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Abstract—We have observed and quantified the adiabatic and
transient chirp in a directly modulated quantum cascade laser
(QCL). Those wavelength tuning effects are well-characterized in
diode lasers, and the rate equation model that successfully describe
the diode laser behavior also provides an excellent fit for the QCL
data. In this study, we have extracted the linewidth enhancement
factor (αH ) from the transient chirp and the gain compression
factor from the adiabatic chirp. We postulate that the extraction of
the αH from the transient chirp is valid for the QCL case, despite
additional tuning effects in QCLs (e.g., voltage tuning) that are
negligible in diode lasers. Also in the QCL the adiabatic chirp coef-
ficient strongly increases with laser output power but still stays an
order of magnitude below typical values known from diode lasers.
We hypotesize possibility of the adiabatic chirp to be connected to
the χ(3) nonlinearity (responsible for four-wave mixing that was
recently attributed to the FM self-locking in QCLs), but the exact
origin remains to be experimentally confirmed in future work.

Index Terms—Quantum cascade lasers, laser modulation, gain
compression, laser chirp.

I. INTRODUCTION

WHEN the injection current of diode lasers is modulated
in the 100 MHz to several GHz range a characteristic

frequency modulation (FM) (or chirping) is observed. There are
extensive studies both experimental and theoretical for diode
lasers [1] since laser chirp usually degrades performance [2],
[3] of high-speed fiber communication systems (due to the fiber
dispