;+/sX + N) and the
scalar MMSE function mmsex (s) = mmse(X | /sX + N).
In these expressions, X is a scalar random variable drawn
according to the signal distribution Px, N is independent
standard Gaussian noise, and s € Ry parameterizes the signal-
to-noise ratio of the scalar estimation problem.

There are a number of equivalent ways to express the
replica formulas for this problem. Guo and Verdd provide
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one representation in [1, Section II-D]. This paper uses an
alternative representation that is more closely related to the
arguments in our proof. An explicit connection between these
two characterizations is given in Appendix [E] Our expression
depends on the function R : Ri — R4, which is defined by

o
1+2
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Definition 1. The replica-MI function Zrg: Ry — R, and
the replica-MMSE function Mgrg: Ry — R are defined as

Trs(9) = min R(9, 2)

Mgs(0) € arg m>i%1 R(4, 2).

The function Zrg () is increasing because R(4, z) is increas-
ing in § and it is concave because it is the pointwise minimum
of concave functions. The concavity implies that Zf;¢(J) exists
almost everywhere and is decreasing. It can also be shown
that MRgg(6) is also decreasing and, thus, continuous almost
everywhere. If the minimizer is not unique, then Mgg(J) may
have jump discontinuities and may not be uniquely defined at
those points; see Figure [T

B. Statement of Main Result

In order to state our results, we need some further definitions.
Let R.(d,2) = %R(é, z) denote the partial derivative of
R(4, z) with respect to z. The fixed-point curve FP is the
set of (0, z) pairs where z is a stationary point of R(J, z), i.e.,

FP = {(6,z) €RY : R.(6,2) =0}.

To emphasize the connection with mutual information, we often
plot this curve using the change of variables z — % log(1+ z).
The resulting curve, (6, 5 log(1 + 2)), is called the fixed-point
information curve; see Figure

Definition 2 (Single-Crossing Property). Informally, a signal
distribution Px has the single-crossing property if the replica-
MMSE crosses the fixed-point curve FP at most once. A
formal definition of the single-crossing property is given in

Section

Assumption 1 (IID Gaussian Measurements). The rows of the
measurement matrix {Ay} are independent Gaussian vectors
with mean zero and covariance n~'1,,. Furthermore, the noise
{W}} is ii.d. Gaussian with mean zero and variance one.

Assumption 2 (IID Signal Entries). The signal entries {X;}
are independent copies of a random variable X ~ Px with
bounded fourth moment E[X*] < B.

Assumption 3 (Single-Crossing Property). The signal distri-
bution Py satisfies the single-crossing property.
Theorem 1. Under Assumptions 1-3, we have

(i) The sequence of MI functions T, (8) converges to the
replica prediction. In other words, for all § € Ry,

n—oo

(ii) The sequence of MMSE functions M., (0) converges
almost everywhere to the replica prediction. In other
words, for all continuity points of Mgrs(9),

lim M, (8) = Mrs(9).

Remark 1. The primary contribution of Theorem [I] is for
the case where Mpg(d) has a discontinuity. This occurs, for
example, in applications such as compressed sensing with
sparse priors and CDMA with finite alphabet signaling. For
the special case where MRgg(6) is continuous, the validity of
the replica prediction can also be established by combining
the AMP analysis with the [-lMMSE relationship [9]—[13]].

Remark 2. For a given signal distribution Px the single-
crossing property can be verified by numerically evaluating the
replica-MMSE and checking whether it crosses the fixed-point
curve more than once.

C. Context and Related Work

Throughout this paper we focus on the Bayes-optimal
setting where the signal distribution Px~ is known. This is an
important special case of the more general setting in which
reconstruction is based on a postulated distribution @) x~ that
is possibly different from true distribution. Within the context
of the statistical physics literature, Bayes-optimal inference is
directly related to the so-called Nishimori line [14] (see also
[15, Section 2.6]).

The replica method was developed originally to study mean-
field approximations in spin glasses [[16]], [17]. It was first
applied to linear estimation problems in the context of CDMA
wireless communication [1], [2f], [[18]], with subsequent work
focusing specifically on compressed sensing [3|-[8]]. For a nice
overview of the replica method and its application to inference
problems, see [[19].

Previous work has used the replica method to study the mean-
square error (MSE) when the true distribution is i.i.d. Px and
the postulated distribution is i.i.d. @ x. In this setting, Guo and
Verdu [1] derive explicit formulas for the MSE corresponding
to the conditional expectation. Building upon this work, Rangan
et al. [5]] used a ‘hardening technique’ that is well known in
the statistics literature to derive conjectured formulas for MSE
associate with larger class of estimators that includes maximum
a posteriori (MAP) estimation. Recent work by Bereyhi et
al. [20], [21] has derived conjectured formulas for the MSE
using replica symmetry breaking. The work of Bereyhi et al.
shows that replica-symmetric solution is not stable when there
is significant mismatch between the true distortion and the
postulated distribution.

Within the context of random linear estimation, the results of
the replica method have been proven rigorously in a number of
settings. One example is given by message passing on matrices
with special structure, such as sparsity [9], [22], [23] or spatial
coupling [15]], [24], [25]. However, in the case of i.i.d. matrices,
the results are limited to signal distributions with a unique
fixed point [10]], [12]] (e.g., Gaussian inputs [26]], [27]]). For
the special case of i.i.d. matrices with binary inputs, it has
also been shown that the replica prediction provides an upper
bound for the asymptotic mutual information [28]. Bounds on
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Plot of the replica-MMSE as a function of the measurement ratio 0. The signal distribution is given by a three-component Gaussian mixture of

the form Px = 0.4N(0,5) + aN(40,5) + (0.6 — ) N'(220, 5). In the left panel, « = 0.1 and the distribution satisfies the single-crossing property. In
the right panel, « = 0.3 and the distribution does not satisfy the single-crossing property. The fixed-point information curve (dashed blue line) is given by

% log(1 + z) where z satisfies the fixed-point equation R (4, z) = 0.

the locations of discontinuities in the MMSE with sparse priors
have also been obtain by analyzing the problem of approximate
support recovery [6[]—[3].

Using tools from statistical physics and random matrix theory,
earlier work by Huleihel and Merhav [29] provides a rigorous
characterization of the asymptotic MMSE for signals in a
class of Gaussian mixture models [30], [31]. After our initial
presentation [32]] and publication [33]], Barbier et al. [34]
obtained similar results using a substantially different method.

D. Notation

We use C' to denote an absolute constant and Cy to denote
a number that depends on a parameter 6. In all cases, the
numbers C and Cjy are positive and finite, although their values
change from place to place. The Euclidean norm is denoted
by || - ||- The positive part of a real number « is denoted by
(x)+ = max(z,0). The nonnegative real line [0, 00) is denoted

by R, and the positive integers {1,2,---} are denoted by N.

For each n € N the set {1,2,--- ,n} is denoted by [n].

The joint distribution of the random variables X,Y is
denoted by Px y and the marginal distributions are denoted by
Px and Py . The conditional distribution of X given ¥ =y
is denoted by Px|y—, and the conditional distribution of X

corresponding to a random realization of Y is denoted by Px|y.
The expectation over a single random variable is denoted by E x.
For example, this implies that E[f(X,Y)|Y] = Ex[f(X,Y)].

Using this notation, the mutual information between X and
Y can be expressed in terms of the expected Kullback-Leibler
divergence as follows:

I(X, Y) = DKL(PX,Y || PX X Py)
= E[Dkr (Pxpy || Px)]
= E[Dg (Pyix [| )]
where the expectation in the second line is with respect to Y
and the expectation in the third line is with respect to X.

The conditional variance of a random variable X given Y
is denoted by

Var(X |Y) =E[(X —E[X|Y])? | Y],

and the conditional covariance matrix of a random vector X
given Y is denoted by

Cov(X|Y) =E[(X —E[X|Y])(X —E[X|Y])" | Y].

The conditional variance and conditional covariance matrix are
random because they are functions of the random conditional
distribution Px|y.

The minimum mean-square error (MMSE) of X given Y is
defined to be the expected squared difference between X and
its conditional expectation and is denoted by

mmse(X |Y) = E[||X — E[X |Y]||*].

Since the expectation is taken with respect to both X and Y,
the MMSE is a deterministic functions of the joint distribution
Pxy. The MMSE can also be expressed in terms of the
expected trace of the conditional covariance matrix:

mmse(X |Y) = E[tr(Cov(X | Y))].

II. OVERVIEW OF MAIN STEPS IN PROOF

We begin with some additional definitions. The finite-length
MI sequence I : N2> — R, and MMSE sequence M : N? —
R are defined according to

Imm 4 ](X";Ym|Am)7
1
My & —mmse(X™ Y™ A™),
n

where the relationship between the n-dimensional signal X",
m-dimensional measurements Y, and m X n measurement
matrix A™ is given by the measurement model (I). Further-
more, the first and second order MI difference sequences are
defined according to

Lum =

Im+1,n - Im,n

7N /
Im,n — fm+1ln Im,,n'

To simplify notation we will often drop the explicit dependence
on the signal length n and simply write I,,,, M,,, I}, and I/,.



A. Properties of Finite-Length Sequences

At its foundation, our proof relies on certain relationships
between the MI and MMSE sequences. Observe that by the
chain rule for mutual information,

m—1
I(X™Y™[A™) = Y I(X" Vg | VR, AR
k=1

I’

Im,n k.n

Here, the conditioning in the mutual information on the right-
hand side depends only on A¥*! because the measurement
vectors are generated independently of the signal.

The above decomposition shows that the MI difference
is given by I, = I(X"; Y41 | Y™, A™F). In other
words, it is the mutual information between the signal and
a new measurement Y, ;, conditioned on the previous data
(Y™, A™+1) One of the key steps in our proof is to show that
the MI difference and MMSE satisfy the following relationship
almost everywhere
I =~ %1og(1 + My ).

m,n

3)

Our approach relies on the fact that the gap between the
right and left sides of (@) can be viewed as a measure of
the non-Gaussianness of the conditional distribution of the
new measurement. By relating this non-Gaussianness to certain
properties of the posterior distribution, we are able to show that
(3) is tight whenever the second order MI difference sequence
is small. The details of these steps are given in Section

Another important relationship that is used in our proof is
the following fixed-point identity for the MMSE

m/n
an% = a5 |
7 mmsex<1+Mm,n>

where mmsex (s) = E [(X —E[X|v/sX + N])j is the scalar
MMSE function of X ~ Py under independent Gaussian noise
N ~ N(0,1) with signal-to-noise ratio s € Ry [1]. In words,
this says that the MMSE of the random linear estimation
problem is approximately equal to that of a scalar problem
whose signal-to-noise ratio is a function of the measurement
rate. In Section [V] it is shown that the tightness in (@) can be
bounded in terms of the tightness of (3).

“)

B. Asymptotic Constraints

The previous subsection focused on relationships between the
finite-length MI and MMSE sequences. To characterize these
relationships in the asymptotic setting of interest, the finite-
length sequences are extended to functions of a continuous
parameter § € R according to

17/1(6) = qénj,n
5
7.6)= [ T
0

This choice of interpolation has the convenient property that
the MI function Z,, is continuous and differentiable almost
everywhere. Furthermore, by construction, Z,, corresponds to

the normalized mutual information and satisfies Z, () =
L I for all integers m and n.

With this notation in hand, we are now ready to state two
of the main theorems in this paper. These theorems provide
precise bounds on the relationships given in (3) and (@). The
proofs are given in Section [[V] and Section [V]

Theorem 2. Under Assumptions 1 and 2, the MI and MMSE
functions satisfy

’

for all n € N and § € Ry where r € (0,1) is a universal
constant.

1
Z,(0) = lou(1+ Ma()|dy < Cig ™"

Theorem 3. Under Assumptions I and 2, the MMSE function
satisfies
Y

I g

fJor all n € N and § € Ry where r € (0,1) is a universal
constant.

Mn(’y)mmsex< )‘dfngB_,(;onr,

The bounds given in Theorems [2] and [3] are with respect
the integrals over Z/, and M,,, and thus prove convergence in
L over bounded intervals. This is sufficient to show that the
relationships hold almost everywhere in the limit. Importantly,
though, these bounds still allow for the possibility that the
relationships do not hold at countably many points, and thus
allow for the possibility of phase transitions.

For distributions that have a phase transition, our proof tech-
nique requires a boundary condition for the mutual information.
This boundary condition is used to determine the location of
the phase transition. The next result shows that the replica-MI
is equal to the MI-function in the limit as the measurement
rate increases to infinity, and thus the replica-MI can be used
as a boundary condition. The proof is given in Section [[II-D|

Theorem 4. Under Assumptions 1 and 2, the MI function
satisfies

Z(6) — Ins(d)| < C-572,
forallm e Nand § > 4.

At first glance, it may seem surprising that Theorem [4] holds
for all signal lengths. However, this bound is tight in the regime
where the number of measurements is much larger than the
number of signal entries. From the rotational invariance of the
Gaussian noise and monotonicity of the mutual information
with respect to the signal-to-noise ratio, one can obtain the
sandwiching relation

nE[Ix (05in(A™))] < Lnn < nE[Ix (024 (A™))],

where the upper and lower bounds depend only on the
minimum and maximum singular values of the random m x n
measurement matrix. For fixed n, it is well known that the
ratio of these singular values converges to one almost surely
in the limit as m increases to infinity. Our proof of Theorem
uses a more refined analysis, based on the QR decomposition,

but the basic idea is the same.
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C. Uniqueness of Limit

The final step of the proof is to make the connection between
the asymptotic constraints on the MI and MMSE described in
the previous subsection and the replica-MI and replica-MMSE
functions given in Definition

We begin by describing two functional properties of the
replica limits. The first property follows from the fact that
the MMSE is a global minimizer of the function R(J, z) with
respect to its second argument. Since R(J, z) is differentiable
for all 4, z € R, any minimizer z* of R(J, z) must satisfy the
equation R,(d,2*) = 0, where R,(d,2) = %R(é,z). Using
the [-MMSE relationship [35]], it can be shown that, for each
§ € Ry, the replica-MMSE Mgg(0) satisfies the fixed-point

equation

Mpgs(§) = mmsex ( (5)

)
1+ Mgs(9) > .
Note that if this fixed-point equation has a unique solution,
then it provides an equivalent definition of the replica-MMSE.
However, in the presence of multiple solutions, only the
solutions that correspond to global minimizers of R(J, z) are
valid.

The second property relates the derivative of the replica-
MI to the replica-MMSE. Specifically, as a consequence of
the envelope theorem [36[ and @ it can be shown that the
derivative of the replica-MI satisfies

, 1
Igs(6) = 3 log(1 + MRgs(6)), (6)
almost everywhere.

These properties show that the replica limits Zgg and MRgg
satisfy the relationships given in Theorems [2]and [3| with equality.
In order to complete proof we need to show that, in conjunction
with a boundary condition imposed by the large measurement
rate limit, the constraints (3) and (6) provide an equivalent
characterization of the replica limits.

Definition 3. For a given signal distribution Py, let V be the
subset of non-increasing functions from R, — R, such that
all g € V satisfy the fixed-point condition

g(6) = mmsex ( @)

=)

Furthermore, let G C V be the subset such that all g € G also
satisfy the large measurement rate boundary condition

lim =0.
d—o0

é
| 1081+ g0y = Zis)
0

In Section it is shown that if the signal distribution
Px has the single-crossing property, then Mgg(9d) has at
most one discontinuity and all g € G satisfy ¢g(0) = Mpgg(J)
almost everywhere. In other words, the single-crossing property
provides a sufficient condition under which the replica limits
can be obtained uniquely from (6) and (7). A graphical
illustration is provided in Figure [I]

ITII. PROPERTIES OF MI AND MMSE
A. Single-Letter Functions

The single-letter MI and MMSE functions corresponding to
a real valued input distribution Px under additive Gaussian
noise are defined by

Ix(s) 2 1(X; VX + N)
mmsex (s) = mmse(X | /sX + N),

where X ~ Px and N ~ N(0,1) are independent and s € R
parametrizes the signal-to-noise ratio. Many properties of these
functions have been studied in the literature [35]], [37]-[39]]. The
function Ix (s) is concave and non-decreasing with Ix (0) = 0.
If Ix(s) is finite for some s > 0 then it is finite for all s €
R4 [39, Theorem 6]. The MMSE function is non-increasing
with mmsex (0) = Var(X). Both Ix(s) and mmsex(s) are
infinitely differentiable on (0, c0) [37, Proposition 7].
The so-called -MMSE relationship [35] states that
%Ix(s) = %mmsex(s). 8)
This relationship was originally stated for input distributions
with finite second moments [35, Theorem 1], and was later
shown to hold for any input distributions with finite mutual
information [39, Theorem 6]. This relationship can also be
viewed as a consequence of De-Bruijn’s identity [40].
Furthermore, it is well known that under a second moment
constraint, the MI and MMSE are maximized when the input
distribution is Gaussian. This yields the following inequalities

Ix(s) < %log(l + sVar(X)) 9)
Var(X)

More generally, the MMSE function satisfies the upper bound
mmsex (s) < 1/s, for every input distribution Px and s > 0
[37, Proposition 4]. Combining this inequality with leads
to

1 t

IX(t)—IX(s)§210g(>, 0<s<t, (1D
s

which holds for any input distribution with finite mutual

information.

Finally, the derivative of the MMSE with respect to s is
given by the second moment of the conditional variance [37}
Proposition 9],

d
Sommsex(s) = —E[(Var(xw))z] (12)
s
This expression can be used to show that mmsex(s) is

Lipschitz continuous for any Px with finite fourth moment.
The following result is proved in Appendix

Lemma 5. The single-letter MMSE function satisfies the
following bounds:

(i) For any input distribution Px with finite fourth moment
and s,t € Ry,

Immsex (s) — mmsex (t)| < 4E[X*]|[s —¢|.  (13)



(ii) For every input distribution Px and s,t € (0, 0),
1 1 ’

it (14)

[mmsex (s) — mmsex (¢)| < 12

B. Multivariate MI and MMSE

From the chain rule for mutual information, we see that the
MI difference sequence is given by

L = 1(X"; Yoy [ Y AT, (15)

By the non-negativity of mutual information, this establishes
that the MI sequence is non-decreasing in m. Alternatively, by
the data-processing inequality for MMSE [41} Proposition 4],
we also see that M, , is non-increasing in m, and also

My < Var(X).

The next result shows that the second order MI difference
can also be expressed in terms of mutual information. The

proof is given in Appendix

Lemma 6. Under Assumption 1, the second order MI difference
sequence satisfies

Ly = =1(Yoni15 Yo | YT, ATH2), (16)

One consequence of Lemma [6] is that the first order MI
difference sequence is non-increasing in m, and thus

Ly <1, =TI, (17)

This inequality plays an important role later on in our proof,
when we show that certain terms of interest are bounded by
the magnitude of the second order MI difference.

The next result provides non-asymptotic bounds in terms of
the single-letter MI and MMSE functions corresponding to the
signal distribution Px. The proof is given in Appendix

Lemma 7. Under Assumptions 1 and 2, the MI and MMSE
sequences satisfy

min(n,m)
ST E[Ix (X2 1)) € L < nE[Ix(3x3)] (18)
k=1
E[mmsex(%xfn)] < My, < E[mmseX(%X%fon+l)]’
(19)

where X denotes a chi-squared random variable with k degrees
of freedom and the upper bound on M, , is valid for all
m > n.

Remark 3. The proof of Lemma [/| does not require the
assumption that the signal distribution has bounded fourth
moment. In fact, holds for any signal distribution with
finite mutual information and holds for any signal
distribution.

Remark 4. The upper bound in (I8) and lower bound in (T9)
are not new and are special cases of results given in [8§]].

Combining Lemma [7] with Inequalities (9) and (I0), leads
to upper bounds on the MI and MMSE that depend only on
the variance of the signal distribution. Alternatively, combining
Lemma [7| with the smoothness of the single-letter functions

given in (TI) and (T4) leads to the following characterization,
which is tight whenever m is much larger than n. The proof

is given in Appendix
Lemma 8. Under Assumptions 1 and 2, the MI and MMSE
sequences satisfy, for all m > n + 2,
(M — L ()] < 3525 + /5]
12 +1
e [mnn 1 + 2:|

For any fixed n, the right-hand sides of (20) and (2I)
converge to zero as m increases to infinity. Consequently,
the large m behavior of the MI sequence is given by

lim I, = {H(X ),

(20)

| My — mmsex (2)] < 2D

if Px has finite entropy
m—00 +00, otherwise.
C. Properties of Replica Prediction

Using the I-MMSE relationship, the partial derivative of
R(9, z) with respect to its second argument is given by

v e (7))

From this expression, we see that the R, (J, z) = 0 is equivalent
to the fixed-point condition

z = mmse| —— |.
142z

Furthermore, since Zrg(d) is concave, it is differentiable
almost everywhere. For all § where Z[,¢(0) exists, it follows
from the envelope theorem [36]] that Zj;¢ (0) = Rs(d, MRrs(9)),
where Rj(z,0) is the partial derivative of R(d, z) with respect
to its first argument. Direct computation yields

gl (:5)

Finally, noting that the second term on the right-hand side is
equal to zero whenever z = Mpg(J), leads to

Ts(0) =

The proof of the next result is given in Appendix [B-E]

R.(4,2z) = (22)

1
Rs(6,2) = 3 log(1+4z) +

%log(l + Mrs(0)).

Lemma 9. The Replica-MI and Replica-MMSE functions
satisfy, for all § > 1,

Ix (6 — 1) < Trs () < Ix(9),
mmsex (6) < Mgg(d) < mmsex (6 —1).

(23)
(24)

It is interesting to note the parallels between the bounds on
the MI and MMSE sequences in Lemma [/| and the bounds on
the replica functions in Lemma [9] Combining Lemma [9] with
the smoothness of the single-letter functions given in (IT]) and
(T4) leads to

1
Ix(0)] < 36 -1)

|MRgs(6) — mmsex (6)] < ﬁ

|Zrs(0) —
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D. Proof of Theorem

This proof follows from combining Lemmas [§] and [9] Fix
anyn € Ry and § > 4 and let m = |on] and A = m+1—dn.
The MI function obeys the upper bound

1
In((S) = %[Almm, + (1 - )\)Im+1,n}

(a)
S AE [IX(%an)] + (1 - /\)E [IX(%XT%H-I)]

(®)

< Ix(0), (25)

where: (a) follows from (I8); and (b) follows from Jensen’s
inequality and the concavity of Ix(s). The MI function also
obeys the lower bound

(@ 1
n
(b

)
1 1 n+1 / 2
> Ix(0) - 20—-1) 5[(671—3_7172 - ﬁ}7 (26)
where (a) follows from the fact that I,, ,, is non-decreasing
in m and (b) follows from (20), (T1), and the fact that m >
on —1 > — 1. Finally, we have

(a)
1Z0,(6) — Zrs(0)] < |Zn(6) — Ix ()] + [Ix () — Zrs(9)]
()
<ot %(5—”1%—2 + %\/ P
(c) 1
< (4 + \/§>5*§,

where: (a) follows from the triangle inequality; (b) follows
from (23)), (25), and 26); and (c) follows from the assumption
0 > 4. This completes the proof of Theorem

E. Concentration of MI Density

In order to establish the MI and MMSE relationships used in
our proof, we need to show that certain functions of the random
tuple (X™, W™, A™) concentrate about their expectations.

Our first result bounds the variation in the mutual information
corresponding to the measurement matrix. Let I, ,(A™)
denote the MI sequence as a function of the random matrix
A™. The following result follows from the Gaussian Poincaré
inequality and the multivariate -MMSE relationship. The proof

is given in Appendix [B-F

Lemma 10. Under Assumption 1, the variance of the MI with
respect to the measurement matrix satisfies

Var(I’”L,n(Am)) S M’H'L,n' (27)

It is interesting to note that Lemma does not require
any assumptions about the signal distribution. An important
consequence of this result is that the variance of the nor-
malized mutual information %Im,n(Am) converges to zero as
max(m, n) increases to infinity.

Next, we focus on the concentration of the mutual informa-
tion density, which is a random variable whose expectation is
equal to the mutual information.

Definition 4. Given a distribution Pxy z, the conditional
mutual information density between X and Y given Z is
defined as

dP, XY \|Z
Z(X;Yz)ﬁlog( xyiz(X.Y|2) >

d(Pxz(X|Z) x Py z(Y|2))

where (X,Y,Z) ~ Pxyz. This is well-defined because a
joint distribution is absolutely continuous with respect to the
product of its marginals.

The mutual information density satisfies many of the same
properties as mutual information, such as the chain rule and
invariance to one-to-one transformations; see [43, Chapter 5.5].
For this random linear estimation problem, the mutual in-
formation density can be expressed in terms of the density
functions fym|xn am and fym|am, which are guaranteed to
exist because of the additive Gaussian noise:

Fympxnam (Y™ X7, Am))
fymam (Y| A™)

XY™ A™) = log(

The next result bounds the variance of the mutual infor-
mation density in terms of the fourth moment of the signal
distribution and the problem dimensions. The proof is given

in Appendix

Lemma 11. Under Assumptions 1 and 2, the variance of the
MI density satisfies

2
Var(u(X™; Y™ | A™)) < Cp - (1 + %) n.

1IV. PROOF OF THEOREM 2]

This section describes the proof of Theorem [2] An outline of
the dependences between various steps is provided in Figure 2]

A. Further Definitions

The conditional distribution induced by the data (Y, A™)
plays an important role and is referred to throughout as
the posterior distribution. The optimal signal estimate with
respect to squared error is given by the mean of the posterior
distribution, and the squared error associated with this estimate
is denoted by

1 n n m  Am12

The conditional expectation of the squared error with respect to
the posterior distribution is referred to as the posterior variance
and is denoted by

Vm,n = E[gm,n | Ymv Am]

Both &, ,, and V,,, ,, are random variables. By construction,
their expectations are equal to the MMSE, that is

Mm,n = E[‘/m,n] = ]E[gm,n}-

Next, recall that the MI difference sequence can be expressed
in terms of the mutual information between the signal and a
new measurement:

I =I1(X" Y| Y™, AT,

m,n



Asymptotic
derivative constraint
(Theorem [2)

Asymptotic fixed-
point constraint
(Theorem [3)

Weak decoupling Conditional CLT [42]
(Lemma [T4) (Lemma [T6)
Posterior distribution
identities \ l
(Lemma @ > Smoothness of Posterior Gaussianness Gaussianness of 1
posterior variance of new measurements —> new measurements
(Lemma [T9) \ (Lemlja 1) / (Lemma 22)) —~
Concentration Smoothness of Concentration of MMSE fixed- 1
of MI density —>{ posterior MI difference —>{  posterior variance point constraint
(Lemmas [T0] and [TT)) (Lemma [20) (Lemma [21) (Lemmas 23] and 23)

Fig. 2. Outline of the main steps in the proofs of Theorem 2] and Theorem [3].

The MI difference density is defined to be the random variable
jm,n = Z(Xn; Ym-{—l | Ym; Aerl)v

where the mutual information density is defined in Definition
The conditional expectation of the MI difference density with
respect to the posterior distribution is referred to as the posterior
M1 difference and is denoted by

T = E[U(X"; Yoyt [V AT | Y™ A™.

Both 7, and J,, , are random variables. By construction,
their expectations are equal to the MI difference, that is

E[jm,n] = ]E[Jm,n] = 11/71,71'

A summary of this notation is provided in Table

The next result shows that the moments of the square error
and MI difference density can be bounded in terms of the
fourth moment of the signal distribution. The proof is given

in Appendix [C-A]

Lemma 12. Under Assumptions 1 and 2,

E[|gm,n\2} <C-B (28)
]E[wm,n 2} <C-(1+B) (29)
E[wmﬂﬂ <C-(1+B) (30)
E{ Ving1 — ?mﬂﬂ <C-(1+B), 31)

where lAme =E[Y, 41| Y™, A™].

B. Weak Decoupling

The posterior distribution of the signal cannot, in general,
be expressed as the product of its marginals since the mea-
surements introduce dependence between the signal entries.
Nevertheless, it has been observed that in some cases, the
posterior distribution satisfies a decoupling principle [1]], in
which the posterior distribution on a small subset of the signal
entries is well approximated by the product of the marginals
on that subset. One way to express this decoupling is say that,
for any fixed index set {i1,---iy} with L < n, the random
posterior distribution satisfies

Ym ,A’nL 3

L
Px, o x. vman = [ Px,
/=1

with high probability with respect to the data (Y™, A™).

One of the main ideas in our proof is to use decoupling
to show that the MI and MMSE sequences satisfy certain
relationships. For the purposes of our proof, it is sufficient to
work with a weaker notion of decoupling that depends only
on the statistics of the pairwise marginals of the posterior
distribution.

Definition S. The posterior signal distribution Pxn|ym am
satisfies weak decoupling if

Eugm,n_
1 n m m
SE[l|Cov(X™ Y™, A™)] p] = 0.

Vinnl] = 0

as m and n increase to infinity.

The first condition in the definition of weak decoupling says
that the magnitude of the squared error must concentrate about
its conditional expectation. The second condition says that
the average correlation between the signal entries under the
posterior distribution is converging to zero. Note that both of
these conditions are satisfied a priori in the case of m = 0
measurements, because that prior signal distribution is i.i.d.
with finite fourth moments.

The next result provides several key identities, which show
that certain properties of the posterior distribution can be
expressed in terms of the second order statistics of new
measurements. This result does not require Assumption 2,
and thus holds generally for any prior distribution on X™. The
proof is given in Appendix

Lemma 13. Under Assumption 1, the following identities hold
for all integers m <1 < j:
(i) The posterior variance satisfies

Vinn = Ea,[Var(Y; | Y™ A™ A)] - 1. (32)
(ii) The posterior covariance matrix satisfies
Slicov(xm [y, A
=Ea, 4, [\Cov(Yi,Yj|Ym,Am,Ai,Aj)\2}. (33)
(iii) The conditional variance of \/m satisfies
Var(m ym Am)

- gcov(]yi — Y|, |Y; - 5 ‘ym’Am)’ (34)




REEVES AND PFISTER: THE REPLICA-SYMMETRIC PREDICTION FOR RANDOM LINEAR ESTIMATION WITH GAUSSIAN MATRICES IS EXACT 9

TABLE I
SUMMARY OF NOTATION USED IN THE PROOFS OF THEOREM 2] AND THEOREM[3]

Random Variable Posterior Expectation Expectation
Squared Error &, = %HX” —E[X" | Y™ A2 Vip =E[Em |Y™, A™] My, = E[Em)]
MI Difference  Jm = ¢(X™; Yipy1 | Y™, AT T1) Im =E[Tm |Y™, A™] I, = E[Tm]

where Y; = E[Y; | Y™ A™, A,;].

Identity relates the correlation of the signal entries
under the posterior distribution to the correlation of new
measurements. Identity (34) relates the deviation of the squared
error under the posterior distribution to the correlation between
new measurements. Combining these identities with the bounds
on the relationship between covariance and mutual information
given in Appendix leads to the following result. The proof

is given in Appendix [C-C]

Lemma 14. Under Assumptions I and 2, the posterior variance
and the posterior covariance matrix satisfy

[

]EH‘C/‘mm - anH <Cp- |IT/:L,?’L| (35)
1 1
EE[HCOV(XTL | Y™ A™) | p] < Cp - |1 ] * (36)

C. Gaussiannness of New Measurements

The centered measurement Yer]_ is defined to be the
difference between a new measurement and its conditional
expectation given the previous data:

Ym-‘rl £ Ym+1 - E[Ym-i-l | Yma Am+1] .
Conditioned on the data (Y™, A™*1) the centered measure-
ment provides the same information as Y,,4;, and thus the
posterior MI difference and the MI difference can be expressed
equivalently as

Im = ]E[Z(Xn;ffm—&-l | Yvaerl) | Yvam]
I, = 1(X™ Ypyr | Y™, AT,

Furthermore, by the linearity of expectation, the centered
measurement can be viewed as a noisy linear projection of the
signal error:

Y1 = (Ams1, X™) + Wi, (37)
where X” = X" —E[X"|Y™, A™]. Since the measurement
vector A,,+1 and noise term W, ,; are independent of
everything else, the variance of the centered measurement

can be related directly to the posterior variance V,,, and the
MMSE M, via the following identities:

Var(}_’m+1 |Ym, Am) =1+ Vm,n

Var(Ym+1) =1+ Mm,n-

(38)
(39)

Identity (38) follows immediately from Lemma [I3] Identity
(39) follows from the fact that the centered measurement has
zero mean, by construction, and thus its variance is equal to
the expectation of (38).

At this point, the key question for our analysis is the extent to
which the conditional distribution of the centered measurement

can be approximated by a zero-mean Gaussian distribution. We
focus on two different measures of non-Gaussianness. The first
measure, which is referred to as the posterior non-Gaussianness,
is defined by the random variable

P A _
AP LR, [DKL (Pymﬂlym’ i

This is the Kullback—Leibler divergence with respect to
the Gaussian distribution whose variance is matched to the
conditional variance of Y,,y; given the data (Y™ A™).

The second measure, which is referred to simply as the
non-Gaussianness, is defined by

A
A 2 E[Di. Py, jym ames

Here, the expectation is taken with respect to the tuple
(Y™, A™+1) and the comparison is with respect to the Gaussian
distribution whose variance is matched to the marginal variance
of Ym-&-l-

The connection between the non-Gaussianness of the cen-
tered measurement and the relationship between the mutual
information and MMSE sequences is given by the following
result. The proof is given in Appendix

N(0,1 +Vm))]

N(0,1+ Mm))]

Lemma 15. Under Assumption 1, the posterior non-
Gaussianness and the non-Gaussianness satisfy the following
identities:

1
AL = 51081+ Vi) = T (40)

1
A = 510g(Lt M) = Ly 1)

Identity (1) shows the integral relationship between mutual
information and MMSE in Theorem [2]can be stated equivalently
in terms of the non-Gaussianness of the centered measurements.
Furthermore, by combining with @0), we see that the
non-Gaussianness can be related to the expected posterior non-
Gaussianness using the following decomposition:

P 1 1+ My

A =E[AL L] + 5E {log( . )} .
The rest of this subsection is focused on bounding the
expected posterior non-Gaussianness. The second term on the
right-hand side of {@2) corresponds to the deviation of the

posterior variance and is considered in the next subsection.
The key step in bounding the posterior non-Gaussianness is
provided by the following result, which bounds the expected
Kullback-Leibler divergence between the conditional distribu-
tion of a random projection and a Gaussian approximation [42].

(42)

Lemma 16 ([42]]). Let U be an n-dimensional random vector
with mean zero and E[||U||*] < oo, and let Y = (A, U) + W,
where A ~ N(0,11,) and W ~ N(0,1) are independent.



Then, the expected KL divergence between Py, and the
Gaussian distribution with the same mean and variance as Py
satisfies

E[Dkw(Pyja || N(0,Var(Y))]
- +E[IU1”]]]

Licov()le (1 + 2 VETUT) |

Combining Lemma[T6 with Lemma [T4]leads to the following
result, which bounds the expected posterior non-Gaussianness
in terms of the second order MI difference. The proof is given

in Appendix

Lemma 17. Under Assumptions I and 2, the expected posterior
non-Gaussianness satisfies

1 1
< §EH;|IUH

+C-

1
" 0
[Tl

E[AL.] <Cp

D. Concentration of Posterior Variance

We now turn our attention to the second term on the right-
hand side of (@2). By the concavity of the logarithm, this term
is nonnegative and measures the deviation of the posterior
variance about its expectation.

We begin with the following result, which provides useful
bounds on the deviation of the posterior variance. The proof
is given in Appendix

Lemma 18. Under Assumption 2, the posterior variance
satisfies the following inequalities:

14+ M,
E |:10g<1_:_v.m7l>:| < EHVm,n - Mm,n”

(43)

The next step is to bound the right-hand side of {#3]). Observe
that by Lemma (15} the term 3 log(1+ V;, ) can be expressed
in terms of the posterior non-Gaussianness and the posterior
MI difference. Accordingly, the main idea behind our approach
is to show that the deviation of this term can be upper bounded
in terms of deviation of the posterior MI difference.

Rather than working with the sequences V,, , and J, ,
directly, however, we bound the averages of these terms
corresponding to a sequence of ¢ measurements, where £ is
an integer that that is chosen at the end of the proof to yield
the tightest bounds. The main reason that we introduce this
averaging is so that we can take advantage of the bound on the
variance of the mutual information density given in Lemma [T1]

The key technical results that we need are given below. Their

proofs are given in Appendices [C-G| and [C-H|
Lemma 19. Under Assumptions 1 and 2, the posterior variance
satisfies

m+£—1
> E[Vm -Vl <Cp- 11,

k=m

1
]

1

_7r 2
m+L€—1,n| >

for all ({,;m,n) € N3.

Lemma 20. Under Assumptions 1 and 2, the posterior MI
difference satisfies
1m+€—1 m \/ﬁ 1
mfE||- S Jp—t <C-(1 7)7 —|,
%&a[ﬁ%’“ _B[+n€+\/ﬁ]

for all (¢,m,n) € N3,

Finally, combining Lemmas and [20] leads to the
following result, which bounds the deviation of the posterior
variance in terms of the MI difference difference sequence.
The proof is given in Appendix [C-1]

Lemma 21. Under Assumptions 1 and 2, the posterior variance

satisfies,

E[‘Vm,n* mn| <OB |:| +€ 1n| +£ 20

+ (1+ %)%rﬂf*f +n7].
for all (¢,m,n) € N3,

E. Final Steps in Proof of Theorem [2]

The following result is a straightforward consequence of
Identity (42) and Lemmas [I7] and 21} The proof is given in
Appendix
Lemma 22. Under Assumptions 1 and 2, the non-Gaussianness
of new measurements satisfies the upper bound

B < C [ 4 [T = T, @)

1 1
+ (1+ %)Qn*ﬂ],
where €, = [n&].

We now show how the proof of Theorem [2] follows as a
consequence of Identity and Lemma Fix any n € N
and 6 € R, and let m = [én] and ¢ = [ns]. Then, we can
write

r

Z,(v) - %IOg(l + Mn(v))’dv

m—1 k+1
n 1
<3 [ [ - st s o]
=0""7
(a) 1 ' 1
= > M hn — 3 log(1 4+ Mp.n)
k=0
m—1
1
(:) —- Ak},n
n
k=0

1
’Ilchrl.,n - Il/c,n’4

1
+ (14 5) n—*} (45)
where: (a) follows from the definitions of Z/ (§) and M,,(0);
(b) follows from Identity (#I); and (c) follows from Lemma [22]

To further bound the right-hand side of {@3), observe that
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Sle

—~

b) M

1 1
/ ! 10
n !Il,n _Im,n‘

c 1

N>
=
=

—~

S}

IN

T
n(l”)

(d) 9 1

< Cp-(1+6)"0n~10, (46)
where: (a) follows from Holders inequality; (b) follows from
the fact that I}, , is non-positive; (c) follows from the fact
that I}, ,, is non-increasing in m; and (d) follows from the fact
that I; ,, is upper bounded by a constant that depends only on

B. Along similar lines,

[\

—1
1'¢ , , 1 (a)
; Z ’Ik,n - Ik+f,n * <
k=0

3

% m—1

n (Z |Illcn - Il/c+5,n|>
k=0

£—1

<Z(Illc,n - Illc+m,n)>

k=0

—
N
oo
N

3

INS
3
NI

— (¢ It

d)

( 3 1
<Cz-(1+6)in 2, 47)

where: (a) follows from Holders inequality; (b) and (c) follow
from the fact that I}, , is non-increasing in m; and (d) follows
from the fact that I ,, is upper bounded by a constant that
depends only on B. Finally,

_

m

ST+ E) i < m (14 met)
k=0

Nl

_ L
n 24

S|

(48)
Plugging (6), @7), and back into and retaining only

the dominant terms yields

r

This completes the proof of Theorem

<(1+8)7n %,

1 1
T,,(7) = 5 log(1+ M (7)) |dy < Cp (146)2 n==1.

V. PROOF OF THEOREM[3]
A. MMSE Fixed-Point Relationship

This section shows how the MMSE can be bounded in terms
of a fixed-point equation defined by the single-letter MMSE
function of the signal distribution. At a high level, our approach
focuses on the MMSE of an augmented measurement model,
which contains an extra measurement and extra signal entry,
and shows that this augmented MMSE can be related to M,
in two different ways.

For a fixed signal length n and measurement number m, the
augmented measurement model consists of the measurements
(Y™, A™) plus an additional measurement given by

Z7n+1 - Y;n-i-l + Gm+1 Xn+1a

where G,,, ~ %an has a scaled chi-square distribution and is
independent of everything else. The observed data is given by
the tuple (Y™, A™ D,,+1) where

Dm+1 = (Zm+1a A7n+1; Gm+1)-

The augmented MMSE Mm,n is defined to be the average
MMSE of the first n signal entries given this data:

~ 1
My £ Emmse(X” | Y™, A™, Dypt1).

The augmented measurement Z,,; is a noisy version of
the measurement Y, ;. Therefore, as far as estimation of
the signal X" is concerned, the augmented measurements
are more informative than (Y™, A™), but less informative
than (Y™+1, Am+1). An immediate consequence of the data
processing inequality for MMSE [41} Proposition 4], is that
the augmented MMSE is sandwiched between the MMSE
sequence:

Merl,n S Mm,n § Mm,n~ (49)

The following result follows immediately from (@9) and the
smoothness of the posterior variance given in Lemma [T9] The
proof is given in Appendix [D-A]

Lemma 23. Under Assumptions I and 2, the augmented MMSE
My, ., and the MMSE My, ,, satisfy

1
<Cp- | .|%

m,n

‘Mm,n ~ My

(50)

The next step in the proof is to show that Mm can also
be expressed in terms of the single-letter MMSE function
mmsex (s). The key property of the augmented measurement
model that allows us to make this connection is given by the
following result. The proof is given in Appendix

Lemma 24. Under Assumptions 1 and 2, the augmented MMSE
can be expressed equivalently in terms of the last signal entry:

My = mmse(Xp1 | Y™, A™, Dipg1). (51

To see why the characterization in (31) is useful note that
the first 7 measurements (Y™, A™) are independent of X, 1.
Thus, as far as estimation of X, is concerned, the relevant
information provided by these measurements is summarized by
the conditional distribution of Y;, ;1 given (Y, A™*1). This
observation allows us to leverage results from Section
which focused on the non-Gaussianness of this distribution.
The proof of the following result is given in Section

Lemma 25. Under Assumptions 1 and 2, the augmented MMSE
and the MMSE satisfy

~ m/n vm
an_ T aAr <Cgp- A17171 I K
‘ ’ mmsex(1+Mm,n>’_ ¥ ( " )

where A, ,, is the non-Gaussianness of new measurements.

B. Final Steps in Proof of Theorem 3]

Fix any n € N and 6 € R, and let m = [dn]. Then, we
can write

.
- mmseX(l +Mm>) ‘d”




m—1
1 k/n 4B
< - Mpn — N+ =
n (‘ 5 mmsex<1+Mk,n>’+ n)

(© Op e 1 s VE 1
o

k=0

where: (a) follows from definition of M,,(d); (b) follows from
the triangle inequality and Lemma [5} and (c) follows from
Lemmas [23] and To further bound the right-hand side of
(52)), observe that, by the same steps that let to Inequality (46)),

m—1
1 1
>R < Cp (L4 8)En0 (53)
=0
Furthermore,
m—1 m—1
1 1 (@ [m |1
- 2 < B
n Z |Ak,n = n n Z Ak,n
k=0 k=0
(b) 1 3 1
< Cp-(146)2y/(14+)2n 2
=Cp-(1+468)in (54)

where (a) follows from the Cauchy-Schwarz inequality, and
(b) follows from the proof of Theorem [2] Finally,

m—1
(U h) < D < gt
n =0 n n

n
(55)

Plugging (33), (54), and (53), back into (52) and keeping
only the dominant terms leads to

[0 = momen (o

<Cp-(1+68)in s,
This completes the proof of Theorem

VI. PROOF OF THEOREMII]

The proof of Theorem [I] is established by combining
implications of the single-crossing property, the constraints
on the MI and MMSE given in Theorems and [ and
standard results from functional analysis.

A. The Single-Crossing Property
The fixed point curve is given by the graph of the function

5pp(2) = (1 + z)mmse ! (2),

where mmse ' (z) is the functional inverse of mmsex (s). The
function dgp(2) is continuously differentiable over its domain
because mmsex (s) is smooth on (0, c0) [37, Proposition 7].

The function dgrg(z) is defined to be the functional inverse
of the replica-MMSE function

Srs(2) = Mgs(2).

The function dRg is continuous and non-increasing because
MRs is strictly decreasing. Note that jump discontinuities in
MRg(6) correspond to flat sections in drg(2).

Using these definitions we can now provide a formal
definition of the single-crossing property.

Definition 6 (Single-Crossing Property). A signal distribution
Px has the single-crossing property if dgs — dpp has at most
one zero-crossing. In other words, there exists z, € R4 such
that dgs — dpp is nonpositive or nonnegative on [0, z,] and
nonpositive or nonnegative on [z, 00).

Lemma 26. If the signal distribution Px has the single-
crossing property there exists a point (z.,0.) € FP such
that

if z €0, 2]

min(dpp(2),04), if 2z € [24,00).

Proof. If drs(z) = dpp(z) for all z € R, then this
representation holds for every point in FP because Jrg is
non-increasing. Alternatively, if there exists (uy,04) € Rﬁ_
such that §, = ors(us) # 0rp(u4), then it must be the case
that the global minimum of Q.(z) £ R(d.,z) is attained at
more than one point. More precisely, there exists 21 < Uy < 2o
such that

Qu(21) = Qu(z2) = min Q. (2)

Q. (u) > mzin Q.(z) for some u € (21, 22).

s (2) = {max(aFP(z), 5.),

(56)
(57)

To see why the second constraint follows from the assumption
Ors (us) # Opp(u4), note that if Q. (z) were constant over the
interval [z1, 2], that would mean that @, (z) = R.(d«,2) =0
for all z € [z1, z2]. This is equivalent to saying that every point
on the line from (d4, 21) to (0«, 22) is on the fixed-point curve,
which is a contradiction.

Now, since drs(z) is non-increasing and equal to J, at both
z1 and zo we know that dgrg(z) = d, for all z € [z1, 22].
Furthermore, since z; and zo are minimizers of R(,, z), we
also know that dpp(21) = dpp(22) = d..

Next, we will show that the the function dpp(z) — 0, must
have at least one negative-to-positive zero-crossing on (z1, z2).
Recall that the function Q. (2) is continuous, has global minima
at z; and z5, and it not constant over [z1, z2]. Therefore, it
must attain a local maximum on the open interval (z1, 22).
Since it is continuously differentiable, this means that there
exists uy,ug € (21, 22) with u; < ug such that Q) (uq) > 0
and @', (uz2) < 0. The sign changes in Q. (z) can be related to
the sign changes in dpp(z) — 0. be noting that

sgn(Q’(2)) @ sgn <z - mmsex<15_: )>
z
® _sgn(mmse)_(l(z) - 1(—S:z>

= —sgn(dpp(z) — 04),

where (a) follows from (22)) the fact that J, can be taken to be
strictly positive and (b) follows from the fact that mmsex (s) is
strictly decreasing. As a consequence, we see that dpp(u1) <
0. and dpp(uz) > d., and thus dpp(2z) — J, has at least one
negative-to-positive zero-crossing on the interval (z7, 23).
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At this point, we have shown that every tuple (., 21, 22)
satisfying (56) and leads to at least one negative-to-positive
zero-crossing of dpp — drs. Therefore, if the signal distribution
has the single-crossing property, there can be at most one
such tuple. This implies that dpp(z) = Jrs(z) for all z €
[0, 21] U [22, 00). Furthermore, by the continuity of dpp, there
exists a point z, € (z1,22) such that dpp(2.) = d, and

2z <z, = Ors(z) > dpp(2)
z > z. = Ors(z) < dpp(2).

Combining these observations leads to the stated result. [

Next, for each g € V, we use §,4(z) = g~ '(2) to denote
the functional inverse. The function d, is continuous and non-
increasing because g is strictly decreasing.

Lemma 27. If the signal distribution Px has the single-
crossing property then, for every g € V, the function d, is
either an upper bound or lower bound on Ogs.

Proof. Let (6, z) be the point described in Lemma 26 Since
J, is non-increasing, we have d,4(z) > d,4(z.) for all z € [0, z,]
and d,4(2) < 64(z) for all z € [z,,00). Combining these
inequalities with the fact that d, is lower bounded by the lower
envelope of the fixed-point curve leads to

min max(0pp(u),04(24)), if z € [0, 2]

u€(0,z]

59(2) >

min  min(Spp(u), dg(24)), if z € [24,00).

UE[2z4,2]

Therefore, if §,(z.) > d., we see that

min max(dpp(u),ds),

if z €0, 2]
u€(0,z]

dg(z) =

min min(dpp(u),ds), if z € [z4,00).

UE[24,2]

min §RS (’LL),

if z €0, 2]
(é) uE[(LZ]

min drs(u), if z € [z4,00).

UE[z4,2]

© Ors(2),

where (a) follows from Lemma [26] and (b) follows from the fact
that drg is non-increasing. Alternatively, if d4(z.) < d, then
a similar argument can be used to show that d4(z) < drs(2)
for all z € R,. O

Lemma 28. If the signal distribution Px has the single-
crossing property, then G is equal to the equivalence class of
Sfunctions in 'V that are equal to Mgs almost everywhere.

Proof. Recall that G is the set of all functions g € V' that
satisfy the boundary condition

lim
d—o0

1
1
| 38 + a0y~ Tas )| =0, 58)

Furthermore, for each g € V and 6 € R, we can write

)
/0 Llog(1 + g(7))dy — Tns(6)

(@)

4 4
/%log(lJrMRs(’y))d’Y*/ 3 log(1+g(v))dy
0 0

5
= / |%log(1+MRs(7)) - %log(l—i-g(’}/))’d% (59)
0

where (a) follows from (6) and (b) follows from the mono-
tonicity of g and Mgrg and Lemma Combining and
9, we see that, for all g € G,

[ |08+ Mus) - o1+ st 0.

and thus Mgg and g are equal almost everywhere. [

B. Convergence of Subsequences

For each n € N, the function M, is a non-increasing
function from R to R, . Convergence of the sequence M,, can
be treated in a few different ways. In our original approach [33]],
we focused on the Lévy metric [44] Ch. 2]. Here, we present a
more direct argument based on the Helly Selection Theorem [45]
Thm. 12].

First, we let L'([0, S]) represent the standard Banach space
of Lebesgue integrable functions from [0, S] to R with norm

S
/ F(8)]ds.
0

In this space, two functions f, g are called equivalent if they
are equal almost-everywhere (i.e., fOS [£(8) — g(8)|dd = 0).
Next, we recall that monotone functions are continuous
almost everywhere (e.g., except for a countable set of jump
discontinuities) [46]. Thus, f, g are equivalent if and only if
they are equal at all points of continuity.

The following lemmas outline our approach to convergence.

Lemma 29. Under Assumptions 1 and 2, for any S > 0 and
any subsequence of (M,,,I,), there is a further subsequence
(whose index is denoted by n') and some g € G such that

hm ’./\/l 5)’(15 =0

S
lim [ |Z),(d) — 3 log(l +g(d))|dé = 0.
n Jo

Proof. For any S > 0 and each n € N, the restriction
of M, (0) to 6 € [0,S] is non-increasing and uniformly
bounded by M, (0) = Var(X). Since M,,(d) is nonnega-
tive and non-increasing, its total variation on [0,7] equals
M, (0) = M, (S) < Var(X) [47, Section 6.3].

Based on this, the Helly Selection Theorem [45, Thm. 12]
shows that any subsequence of M,, contains a further sub-
sequence that converges in L!([0, S]). Let M, denote this
further subsequence and M., denote its limit so that

S
1im/ | M. (6)
n’ Jo

To simplify notation, we define the operator 7: L'([0, 5]) —
L([0,5]) via (Tf)(5) — mmsex (§/(1+ f(4))). To analyze

— M..(8)|d§ = 0.

M., (6), we observe that, for all n, one has
/|M 5)\d53/ |M..(5) — 8)|dé
0
+/ | M., (8) = TMy, (8) + TMy, (8) — TM.(6)|ds
0



S
<(1 +LT)/0 | M. (8) — My (8)|ds

S
+A |Mn(5) - TM'/L((S)’d(Sv

where L is the Lipschitz constant of 7. Under Assump-
tion 2, one can use Lemma [3] to show that Ly < 4BS.
Since fOS |M..(8) = My (6)|d§ — 0 by construction and
fOS | My (8) = TMyi(6)|d5 — 0 by Theorem [3| taking the
limit along this subsequnce shows that M., equals 7'M, almost
everywhere on [0, S]. As S was arbitrary, we see that M,
satisfies the first condition of Definition [3

To establish the second condition of Definition B we
focus on the sequence Z,. Recall that each Z,, is concave
and differentiable, with derivative Z/,. Also, the set {Z,} is
uniformly bounded on [0, S] and uniformly Lipschitz by (),
(T7), and (I8). By the Arzela-Ascoli theorem [47] Section 10.1],
this implies that any subsequence of Z, contains a further
subsequence that converges uniformly on [0, S]. Moreover, the
limiting function is concave and the further subsequence of
derivatives also converges to the derivative of the limit function
at each point where it is differentiable [48| Corollary 1.3.8].

Thus, from any subsequence of (M,,,Z,), we can choose a
further subsequence (whose index is denoted by n’) such that
fOS | M.y (8) = M,(6)|dd — 0 and Z,,; converges uniformly on
[0,5] to a concave limit function Z,. Moreover, the sequence
of derivatives Z/, also converges to Z, at each point where Z,
is differentiable. Since Z is concave, it is differentiable almost
everywhere and we have

limZ,, (8) = Z,(5)

almost everywhere on [0, S]. Since |Z/, (6) — Z,(6)| is bounded
and converges to zero almost everywhere on [0, S], we can
apéply the dominated convergence theorem to see also that
I3 120, (8) = Z.(6)|d — 0. Next, we can apply Theorem
to see that
s
lim

n
n’ 0

T ,(6) — %log(l + My (6))’d6 — 0.

Since 3 log(1+ z) is Lipschitz in z, one finds that

5
J
follows from the fact that fOS | Moy (6)—M.,.(6)|dd — 0. Along
with the triangle inequality, this shows that Z/,(d) converges
to 1log(l + M.(5)) almost everywhere on [0,5]. Since
|Z;,(5) — 4 log(1 + M, (6))| is bounded and converges to

zero almost everywhere on [0, S], we can apply the dominated
convergence theorem to see that

1 1
5 108(1+ Mo (6)) — 5 log(1 + M*(é))’dé =0

S

S
7.(5) = lim / T,(5)ds = %log(1+./\/l*(5))d5. (60)
nJo 0

Next, we observe that Theorem E] implies

c

lim |Zrs () = Zn (S)] < 75

for all S > 4. With (60), this implies that

S
Trs(S) — /O %log (1+ M. (8))do

57
< |Trs(S) — T ()| + In,(S)—/O 5 log (14 M. (9))ds

C
Si'i_en’v
S

where lim,,s €,; = 0. Taking the limit n’ — oo followed by
the limit S — oo, we see

Irs(9) — /OS % log (1+ M.,(8))ds| =0

lim
S—o00
and, thus, that M, € G. Notice that we focus first on finite
S € R, and then take the limit S — oo. This is valid because

the functions Z(6) and M,,(6) are defined for all § € Ry but
restricted to [0, S] for the convergence proof. O

Now, we can complete the proof of Theorem [I} The key
idea is to combine Lemma 28] with Lemma 291 From these two
results, it follows that, for any S > 0, every subsequence of
M., (6) has a further subsequence that converges to Mpg(9).
This holds because the further subsequence must converge
to some function in G (by Lemma [29) but there is only one
function up to almost everywhere equivalence (by Lemma [28).

The final step is to realize that this is sufficient to prove
that, for all S > 0, we have

lim
n— oo

S
/0 |Mgs(6) — M, (8)|ds = 0.

To see this, suppose that M., () does not converge to Mgs(0)
in L'([0, S]). In this case, there is an € > 0 and an infinite
subsequence n(i) such that

S
/0 |MR3(5) - Mn(i)(5)|d5 > €

for all i € N. But, applying Lemma [29] shows that n(4) has a
further subsequence (denoted by n') such that

S
lim / M (6) — Moy (5)|d5 = 0,
n 0

From this contradiction, one must conclude that M,,(J)
converges to Mgg(d) in L*([0, S]) for any S > 0.

VII. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we resolve a well-known open problem by
presenting a rigorous derivation of the fundamental limits of
random linear estimation for i.i.d. signal distributions and i.i.d.
Gaussian measurement matrices. We show that the limiting MI
and MMSE are equal to the values predicted by the replica
method from statistical physics.

The assumption in our proof that the signal entries are i.i.d.
is made to simplify the statement of the results and the analysis.
With minor modifications, the proof technique can be extended
to the setting where the entries in X™ can be partitioned into
blocks of size L such that each block is drawn i.i.d. according
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to some distribution on R” with finite-fourth moment. For
L = 2, this includes the case where the odd/even entries of
the signal are drawn independently from different distributions
and also the case where they are drawn jointly from a single
distribution on R2. The primary change to the replica formulas
is that the scalar mutual information and MMSE functions are
replaced by L-block mutual information and MMSE functions,
which again map Ry to R . In particular, the modified MMSE
fixed-point equation is defined with respect to the MMSE of a
length-L block observed in isotropic Gaussian noise.

The assumption that the entries of the matrix A™ are i.i.d.
Gaussian plays an important role in our proof technique. In
particular, this allows one to establish concentration of the
mutual information density. It is possible that our results can
be extended to a larger class of random matrix distributions,
such as those with i.i.d. sub-Gaussian entries following along
the same lines as Korada and Macris [28, Theorem 4]. More
generally, it would be interesting to see if the ideas used in
the paper can also be used to prove the conjectured formulas
obtained by Tulino et al. [8] for the setting of orthogonally
invariant random matrix distributions.

An interesting direction for future work is to see if one
can obtain rigorous proofs for the setting of mismatched
estimation. Such a result could then be used characterize the
behavior of a large class of estimators that can be viewed as
conditional expectations with respect to some prior. Although
elements of our approach can be applied in this setting, the
fact that replica-symmetry breaking may be needed for low-
temperature limits (see Bereyhi et al. [20]], [21]]) suggests that a
full characterization of the problem will require some new ideas.
The setting of mismatched estimation can also be approached
using ideas from statistical decision theory [49]], where the
goal is characterize the minimax performance over a class of
distributions [6], [50]-[53].

APPENDIX A
USEFUL RESULTS

A. Basic Inequalities

We begin by reviewing a number of basic inequalities. For
numbers z1,---x, and p > 1, Jensen’s inequality combined
with the convexity of | - |P yields,

n p n
Dol <y |, p>1 61)
i=1 i=1
In the special case n = 2 and p € {2,4}, we obtain
(a+b)? < 2(a® +b?) (62)
(a4 b)* < 8(a* +b%). (63)
For random variables X, --- , X,, and p > 1, a consequence

of Minkowski’s inequality [54, Theorem 2.16] is that

in ]s (Z(E[Ixil”]);> ,  p=L (64

i=1
Also, for random variables X and Y, an immediate conse-
quence of Jensen’s inequality is that expectation of the absolute

E

difference | X — Y| can be upper bounded in terms of higher
moments, i.e.,

1
ElX =Y < [E[|X =Y[][*,  p=1.

Sometimes, we need to bound the difference in terms of weaker
measures of deviation between X and Y. The following Lemma
provides two such bounds that also depend on the moments
of X and Y.

Lemma 30. For nonnegative random variables X and Y,
the expectation of the absolute difference |X — Y| obeys the
following upper bounds:

BIX - v] < /S0 + By Eosx )] 69

E[X - Y[ < \/Q(E[X] +IE[Y])]EH\/7(— \/?H (66)

Proof. We begin with (63). For any numbers 0 < z < y, the
difference y — = can be upper bounded as follows:

v 1
y—x:/gE \/ﬂﬁdu
< \//yudu\//yidu
= /57 — 22)Vloaly/2)
< /302 +a2)Viog(u/a),

where the first inequality is due to the Cauchy-Schwarz
inequality. Thus, the absolute difference between X and YV
obeys

X ¥ < /5032 4 ¥2)/Tog(X/ V)]

Taking the expectation of both sides and using the Cauchy-
Schwarz inequality leads to (63).

To prove (66), observe that the difference between between
X and Y can be decomposed as

XY =(WVX+VY)(VX - VY).

Thus, by the Cauchy-Schwarz inequality,

E[X - Y[ = \/JE[(\/?H \/?)2} \/E[(\/)? - \/17>2}
< VEEIX] + BV E[(VX - V2]

where the last step is due to (62). O

B. Variance Decompositions

This section reviews some useful decompositions and bounds
on the variance. As a starting point, observe that the variance
of a random variable X can be expressed in terms of an
independent copy X’ according to

Var(X) = %]E[(X - X")?].



This representation can extended to conditional variance,
by letting X, and X; denote independent draws from the
conditional distribution Py|y—,, so that

Var(X|Y =y) = %E[(Xy - X%

For a random draw of Y, it then follows that the random
conditional variance of X given Y can be expressed as

1
Var(X|Y) = 5IE[(XY - X{)2 Y], (67)

where Xy and X3, are conditionally independent draws from
the random conditional distribution Pxy (-|Y).

Using this representation, the moments of the conditional
variance can be bounded straightforwardly. For all p > 1,

E[Var(X|Y)"] = o.E[[E[(Xy — X{)? | V]|"]

(@ 1 /2P

< SB[y - X3 7]

®) -1 2p /2P
2o (el ] sl )
<R[ X)),

where (a) follows from Jensen’s inequality and the convexity
of |- |P, (b) follows from (6I)), and (c) follows from the fact
that Xy and X{, both have the same distribution as X.

The law of total variance gives

Var(X) = E[Var(X |Y)] + Var(E[X |Y]).  (68)

As an immediate consequence, we obtain the data processing
inequality for MMSE (see e.g. [41, Proposition 4]) , which

states that conditioning cannot increase the MMSE on average.

In particular, if X — Y — Z form a Markov chain, then,

mmse(X |Y) < mmse(X | Z).

C. Bounds using KL Divergence

This section provides a number results that that allow us to
bound differences in expectations in terms of Kullback—Leibler
divergence. One of the consequences of Lemma [31] (given
below) is that random variables X ~ Px and Y ~ Py with
positive and finite second moments satisfy

EIX|EVl _ /p—prs
V2E[X?] + 2E[Y?]
We begin by reviewing some basic definitions (see e.g.,
[55 Section 3.3]). Let P and @) be probability measures with
densities p and ¢ with respect to a dominating measure .
The Hellinger distance dy (P, Q) is defined as the £ distance
between the square roots of the densities VP and V4, and the
squared Helliger distance is given by

& (P.Q) = [ (/5 VDD

The Kullback—Leibler divergence (also known as relative
entropy) is defined as

Dan(P@) = | plog(f;)dx

The squared Hellinger distance is upper bounded by the KL
divergence [55, pg. 62],

d%(P,Q) < Dxi(P| Q). (69)

Lemma 31. Ler f be a function that is measurable with respect
to P and Q. Then

‘/f(dP—dQ)‘ < \/2/f2(dP+dQ)min{ DKL(PHQ),I}.

Proof. Let p and g be the densities of P and ) with respect
to a dominating measures A. Then, we can write

’/f(dP— d@)‘ = '/ﬂp—q)dA]

(é)

[+ varm- @cu]

¢ ¢ / P2/ + Va)dAd (P, Q)

Y \/ / 2/ + @)\ Dk (P || Q)

(@)
< \/2/f2(p+Q)d>‘DKL(P”Q)7 (70)

where (a) is justified by the non-negativity of the densities, (b)
follows from the Cauchy-Schwarz inequality, (c) follows from

(69), and (d) follows from (62).

Alternatively, we also have the upper bound

‘/f(dP—dQ)’ ¢ ‘/fdP‘ n VfdQ‘

< \//f2dP+\//f2dQ

g \/2/f2(dP+dQ>, )

where (a) follows from the triangle inequality, (b) follows
from Jensen’s inequality, and (c) follows from (62)). Taking the
minimum of and leads to the stated result. O

Lemma 32. For any distribution Pxy z and p > 1,

E[|Var(X|Y) — Var(X | Z)|"]
< 227+1 /B[ X|W]E[Dyr. Py || Px12)].

Proof. Let P and @ be the random probability measures on
R? defined by

P = Px|y x Px|y
Q = Px|z X Px|z,

and let f : R* — R be defined by f(z1,22) = (21 — 22)*.
Then, by the variance decomposition (67), we can write

Var(X\Y):/fdP, Var(X|Z):/fdQ.
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Furthermore, by the upper bound f?(z1,72) < 2(2] + 23),
the expectation of the f2 satisfies

/ AP +dQ) <4E[X*|Y] +4E[X*|Z]. (72

Therefore, by Lemma|[31] the difference between the conditional

variances satisfies

[Var(X|Y) — Var(X | 2)|

< \/2/f2(dp+dQ)\/min{DKL(PIQ),l}

< VE[X*[Y] + 8E[X*| Z]/min{Dx1(P | Q), 1},
(73)

where the second inequality follows from ((72]).

The next step is to bound the expected p-th power of the
right-hand side of (73). Starting with the Cauchy-Schwarz
inequality, we have

E[|Var(X | Y)
< \/EISELX" Y] + SE[X| Z)1"
% \/Ellmin{ Dice (P[] Q), 1}

For the first term on the right-hand side of (74)), observe that,
by Jensen’s inequality,

— Var(X | Z)/"]

(74)

VE[SELX*| Y]+ 8E[X*| Z]["] < \/SPE[X 7] + SPE[X 7]
— 47 /E[X%]. (75)

Meanwhile, the expectation in the second term on the right-
hand side of satisfies

E[jmin{ Dk (P || Q), 1}|"] < E[DkL(P| Q)]
= 2E[Dxr (Px)y || Px|2)].
(76

where the second step follows from the definition of P and
Q. Plugging and back into leads to the stated
result. O

Lemma 33. For any distribution Pxy, z and p > 1,

E[|Cov(X,Y | Z)"]

< 2”\/IE[|]E[X4|Z]E[Y4Z]|§}I(X;YZ).

Proof. Let P and @) be the random probability measures on
R? defined by

P=Pxyz

Q = Px|z X Py|z,

and let f : R? — R be defined by f(z,y) = zy. Then, the
conditional covariance between X and Y can be expressed as

Cov(X,Y|2) = /f(dP —dQ).
Furthermore

/fQ(dP +dQ) =E[|XY|* | Z] + E[X?| Z]E[Y?| Z]

< 2VE[X1|Z]E[Y*]Z],

where the second step follows from the Cauchy-Schwarz
inequality and Jensen’s inequality. Therefore, by Lemma [31]
the magnitude of the covariance satisfies

|Cov(X, Y[ Z)]|

< \/2/fz(dP+dQ)\/min{DKL(P||Q),l}

1 1
<2|E[X*|Z]E[Y*| Z]|* Imin{DxL(P || Q), 1}|2.

(77)

The next step is to bound the expected p-th power of the

right-hand side of (77). Starting with the Cauchy-Schwarz
inequality, we have

E[|Cov(X,Y | Z)"] < QP\/E[UE[XHZ]IE[Y‘*Z]Q}

X \/EHmin{DKL(P 1Q), 1}°].
(78)

Note that the expectation in the second term on the right-hand
side of (78) satisfies

E[|min{ Dk (P || Q), 1}|"] < E[Dkr(P || Q)]

=1(X;Y|Z), (79)

where the second step follows from the definition of P and Q.
Plugging (79) back into leads to the stated result. O

Lemma 34. For any distributions Px y and Px gz,
Immse(X |Y) — mmse(X | Z)|
< 28 /B[ X 4] D (Px.y || Px.2)-
Proof. Let P and @ be the distributions given by
P(x1,22,y) = Pxjy (21 | y)Px|y (22 | y) Py (y)
Q(x1,22,y) = Px|z(x1 | y)Px|z(22 | y) Pz (y)
Then,

1
mmse(X |Y) = 3 /(Il — 32)*dP (21, 22,y)

1
mmse(X | Z) = 3 /(m — 29)°dQ(z1, 72, y)
and so, by Lemma [31]
Immse(X |Y) — mmse(X | Z)|

\/ /xl—xg dP xl,x27 )+dQ($1,fL‘2, ))

Dxr(P Q).
For the first term on the right-hand side of (80), observe that

/ (21— 22) (AP(21, 22, ) + dQ(21, 2.y))

<8 [t + )P, ) +0QG1,22.)

© 32E[x)4,

(80)

81)



where (a) follows from @) and (b) holds because the marginal
distributions of X; and X5 are identical under P and Q.

For the second term on the right-hand side of , observe
that P and () can be expressed as

Px y(x1,y)Pxy (z2,y)

P(l‘l,l‘g’y) = Py(y)
Q(z1,22,y) = PX’Z(M’;/Z)Z;Z(%%@/).

Letting (Xl, Xo, Y)
divergence satisfies

~ P, we see that the Kullback-Leibler

_ Pxy(X1,Y)Pxy (X3, Y)Pz(Y)
DkL(P|Q) = E[bg(PX,Z(Xl,Y)Px,z(X%Y)PY(Y)
= QDKL(PX,Y”PX,Z) -
< QDKL(PX,Y”PX,Z)'

Plugging (81) and (82) back into completes the proof of
Lemma 34 O

Dk (Py||Pz)
(82)

APPENDIX B
PROOFS OF RESULTS IN SECTION [[II]

A. Proof of Lemma 3]

Let Y = /sX + W where X ~ Py and W ~ N(0,1)
are independent. Letting Xy and X{ denote conditionally
independent draws from Py P/ the conditional variance can be
expressed as Var(X |Y) = E[(Xy — X{,)?|Y]. Therefore,

‘ismmsex( Wy [ (Var(X |Y)) ]

—_

ZE[(E[(Xy - X3)?(Y))]

? 11[4:[()@ - X;/)ﬂ

N

2 E (XY,

S

where (a) follows from (I2), (b) follows from Jensen’s
inequality and (c) follows from (63) and the fact that Xy
and X{ have the same distribution as X. This completes the
proof of (T3).

Next, since E[W|Y] = Y — /sE[X |Y], the conditional
variance can also be expressed as

1
Var(X|Y) = - Var(W|Y).
S

Using the same argument as above leads to
AE[WH] 12

Pl A B
- 52 52

‘dsmmsex(s)

This completes the proof of (T4).

B. Proof of Lemma [6]

The first order MI difference can be decomposed as

Ly = h(Yoar [Y™ AT — B [Y7, AT X,

where the differential entropies are guaranteed to exist because
of the additive Gaussian noise. The second term is given by
the entropy of the noise,

1
AV | Y™, AT X™) = h(Wiy) = 3 log(2me),

and thus does not depend on m. Using this decomposition, we
can now write

Ity =BV [ YT A™F2) — B (Y [ Y, AT
= h(Yimao | Y™ A2 — (Yo | Y™, A™T2)
= —I(Yis1; Y2 | Y™, Am+2)7
where the second step follows from the fact that, conditioned

on (Y™ A™), the new measurements pairs (Y, +1, A,,y1) and
(Yynt2, Apio) are identically distributed.

C. Proof of Lemmal7]

We first consider the upper bound in (T8). Starting with the
chain rule for mutual information, we have

S I(XY™ | AT X,

(XY™ | A7) = (83)
i=1
Next, observe that each summand satisfies
(XY™ [ A™ X'
(<) I(Xi X[, Y™ [ A™ X
DXy AT XX, (84)

where (a) follows from the data processing inequality and (b)
follows from expanding the mutual information using the chain
rule and noting that I(X;; X7, | A™, X"!) is equal to zero
because the signal entries are independent.

Conditioned on data (A™, X*~!, X" ,), the mutual informa-
tion provided by Y is equivalent to the mutual information
provided by the measurement vector

Y7 E[Y™ | AT XX = AT 0)X, 4+ W

where A™ (i) is the i-th column of A™. Moreover, by the
rotational invariance of the Gaussian distribution of the noise,
the linear projection of this vector in the direction of A™ (%)
contains all of the information about X;. This projection can
be expressed as

(A™(0), A™ (D)X + V™)

A @)

where W = (A™ (), W™)/||A™(3)]| is Gaussian N'(0,1) and
independent of X; and A™ (%), by the Gaussian distribution of
W™ Therefore, the mutual information obeys

I(XuY™[A™ X X))
= I(X; [|A™ (D) | X + W [ A" (@)]])
=E[Ix(IlIA™®)]*)]
= E[Lx (5xm)];
where the last step follows from the fact that the entries of
A™(4) are i.i.d. Gaussian A'(0,1/n). Combining (83), (84),
and (83) gives the upper bound in (T8).

= [[A™ (@)1 X: + W,

(85)
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Along similar lines, the lower bound in (I9) follows from

1
M & —mmse(X™ Y™ A™)

n

@ mse(X, | Y™, A™)
Q) 1
> mmse(X,, |Y™, A™ X"
© mmse(X,, | A™ (1) X, + W™, A™ (n))
(4) m m
= mmse(X,, | [[A™(n)[| X; + W, [|A™(n)]])
9 E[mmsex (1x2,)];
where (a) follows from the fact that the distributions of the
columns of A™ and entries of X" are permutation invariant,
(b) follows from the data processing inequality for MMSE,
(c) follows from the independence of the signal entries, (d)
follows from the Gaussian distribution of the noise W™, and
(e) follows from the distribution of A™(n).
We now turn our attention to the lower bound in (T8). Let

the QR decomposition of A™ be given by

AW’L — QR7

where () is an m X n orthogonal matrix and R is an m X n upper
triangular matrix. Under the assumed Gaussian distribution on
A™ the nonzero entries of R are independent random variables
with [56, Theorem 2.3.18]:

P G e
YAN(0, L), it <

‘n

(86)

Let the rotated measurements and noise be defined by
?m _ QTym’ Wm — QTWm
and observe that
Y™ =RX" + W™

By the rotational invariance of the Gaussian distribution of the
noise W™, the rotated noise W™ is Gaussian N (0, Ixm)
and independent of everything else. Therefore, only the first
d £ min(m, n) measurements provide any information about
the signal. Using this notation, the mutual information can be
expressed equivalently as

I(X™Y™ | A™) = I(X"; Y| R)
87)

where the second step follows from the chain rule for mutual
information. _

To proceed, note that the measurements ka are independent
of the first part of the signal X*~!, because R is upper
triangular. Therefore, for all 1 < k < d,

I(Xn§ Yk | kaJrl,R) = I(XI:’ Yk | ka+1a R)
(a) ~ ~
> I(Xp; Ve | Vi), X7, R)
b __
© I(Xy; Rk X + Wi | R)

© E[IX(%XEn—k—H)]’ (88)

where (a) follows from the data processing inequality, (b)

follows from the fact that R is upper triangular and the

independence of the signal entries, and (c) follows from (86).

Combining and (B8) gives the upper bound in (T8)

__ For the upper bound in (I9), suppose that m > n and let

Y™ be the rotated measurements defined above. Then we have
My = lmmse(Xn | Y™ A™)

n

@ mse(X, | Y™, A™)

© mmse(X,, | Y™, R)

(¢) ~

< mmse(X,, | Yy, Ry )

p N

@ mmse(X,, | Ry n Xy, + Wy, Ry )

CE[mmsex (2x3, )]

where (a) follows from the fact that the distributions of the
columns of A™ and entries of X" are permutation invariant, (b)
follows from the fact that multiplication by () is a one-to-one
transformation, (c) follows from the data processing inequality
for MMSE, (d) follows from the fact that R is upper triangular
with m > n, and (e) follows from (86).

D. Proof of Lemma [§]

Let U= 2y2 _ . andV =1y2 , be independent scaled
chi-square random variables and let Z = U + V. Using this
notation, the lower bound in (I8) satisfies

%ZE[IX(%X%L—IHJ)] > ElIx (U));
k=1

(89)

where we have used the fact that the mutual information
function is non-decreasing. Moreover, by (11), we have

ElIx(2)] - ElIx(U)] < sE[(Z/U — 1),]

-2
1
:E]E[V/U]
1 n+1

T2m-n-1 0

Next, observe that Z has a scaled chi-squared distribution
Z ~ % X2,4+2, Whose inverse moments are given by

o2n?

ElZ7] =0 =)

Var(Z71) =

Therefore, by (T1)), we have

Ix () —ElIx(2)] < %E (mZ/n - 1>+]
<52zl

IN

1 2
"2V m—2
where the second and third steps follow from Jensen’s inequal-

ity. Combining (89), and completes the proof of
Inequality (20).

O
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We use a similar approach for the MMSE. Note that

E[mmsex (U)] = E[mmsex (%X?n—n—l—l)]

E[mmsex (Z)] < E[mmsex(%xfn)], (92)

where the second inequality follows from the monotonicity of
the MMSE function. By Lemma [5| the MMSE obeys

E[mmsex (U)] — E[mmsex (Z)] < IQE[ % - ;H
= 12(E[U"]

n+1
m—n—1

—E[277])

— 12 (93)

Moreover,

|]E[mmseX(Z)} - mmsex(%ﬂ < 121[*]“; — %

< 124/Var(Z-1)

|

"oV O

where the second and third steps follow from Jensen’s inequal-
ity. Combining (©2), and completes the proof of
Inequality (21).

E. Proof of Lemma [9)
The upper bound in follows from noting that

Trs(6) £ min R(5, 2) < R(6,0) = Ix(6).
For the lower bound, observe that the replica-MI function can
also be expressed in terms of the replica-MMSE function as
Irs(0) = R(6, Mrs(9)).

Since the term [log(1 + 2) — 17;] in the definition of R(d, 2)

is non-negative, we have the lower bound

Trs(6) > IX( 95)

)
1+ Mgs(9) ) .
Next, we recall that the replica-MMSE function satisfies the
fixed-point equation

MRs((S) = mmsex( (96)

)
1+ Mgs(0) > .
Also, for any signal distribution Px with, the MMSE function
satisfies the upper bound mmsex (s) < 1/s [37, Proposition
4]. Therefore,

1+ Mgs(6
Mgs(6) < %ﬁs()
For 6 > 1, rearranging the terms leads to the upper bound
1
0) < ——. 97
Mrs(0) < 5— o7

Combining (@©3) and with the fact that the mutual
information is non-decreasing yields

14 -1

Irs(9) = Ix<
-3

) = Ix(5—1).

Lastly, we consider the bounds in (24). Combining (96) and
(97) with the fact that the MMSE is non-increasing yields

1)
Mgs(6) < mmsex (1 T

) = mmsex (0 —1).

1-3

Alternatively, starting with (96) and using the non-negativity
of Mgg leads to the lower bound. This completes the proof

of Lemma

FE. Proof of Lemma

To lighten notation, we will write I(A) = I(n~'/2H) in
place of I, ,(A™), where H = \/nA is an m x n matrix
with i.i.d. standard Gaussian entries. By the Gaussian Poincaré
inequality [54, Theorem 3.20], the variance satisfies

Var(I(A)) = Var(I(n"Y2H)) (98)
<E [HVHI(n—l/Z‘H)m (99)

1
= ~E[IVaI(4)I}]. (100)

where V 4 is the gradient operator with respect to A. Further-
more, by the multivariate I-MMSE relationship [57, Theorem
1], the gradient of the mutual information with respect to A is
given by

VAI(A) = AK, (101)

where K = E[Cov(X™|Y™, A) | A] is the expected conditional
covariance matrix as a function of the matrix A. Becuase K is
a covariance matrix, it is positive semi-definite and the square
root K2 is well-defined. Using these properties, we can write

IV AI(A)|5 = tr(AK2AT)
= tr (K%ATAK%K)
< Amax (K2 AT AK ) tr(K)
= Amax (AK AT) tr(K). (102)
Next, we recognize that AKAT =
E[Cov(AX"|Y™ A) | A] = E[Cov(W™|Y™ A)|A] is

the expected conditional covariance matrix of the noise W™.
Consequently, the maximum eigenvalue satisfies

)\maX(AKAT) = sup uTAKATu
u€R™ : [|lul|=1

= sup
weER™ : ||u||=1

E[Var(u"W™ | Y™ A) | A]

< sup E [Var(uTWm)]
uw€ER™ : ||u||=1

=1, (103)

where the inequality follows from the law of total variance (68).
Plugging (103)) back into (102) and then taking the expectation
with respect to A leads to
1 1
“E[|VAI(A)]l}] < ~Eltr(Cov(x™ [ Y™, A)]
n n
= My p- (104)

Combining this inequality with (I00) completes the proof of
Lemma
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G. Proof of Lemma [I1]

To simplify notation, the mutual information density is
denoted by Z = +(X™; Y™ | A™). Note that Z can be expressed
as a function of the random tuple (X™, W™, A™) according
to

g Bmanan A 4 4
fYnL ‘A'm (Aan + Wm | Am)
Starting with the law of total variance (68), we see that
Var(Z) = E[Var(Z| A™)] + Var(E[Z | A™]). (106)

). (105)

The second term on the right-hand side of (T06) is variance
with respect to the matrix, which is bounded by Lemma [I0}

The first term on the right-hand side of is the variance
with respect to the signal and the noise. Since the entries of
X™ and W™ are independent, the variance can be bounded
using the the Efron-Stein inequality [54, Theorem 3.1], which
yields

n

Z (2 - Ex,(2)]

ZE[Z Ey,[ ])] (107)

E[Var(Z ] A™)]

At this point, Lemma [T1] follows from combining (106),
Lemma [T0] and (I07) with the following inequalities

]E{(Z - IEXi[Z])Q} < 12(1 4 (1 n \/T”)B%Y
E[(Z - Ew,[2)7] < VB.

Inequalities and are proved in the following
subsections.

1) Proof of Inequality (I08): Observe that the expectation
]E[(Z —Ex,[Z])?| is identical for all i € [n] because the
distribution on the entries in X™ and the columns of A™ are
permutation invariant. Throughout this proof, we focus on the
variance with respect to the last signal entry X,,.

Starting with the chain rule for mutual information density,
we obtain the decomposition

Z =X Y™ A™) +o( XL Y™ X, A™).

(108)

(109)

(110)

The second term is independent of X,,, and thus does not
contribute to the conditional variance. To characterize the first
term, we introduce a transformation of the data that isolates
the effect of the nth signal entry. Let () be drawn uniformly
from the set of m X m orthogonal matrices whose last row is
the unit vector in the direction of the last column of A™, and
let the rotated data be defined according to

ym=qQym, AT =QA", W =QW™.

By construction, the last column of A™ is zero everywhere
except for the last entry with

~ 0
Ai,n = ’
{llAm(n) I,

where A™(n) denotes the n-th column of A™. Furthermore,
by the rotational invariance of the Gaussian distribution of the

ifl1<i<m-1
ifi=m

noise, the rotated noise W™ has the same distribution as W™
and is independent of everything else.

Expressing the mutual information density in terms of the
rotated data leads to the further decomposition

a

WX Y™ [A™) E (X Y| A™)

= (X Yo [ Y1, A™)
+ (X Y A™)

W Xp; Yo [ Y1 A™),

—~
= &

@ (111)
where (a) follows from fact that multiplication by @ is a one-to-
one transformation, (b) follows from the chain rule for mutual
information density, and (c) follows from fact that the first
m — 1 entries of Y are independent of X,,. B

To proceed, we introduce the notation U = (Y™ ~1 Am~1),
Since the noise is independent of the measurements, the
conditional density of Y,, given (X™, U, A,,) obeys

fiN’mIX",U,,Zm (Um | 2™, u, @)

= fﬁ;m (gm - <5mvmn>)
= \/%exp(—;@m - <5m,x”>)2>.

Starting with (ITT), the mutual information density can now
be expressed as

WX Y™ | A™) = Z(Xn;i;m | U, gm)
<f37an7U7gm (i;m | Xn7 U7 Avm)>
= log = = ;
ff/m\U’,Zm(Ym | UaAm)
1~
W2
2 ™

= g(U, Y, Ap) — (112)

where

Y 2m)~2
g(U7 )/'HMAHL) = 10g< ( 7T2 _ >.
f?m\Ugm(Ym | U, Am)

Furthermore, by (T10) and (T12), the difference between Z
and its conditional expectation with respect to X, is given by

~Ey, [g(U, Yo, me)].

Squaring both sides and taking the expectation yields

Z — EXW, [Z] = g(Ua ?ma gm)

E[(Z - Ex,[2])’]
= | (00 o )~ x, o0 Fr 2] )|

¢ E{gQ(U, ?m,ﬁm)] (113)

where (b) follows from the law of total variance (68).
Next, we bound the function g(u, Y, , G, ). Let X! be drawn
according to the conditional distribution Pxn|;7—,. Then, the

conditional density of Y,, given (U, A m) Is given by
f?m|U,Zm (Ym | s am)

= E[f?m|X“}U7Zm(§m | XZ,U,am)
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1 1, 2
=E exp| —=Um — (am, X, .
(=5~ o X2
Since the conditional density obeys the upper bound
. ~ 1
ff/m‘U,jm (ym ‘ uaam) < (27T') 2,

we see that g(u,Ym,am) is nonnegative. Alternatively, by
Jensen’s inequality,

ff’m,\U,gm (gm ‘ U,ﬁnL)

> = exp( =3[~ (am X0 )

and thus
o 11 n
9001, s ) < S| (Fim — {am, X117,

Using these facts leads to the following inequality:

00, Ginsin) <+ (Ex [ — (e X20?])
< 1B [~ @ 0]
< 2" + 2oy (@ X2,

where (a) follows from Jensen’s inequality and (b) follows
from (63). Taking the expectation with respect to the random
tuple (U, Y,,, A,), we can now write

E[f(U, ymgm)} < 2}E[(§7m)4] + QE[((ZWX{}»?

@ 21@[(?,,1)1 + 21E[<<Zm,xn>)(jl;)

where (a) follows from the fact that X7 has the same
distribution as X" and is independent of A,,. To upper bound
the first term, observe that

E[(ffm)j —E (me + iﬁm,ixiy

((efmz])’ + () ]) )
_ <3i + (E[((ﬁm,X”)>4D4>

where (a) follows from Minkowski’s inequality (64). To bound
the fourth moment of (A,,, X™), we use the fact that the entries
of the rotated measurement vector A,,, are independent with

N {N(o,l), if1<i<n-—1
Am,z”\’ "

INE

(115)

1 . .
ﬁXma if i = n,

where ., denotes a chi random variable with m degrees of
freedom. Thus, we have

([(me)])

1

+ (E[(ﬁm’an)AlDZL

INE
=
M
|
)
3
>
N———
N
N

2 (SE(|xm* l+ TQQE[XTJI
O (Zefle]) + (M e

(116)

where (a) follows from Minkowski’s inequality (64), (b) follows

from the distribution on A™ and (c) follows from Assumpt120n

2 and inequality (61) applied to || X" 1|* = (Z?;ll X2) .
Finally, combining (T13), (114), (I135), and (I16) leads to

E (Z—Exn[Z])z] <2<3‘1‘ * (”\/f)(?’B) >4
+2<1+\/T>4(3B)
<12<1+ <1+\/T>Bg‘)4~

This completes the proof of Inequality (TOS).

2) Proof of Inequality (109): Observe that the expectation
E|(Zy — Ew,, [Zx])?| is identical for all k € [m] because the
distributions on the entries in W™ and the rows of A™ are
permutation invariant. Throughout this proof, we focus on the
variance with respect to the last noise entry W,,.

Recall from (I03), Z can be expressed as a function of
(X", W™ A™). By the Gaussian Poincaré inequality [54}
Theorem 3.20], the variance with respect to W,,, obeys

E[(Z - Ew,[2)?] <E [(%ﬂz)

NG

; a1

where B%Z denotes the partial derivative of the right-hand
side of (T105) evaluated at the point (X™, W™, A™).

To compute the partial derivative, observe that by the chain
rule for mutual information density,

Z =y X" YA 4 (X Y [V AT,

In this decomposition, the first term on the right-hand side is
independent of W,,. The second term can be decomposed as

(XY, [y A™)

_ log(meXn’Y1nl7A1n (Y,” | Xn, Ym_l’ Am) )
fym‘ym—l,Am (Ym | Ymil, Am)

_ 10g< me(Ym - <Am7Xn>) )
fy;n‘Ynlfl’Anl (Ym | Ym_17Am)

_ 10g< me (Ym) )
fym‘ym—17‘4m (Ym I Y"L_l,Am)
1
+ Yo (A, X7) = 5 ((Am, X7))%.

Note that the first term on the right-hand side is the negative of
the log likelihood ratio. The partial derivative of this term with
respect to Y, can be expressed in terms of the conditional
expectation [58]:

a log( me<Ym) >
8Ym me|Ym—1,Am(Ym | melvAm)
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= —E[(A™, X") | Y™, A™).

Recalling that Y, = (4,,, X™) + W,,, the partial derivative
with respect to W,,, can now be computed directly as
0 0
g
o = v,
= (A, X™) = E[(A™, X") | Y™, A™]
= (A, X" —E[X™ | Y™, A™]).

Thus, the expected squared magnitude obeys

a 2
(awazm)

E

= E[(An. X"~ E[X" | Y, 47]))?]

= E[Var({(A,,, X™) | Y™, A™)]

(%) E[Var((A,,, X") | Am)]
=E[A], Cov(X™)A]

© g[x2]

2 VB,

where (a) follows from the law of total variance (68) and
(b) follows from the fact that E[AmAg] = %Ian, and (¢)
follows from Jensen’s inequality and Assumption 2. Combining

(IT7) and (II8) completes the proof of Inequality (T09).

(118)

APPENDIX C
PROOFS OF RESULTS IN SECTION[IV]

A. Proof of Lemma [I2]
The squared error obeys the upper bound

n

2
1
[Emnl” = ( 3 (X~ ELX, Ym,AW)
n i=1
(a) 1 & 4
< = ) (X —E[XG Y™, A™])
n
i=1
®) 8 = m m
< = Y[l + By A
i=1

n

=3[l (X Y am) ]

(¢
<

where (a) follows from Jensen’s inequality (61), (b) follows
from (63)), and (c) follows from Jensen’s inequality. Taking the
expectation of both sides leads to

Elemal?] < 2 éﬂa@xiﬁ] <168,

where the second inequality follows from Assumption 2.
Next, observe that the conditional distribution Y,,, 1 given
X™ is zero-mean Gaussian with variance 1+ 2| X™||%. Thus,

E[Yy] =E[E[Y|X"]]
= 3E[(1+ 4)x"|2)’]

(@
< 6(1+ RE[|X")

®)
< 6(1+B),

where (a) follows from (62) and (b) follows from (61) and
Assumption 2. Along similar lines,

]E[|YM+1 —E[Y [V, AT ﬂ
< SB[V |1] + SE[[E[Yina |17, 47|

() .
< 16E [V ']
< 96(1 + B),

where (a) follows from (63) and (b) follows from Jensen’s
inequality.

Finally, we note that the proof of (29) can be found in the
proof of Lemma [20]

B. Proof of Lemma [I3]

The starting point for these identities is to observe that the
differences between the measurements Y; and Y; and their
conditional expectations given the data (Y™, A™, A;, A;) can
be expressed as

Y; - Y, AT > W;
K3 A?, — 1 Xn_XTL 7 119
Y, -, [A?M )+[WJ’ 4

where X" = E[X™| Y™, A™] is the signal estimate after the
first m measurements.

1) Proof of Identity (32): Starting with (T19), we see that
the conditional variance of Y; can be expressed in terms of the
posterior covariance matrix of the signal:

Var(Y;| Y™, A™ A;) = AT Cov(X™| Y™, A™)A; + 1.
Taking the expectation of both sides with respect to A; yields
E4,[Var(Y;| Y™, A™, A;)]
=Ea, [A] Cov(X™ Y™ A™)A;] +1
=Eg4, [tr(AZ-AZ Cov(X™|Y™ A™))] +1
= tr(E4, [A;A]] Cov(X™ Y™ A™)) +1
1
== tr(Cov(X™ | Y™ A™)) + 1,
where we have used the fact that E[4; AT ] = L1, ..
2) Proof of Identity (33): Along the same lines as the

conditional variance, we see that the conditional covariance
between of Y; and Y is given by

Cov(Y;,Y; | Y™, A™ Ay Aj) = AT Cov(X™ | Y™, A™)A,;.

Letting K = Cov(X™ | Y™, A™), the expectation of the
squared covariance with respect to A; and A; can be computed
as follows:

EAiaAJ' |:(COV(Y;’ Y? | Ym? Am7 Aia AJ))2:|
=Ea, 4, [(AT KA;) (AT KAT)]
= lE A, [ATK? A
n

1
— EJE a; [tr (A4 AT K2)]
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1

—tr (Ea, [4: AT K?)
1

= ﬁ tr(KQ),

where we have used the fact that 4; and A; are independent
with E[4;AT] = L1I,,.,,. Noting that tr(K?) = ||K||%
completes the proof of Identity (33).

3) Proof of Identity (34): For this identity, observe that the
measurement vectors (A;, A;) and the noise terms (W;, W;)
in (TT9) are Gaussian and 1ndependent of the signal error.
Therefore, the conditional distribution of (Y; — YZ,YJ Y)
given (X™, Y™ A™) is i.i.d. Gaussian with mean zero and

covariance
Cov( ‘ Xmym A ) [ 0 1+8’m:|.

Y; - Y
Using the fact that the expected absolute value of standard
Gaussian variable is equal to /2 /7, we see that the conditional
absolute moments are given by

E[ ,Ym,Am} :\/zm
E[|Y; - %il[y; - %] | x7, v, am] = %(1+Sm).

Taking the expectation of both sides with respect to the posterior
distribution of X™ given (Y™, A™) leads to

]E[ 7Am} - \/ZE[MW’”,AW}

A~ -~ 2
E[|vi = %i[[¥; = Bl | v, 47] = Z(1 4 Van).

Finally, we see that the conditional covariance is given by
Cov(|Yi = T3l [v; = %3] [ Yy, am)

2o (Vi) [ ymr]

2 (el |

= %Var(m | Ym,Am>.

This completes the proof of identity (34).

C. Proof of Lemma

To simplify notation, we drop the explicit dependence on
the problem dimensions and write £ and V instead of &, ,,
and V,, . Also, we use U = (Y™, A™) to denote the first m
measurements. Using this notation, the posterior distribution
is given by Pxn |y and the posterior variance is V' = E[£|U].

1) Proof of Inequality (33): To begin, let £/, be a condi-
tionally independent copy of £ that is drawn according to
the posterior distribution Pg|¢;. Starting with the fact that the
posterior variance can expressed as V' = E[£’ | U], the absolute
deviation between £ and V' can be upper bounded using the

following series of inequalities:
E(l€ - V]| = Ev [E[l€ - Elg'|U]| | U]

CEy [Efle - & |v]]

_E[¢ -]
:EH(W+W>

x(m—m)

|
|

xVﬁMﬁ+€¢Th9

b)
< %@Um TE+VItE

2
} (120

where (a) follows from Jensen’s inequality and the fact that £
and &’ are conditionally independent given U and (b) follows
from the Cauchy-Schwarz inequality.

For the first term on the right-hand side of (120), observe
that

(a)
E U\/l T+ VIt E 2] < 2E[(1+ )] + 2E[(1 + &)]
D41 + M)
<Cs, (121)

where (a) follows from (62) and (b) follows from the fact that
€ and &’ are identically distributed.
For the second term on the right-hand side of (120), observe

that
2
IEUs/l TE- Vit & }

WoR [Var(m\ U)}

© 2B [Cov(1Zm il |Zmial |U)],  (122)

with Z; = Y; — E[Y; | Y™, A™, A;]. Here, (a) follows from
the conditional variance decomposition and (b) follows
from Identity (34).

To bound the expected covariance, we apply Lemma [33] with
p =1 to obtain

E[Cov(|Zm+1ls | Zm+2| | U)]

¢[¢E oot 1UJB (28 0]

X 1| Zm11]:1 Zm2] | U).
For the first term on the right-hand side, observe that

[\/E mi1 U] [m+2|U} \/E m+1]E[Zn ]

(b)
< CBa

(123)

(124)

where (a) follows from the Cauchy-Schwarz inequality and (b)
follows from (31)

Combining (120), (121), (122), (123), and (124) yields
1
ElI€ = V|| < Cp - I(|Zm+1; | Zm+2| | U)]7.
Thus, in order to complete the proof, we need to show that the

mutual information term can be upper bounded in terms of the
second order MI difference sequence. To this end, observe that

[(|Zm+1|§ | Zmta| | U)
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(a)
< I (Zmy1; Zmy2 |U)

(b)
S I(Zm+17 Am+1; Zm+27 Am+2 | U)

(é) I(Kn—!—la A7n,+1; Ym+Za Am+2 | U)

(d)
= I(Ym+1§ Ym+2 | U7 Am+1; Am+2)

@ _ I

where (a) and (b) both follow from the data processing
inequality for mutual information, (c) follows from the fact that,
given (U, A,,+4), there is a one-to-one mapping between Z,,, 1,
and Y,,,+,, (d) follows from the fact that measurements are
generated independently of everything else (Assumption 1), and
(e) follows from (T6). This completes the Proof of Inequality
(B3).

2) Proof of Inequality (36): The main idea behind this
proof is to combine identity (33) with the covariance bound in
Lemma [33] The only tricky part is that the expectation with
respect to (A;,+1, Amt2) is taken with respect to the squared
Frobenius norm whereas the expectation with respect to U is
taken with respect to the square root of this quantity.

To begin, observe that for each realization U = u, we have

1 n
—SlICov(X™ | U = w)l;

@ E[‘Cov(YmH,me |U = u,AZli?)ﬂ

(b)
= 4\/E[Y7;11+1 |U=u]E[Y: ,|U =1
x \/I()/m—i-l; Kn+2 | U=u, A;’ii%%

where (a) follows from (33) and (b) follows from Lemma [33]
with p = 2 and the fact that

E[E[Vyi | U= ARV 0 |U = u, AZT]]
=E[Yp 1 |U=ulE[Yim o |U=1].
Taking the expectation of the square root of both sides with
respect to U leads to

CE[|Co(X" | U)]]]

(a) 1
< AE[Yo 1 |E[Yim o] (Yins1; Yiga | U, ARED)|?

(b) m—+2 i
< Cp - [I(Vig1; Yingo | U, AVED)|
<oy,

where (a) follows from the Cauchy-Schwarz inequality and
Jensen’s Inequality, (b) follows from @), and (c) follows from
(T6). This completes the Proof of Inequality (36).

D. Proof of Lemma

The mutual information difference density can be decom-
posed as

jm,n = 'L(Xn; Ym+1 ‘ Ym7 Am+1)
=- IOg(meﬂ\ymAmH (Yerl))

- %log(%r) - %Wgz+17
where fy . |ym am+1(y) denotes the conditional density
function of the centered measurement evaluated with the
random data (Y™, A™*1). Therefore, for every o2 > 0, the
Kullback-Leibler divergence between Py, |ym gm+1 and the
Gaussian distribution N'(0,02) can be expressed as

D (PYmmYm,Am+1 N0, 02))
1 1
= /(2023/2 + 210g(27m2)>fym+1Ym,Amﬂ(y)dy

b 108 (a0 0) o 2 ()

1 2 m m—+1 1 2
1 1
- E[Jm,n | Yma Am+1] - 5 10g(2’ﬂ') - 5

Taking the expectation with respect to A,,+1 and rearranging
terms leads to

EAm,+1 [DKL (P7m+1|meAm+l ./\/,(07 0'2)>:|
1 2 1/1+ Vm,n

where we have used the fact that the conditional variance is
given by (38).

At this point, Identity follows immediately by letting
02 = 1+ V.. For Identity (1)), let 0% = 1+ M,,, ,, and note
that the expectation of the last term in (123) is equal to zero.

E. Proof of Lemma [[7]

The error vector X" = X" — E[X"|Y™ A™] has mean
zero by construction. Therefore, by and Lemma [I6] the
posterior non-Gaussianness satisfies

AP < }]E[|5m,n —

m,n—2

Vm,nl !Y”L,Am]

2
5

+ L) Cou(xm v A p (1472,

)

where V,, , = \/ E[£2,,|Y™, A™]. Taking the expectation
of both sides and using the Cauchy-Schwarz inequality and
Jensen’s inequality leads to

E[A7 ] <

Eugm,n - Vm,n

]
LE[||Cov(x™| Y™, Am)IIF](H\/]E[TM)

Furthermore, combining this inequality with Lemma [T4] and

28) gives

E[AL ) < Cp- [[Hnalt + 1l

DN | =

2
5

+C-

Finally, since |I}}, ,,| can be bounded uniformly by a constant
that depends only on B, we see that the dominant term on
the right-hand side is the one with the smaller exponent. This
completes the proof.
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F. Proof of Lemma [I8|

To simplify notation we drop the explicit dependence on the
problem parameters and write M and V instead of M, , and
Vin,n. The first inequality in @) follows immediately from
the fact that the mapping « +— log(1 + ) is one-Lipschitz on
R+.

Next, letting V' be an independent copy of V, the absolute
deviation of the posterior variance can be upper bounded as

follows:
E[V — M[] =E[[V - E[V']]

(a)
< E[lV -V

e

where (a) follows from Jensen’s inequality and (b) follows

], (126)

from applying Lemma [30|with X =1+ V,, andY =1+ V.

The first expectation on right-hand side of (126) obeys:

E[(l + vm)Q] Yon +E[V?)) Yo am

where (a) follows from (62) and (b) follows form Jensen’s
inequality and (28).

For the second expectation on the right-hand side of (126)),
observe that by the triangle inequality, we have, for every
teR,

oo 1HV
B\ v

Taking the expectation of both sides and minimizing over ¢
yields

1+V .
< — ||
]E[log(1+V/)H _%1£2E[\log(l+V) t]].  (128)

Plugging (126) and (127) back into (128) completes the proof
of Lemma [I8]

< |log(1+ V) —t|+ [log(1 4+ V') —¢|.

G. Proof of Lemma [I9
Let U = (Y™, A™) and Uy = (Y;”Ilk, Azi’f) We use the
fact that the posterior variance can be expressed in terms of
the expected variance of a future measurement. Specifically,
by (32), it follows that for any integer i > m + k, we have
Vin =Ea,[Var(Y;|U, A;)] —

Vintk = Eq, [Var(Y; | U, Uy, A;)] — 1.
Accordingly, the expectation of the absolute difference can be
upper bounded as

E[[Vins+r = Vinl]

= E[|E4,[Var(Y; |U, Uy, A;) — Var(Y; | U, 4;)]|]

(a)
< E[Var(Y; |U, Uk, Ai) = Var(Y; | U, Aj)]

(b)
< C - \/EYAE [ Dki (Py, v, 4

()
< Cp-

A
A)], (129)

VE[Dxw (P, v,

where (a) follows from Jensen’s inequality, (b) follows from
Lemma [32] with p = 1, and (c) follows from (30).

Next, the expected Kullback-Leibler divergence can be
expressed in terms of a conditional mutual information,

E[Dxw(Py,v,v,,4; a,)]
=I1(Y; Uy | U, Ay)
(a) I( YTZirlk Iym Am+k,Ai)
BOVG Y™, A, A7) — R(WS)
RY YT AT A (W)
© hYpg1 | Y™ A — h(Wint1)
— h(Ypgpogr | YR AR DY (W)

(b

Q)

(X" Y [Y™, AT
- I(X ; }/m—&-k+1 | Yerk, Am+k+1>
O R . (130)

where (a) follows from the definitions of U and U and the
fact that the measurements are independent of everything else,
(b) follows from expanding the mutual information in terms
of the differential entropy of Y}, (c) follows from the fact that
future measurements are identically distributed given the past,
(d) follows from the fact that h(W,,) = h(Y;, | X™, A™), and
(e) follows from (T3).

Combining (129) and (130), we see that the following
inequality holds for all integers m and k,
— []’C 3

E“Vtm,n - Vk,nH S CB ’ |I7/n n

Moreover, we can now bound the deviation over ¢/ measure-
ments using

m+£ 1

Z E(| Vi — Vil]

m+€ 1

Z 1, — 1

<Cp- | - 1|

where the second inequality follows from the fact that I}, , is
non-increasing in m (see Section |[II-B). This completes the
proof of Lemma [T9]

H. Proof of Lemma [20)

Starting with the triangle inequality, the sum of the posterior
MI difference satisfies, for all ¢ € R,

m—+£—1 m—+£—1 m+4£—1

STt <| D Si-Fil+| Y Tt

Taking the expectation of both sides and minimizing over ¢

leads to
m+4£—1 m+£—1
i R < i -
e[ 5[ o
m4L—1

> Ji-

J; ] (131)
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For the first term in (I31), observe that mAl—1
m+f—1 m-+£—1
. e _
tlgﬂg E l Z Ji—t ] 1nf E Z Ji—t 5

m+€—11
+ |E (Z 2(W§-1)) , (134)

i=m

m+f—1
= Var( > j> (132)
i=m where (a) follows from the triangle inequality and (b) follows

where (a) follows from Jensen’s inequality. Furthermore, the f?om Jensen’s inequality. For the first term on the right-hand
variance obeys the upper bound side, observe that square of the sum can be expanded as follows:

m4£—1 m+0—1 m—1 m+4£—1
ar<2 %):Var( Z Z—ZZ) Z Hi H
i=m " z:g_e ) =0 . s N
< 2Var Z Ji | +2Var Zj = Z E[(Hi_”ﬂi) ]

(d) = = 1=Tﬁ+é—1m+e—1

2 2Var(o(X7 Y | A )) +2 3 3 B (- ) (- %))

+ 2Var(x(X™; Y™ | A™)) i=m  j=i+1
() ) ) (135)
< . m+£ . m
S Cp (1+55) ntCp - (14 3)"n To deal with the first term on the right-hand side of (133),

2
<Ch- (14 27y observe that
where (a) follows from (62)), (b) follows from the definition ERH —H, ) ] @) g E[Var(H; | Y7, A%)]
of Jy,, and (c) follows from Lemma [T1] Plugging this bound
back into (132) gives
E[Var(H,;)]
m+£—1 - ' 1 2
infE Z Z—t]<03.(1+)\/ﬁ. (133) <E <Hi_2log(27r)> ]

Next, we consider the second term in (I3T). Note that 7,

where (a) follows from the definition of ’)Ql and (b) follows
can be expressed explicitly as follows:

from the law of total variance (68). To bound the remaining
Fymartxnym amet (Yogr | XY™, Amtly term, let U = (Y™, A™) and let X" be drawn according to the
TIm = log ( - P — , (Y™, Am1) > posterior distribution of X™ given U = u. Then, the density
Y[y, A ima ’ of Y,,11 given (U, A, ;1) can be bounded as follows:
— IOg(fym_*_1 |[ym, Am+1 (Ym+1 | Ym, Am+1)) 1

1 1 — > f Ym U, Ay
5W3n+1 — 5 log(2m). o Ym+1|u,1Am+1( +11 | +1)
To proceed, we define the random variables = E}gﬁ [m exp<_2(ym+1 — (@m41, Xff))Qﬂ
Hm == log(me ‘Ym’yA"l-Fl (Yerl | Ym’ Am+1)) (a) 1 1 vn
Hon 2 BfH, | V™, A™) - \/ﬂexp(_2EX3 [ - <a’"“’X“>)2D
m T m ) )
® 1 ~
and observe that > exp(—yfmr1 -Ez. {((amﬂ, X3>)2D,
1 V2T u
Im =Hm — §W3;+1 -3 log(2m) where (a) follows from Jensen’s inequality and the convexity of
N 1 1 the exponential and (b) follows from (62)). Using these bounds,
I = Mo — 373 log(2m). we obtain

Using this notation, we can now write

ooy
El ; j;fl] <E (y2+1+1EX,L{(<Am+1,)~({}>)2DT
Z H; H + = ( )1 (a) E[Yri-q-l]—"ZE <E)~({j |:<<Am+1,)?{}>>2]>2‘|
m+£ 1 m+5711 ) ®)
l Z Hi—Hi ; 5 (Wi —1)] gQ]E[y,;;l]+2E[(<Am+1,X”>)4]
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< AE[Vh,]

(¢)

< Cg,
where (a) follows from (]_BZ[), (b) follows from Jensen’s
inequality and the fact that X7; as the same distribution as X™
and is independent of A,,+1, and (c) follows from (@)

To deal with the second term on the right-hand side of (T35),
note that ; and H; are determined by (Y1, A“*1) and thus,

for all j > 1,
E|(Hs— ) (15— H) | Y, 4
= (Hl — ﬁZ)E{('HJ — 7:ZJ> | Yi+1,Ai+1} =0.

Consequently, the cross terms in the expansion of (I33) are
equal to zero, and the first term on the right-hand side of (134)
obeys the upper bound

m-+£—1
(ZH ’H) <Cp-Vi.  (136)

As for the second term on the right-hand side of (134), note
that ZmM 'YW2 is chi- squared with ¢ degrees of freedom,

3

and thus
mil-1 2 7
E —(W2-1 = \/7 137
< ;ﬂ 5 (Wi )) 5 (137)
Plugging (136) and (137) back in to (134) leads to

m+£—1

> Ti—Ji

Finally, combining this inequality with (I3T) and (T33) gives

<Cp VL0

Egﬂfaﬁlmflﬁ—t scB~<(1+m+€>\f+f>
<ei((1+ )i+ ),

where the last step follows from keeping only the dominant
terms. This completes the proof of Lemma [20}

L. Proof of Lemma [21]

Fix any (m,n,f) € N®. We begin with the following
decomposition, which follows from the triangle inequality:

. 1
%IelufaE [2 log(1+ Vi) — t}

1 1 m—+L+1
<E||5log(1+Vim) — ; 5 log(1+ Vi)
1 m-+k+1 1 1 m-+£4+4+1
+E||; > Slog(1+Ve) — = > Jk]
k=m i=m
m+€+1
+21é£]E Z J —t (138)

The first term on the right-hand side of (I38) can be bounded
in terms of the smoothness of the mutual information given in
Lemma [I9) We use the following chain of inequalities:

m+€ 1
E[log(uv Z log(1 + V4)
(@ 1"
<3 Z E[[log(1 + V;n) — log(1 + Vi) |]
®) 1"
<3 ; E[[Vin — Vil]
(© S
<Cg- |, =1y 1| (139)

where (a) follows from Jensen’s inequality, (b) follows from
the fact that the mapping log(1 4+ ) — « is one-Lipschitz on
R, and (c) follows from Lemma [T9]

The second term on the right-hand side of (I38) is bounded
by the relationship between the posterior variance and posterior
mutual information difference:

1m+€71
E[E >

k=m

@ 17
:ZZ
l

1m+€71
§log(1+V)—z >k

k=m

m-+4+£—1
I

@
< CB' RION (140)

where (a) follows from Identity (@0), (b) follows from
Lemma [I7} (c) follows from Jensen’s inequality and the
non-positiviity of I” and (d) follows from the fact that
I, is bounded by a constant that depends only on B (see
Section [I11-B).

Finally, the third term on the right-hand side of (138) is
bounded by Lemma [20] Plugging (I39) and (T40) back into

(T38) leads to

) 1 3
igﬂgE[Q log(1 + Vi) — t] <Cp- |, =1
_1 m \/ﬁ 1
+CB'[f +(1+n>£+\/ﬁ]'

Combining this inequality with Lemma [T8] completes the proof
of Lemma 211

J. Proof of Lemma [22]
Fix any (m,n,f) € N3. Combining Identity {@2), with
Lemmas [[7] and [21] yields

Cotar 1.1 14+ My
Am,n - E[Ama"] + 2E|:10g( 1+ Vm,n ):|
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<Cp- |:|I7lr/zn|%0 + |1 — Ir/n+e+1,n‘i
+ed ()it pant] aan

For the specific choice of ¢ = [n&], we have

n
1 1
< 2(1+ ﬂ)%fﬂ.

n

Plugging this inequality back into (I4T) completes the proof
of Lemma 221

APPENDIX D
PROOFS OF RESULTS IN SECTION[V]
A. Proof of Lemma

Recall that M, is the expectation of the posterior variance
Vin. Therefore, the difference between M,,,1 and M, can
bounded as follows:

‘Mm—i-l - Mm‘ = |E[Vm+l - Vm”

(a)
< E“Vm—H - VmH
(b)

< Cp- VI,

where (a) follows from Jensen’s inequality and (b) follows from
Lemma [T9] Combining (T42) with the sandwiching relation

(@9) leads to (50).

(142)

B. Proof of Lemma

Let @ be a random matrix distributed uniformly on the set
of (m+1) x (m+1) orthogonal matrices and define the rotated
augmented measurements:

~ ym - A™ 0
Ym+1 — Am+1 _ mx1 :l
Q |: m+1:| ’ Q |:A7n+1 \V Gm+1

Since multiplication by () is a one-to-one transformation, the
augmented MMSE can be expressed equivalently in terms of
the rotated measurements:

1
M,, = —mmse(X" | Y™, A™ Dpy1)

n

1 - -
= —mmse(X™ | Y™ AmHL),
n

(143)

Lemma 35. The entries of the (m + 1) x (n + 1) random
matrix A™* are i.i.d. Gaussian N'(0,1/n).

Proof. The first n columns are i.i.d. Gaussian N (0, 1 1,,,11)
and independent of @) because of the rotational invariance of
the i.i.d. Gaussian distribution on Am+1 The last column of
A™+1 s equal to the product of /G, 11 and the last column
of Q. Since G, is proportional to a chi random variable
with m + 1 degrees of freedom and @) is distributed uniformly
on the Euclidean sphere of radius one, the last column is also
Gaussian N (0, %Imﬂ); see e.g. [56, Theorem 2.3.18]. O

The key takeaway from Lemma [33] is that the distribution
on the columns of A™*! is permutation invariant. Since the
distribution on the entries of X”*1 is also permutation invariant,

this means that the MMSEs of the signal entries are identical,
ie.,

mmse(X; | Y™, ALY = mmse(X; | Y™, AL,

for all 7, j € [n + 1]. Combining this fact with (I43), we see
that the augmented MMSE can be expressed equivalently as

Mm = mmse(X,+1 | 37"”1, Zlmﬂ)
- mmse(Xn—i-l ‘ Ymv AmaD7rL+1)a

where the last step follows, again, from the fact that multipli-
cation by ( is a one-to-one transformation of the data. This
completes the proof of Lemma [24]

C. Proof of Lemma

This proof is broken into two steps. First, we show that the
augmented MMSE satisfies the inequality,
Gm+1

HJ\M)} ’ <Cp-vVAn,. (144)

Then, we use the smoothness of the of the single-letter MMSE
function mmsex (s) to show that

’E [mmsex (ﬁnﬂl)} — mmsex (ﬂ(;) ‘

1++/m
pa—

’Mm — E[mmsex<

<Cg (145)

The proofs of Inequalities and are given in the
following subsections.

1) Proof of Inequality (144): The centered augmented
measurement Z,,, is defined by

Zm+1 = Zm+1 - E[Zm-‘rl | Ym7AnL+1]'

Since G,,+1 and X,,;; are independent of the first m
measurements, Z,,11 can also be expressed as

Zm+1 - Gm+an+1 + ?m-i-la

where Yy, 11 = Yipq1 — E[Vinqq | Y™, A" s the centered
measurement introduced in Section Starting with (51)),
we see that the augmented MMSE can expressed as

Mm = mmse(X’n+1 |Yma Am7 Zm+17 Am+17 Gm+1)7 (146)

where we have used the fact that there is a one-to-one mapping
between Zm+1 and Z,,11.

The next step of the proof is to address the extent to which
the MMSE in (T46) would differ if the ‘noise’ term Y,
were replaced by an independent Gaussian random variable
with the same mean and variance. To make this comparison
precise, recall that E[Ym_l,_l} =0and Var(Y,,11) = 1 + M,,,
and let Z, , ; be defined by

Z;:H-l =V Gmp1Xnt1 + Yr2+17

where V% ~ N(0,1+ My,) is independent of everything
else. Note that the MMSE of X, with Z,, 11 replaced by
Z7.+1 can be characterized explicitly in terms of the single-

letter MMSE function:

mmse( X1 | Y™, A", Z) 1, Amt1, Gg)
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(2 mmse(Xn+1 | Z’r*n+13Gm+1)

Gm+1
= E _—
[mmseX (1 > Mm)]
where (a) follows from the fact that (Y™, A™*1) is indepen-
dent of (X,q1, 25,11, Gme1)-

The next step is to bound the difference between (146) and
(I47). To proceed, we introduce the notation

(147)

F = (Yma Am7 Zm+1a Am+1; Gerl)
Fr= (Ym7 Am7 Z:n-i,-la Am+la Gm,+1)~

Then, using Lemma [34] yields

[mmse(X,,11 | F) — mmse(X,41 | F¥)|

< 2% \/E [XT4L+J Dkr (P}-:Xn+1 H Pf*7Xn+1)'

By Assumption 2, the fourth moment of X, is upper bounded
by B. The last step is to show that the Kullback—Leibler
divergence is equal to the non-Gaussianenesss A,,. To this
end, observe that

DKL (P]:anJrl H P]-_*7X"+1)
@ Ex, .. [Dxr(Prix,.. || Prx..)]

(®)
= DKL P}_/‘,n+17Y'!YL7ATIL+1

©
= ]Eym,AwH»l DKL PY’"+1|ym7Am+1

:Amy

P

where (a) follows from the chain rule for Kullback—Leibler
divergence, (b) follows from the fact that both Y;,,,; and Yo
are independent of (X,,11,Gm+1), and (c) follows from the
chain rule for Kullback-Leibler divergence and the fact that
Y, is independent of (Y™, A™*1). This completes the proof

m

of Inequality (T44).
2) Proof of Inequality (145): Observe that

Gm
‘E {mmsex (Hl\znﬂ — mmsex (%)‘
(a)
]ETHmmseX<1 mtl

Gy \ o (_m/n
T M,, 1+ M,

1550w 2]

S]

INS A

NS

4B (E[Gm+1 ~ E[Gmall] + i)

(d) 1
< 4B( Var(Grq1) + )
n
2 1
- 4B(M + 1)7
n n

where (a) follows from Jensen’s inequality, (b) follows from
Lemma E] and Assumption 2, (c) follows from the triangle
inequality and the fact that E[G,,,1+1] = mTTl, and (d) follows
from Jensen’s inequality.

APPENDIX E
DERIVATION OF REPLICA-SYMMETRIC FORMULAS

Guo and Verdu [1]] studied the random linear estimation
problem in the context of randomly spread code-division
multiple access (CDMA) and multiuser detection. Similar to
the problem formulation in this paper, their analysis focusses
on the reconstruction of a random vector X" with i.i.d. entries
from a model of the form where A™ is a random matrix
with independent entries and W™ is i.i.d. Gaussian noise. Their
assumptions on the matrix A™ are more general than those
made in this paper in the sense that they do not require A™
to be Gaussian and they allow for the possibility that different
signal entries have different signal-to-noise ratios. Specifically,
the assume that

A™ = %Sm diag(+/snry,...,+/snry,)
where S™ has entries that are i.i.d. with mean zero and variance
one and snr; is the signal-to-noise ratio associated with the
i-th signal entry. The setting in this paper corresponds to the
special case where the the entries of S™ are Gaussian and
snr, = m/n for all i.

Using the replica method, Guo and Verdu derived conjectured
formulas for the asymptotic mean-squared error (MSE) of an an
estimation procedure that computes the conditional expectation
of X™ with respect to a postulated i.i.d. distribution @) x that is
possibility different from the true distribution Px. The formulas
corresponding to an arbitrary pair (Px, () x) are given in [1}
Claim 1].

The Bayes-optimal setting occurs when the postulated prior
is equal to the true signal prior. In this setting, the corresponding
corresponding MSE is referred to as the minimum mean-
square error (MMSE), following from the well known fact
that the conditional expectation (associated with the true prior)
is the estimator the minimizes the MSE. In [[1, Claims 2-3],
Guo and Verdi specialize their results to the Bayes optimal
setting and provide explicit formulas for the mutual information
and the MMSE. These formulas a parametrized in terms
of a an effective signal-to-noise ratio nn € [0, 1], which is
referred to as the multiuser efficiency. The conjectured limits
for the multiuser efficiency 7 and the normalized mutual
information L 7(X"; Y™, A™), which is referred to as to the
spectral efficiency under joint decoding, are given by the
minimizer and minimum, respectively, of the right-hand side
of [1, Equation (38)]. The relationship between the multiuser
efficiency and the conjectured limit of the MMSE is described
in Claim 2 of the their paper.

The replica-MI and replica-MMSE functions introduced in
Definition [I] are obtained by specializing the results of Guo
and Verdu to the setting studied in this paper. In particular,
letting snr; = § for all ¢ = 1,2, ... and normalizing the mutual
information by number of signal entries instead of the number
of measurements yields

1) 1
Tus(®) = i L1x(no) + 5 flog(1) 40~ 1]}
(148)

Mgs(8) = mmsex (17" 0), (149)
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where n* is the minimizer in (T48). For the purposes of this
paper, we find it convenient to consider slightly different
parameterization of these formulas. Making the change of
variables z = 1/n — 1 and recalling the definition of R(d, )
in (), leads to

Trs(0) = rﬁ)in )R(5,z), (150)
z€|0,00
Mpgs(6) = mmsex (6/(1 + 2%)), (151)

where z* is the minimizer of R(J,z). Finally, by the I-
MMSE relationship, one sees that every stationary point of
the mapping z — R(0, z) satisfies the fixed-point equation
z = mmsex (d/(1 + z)). Because the minimizer of R(J, z)
with respect to z is a stationary point, it follows that the
the right-hand side of (I31)) is equal to z*. Therefore, the
expression for MRgg(8) given in Definition [1|is equivalent to

(s,
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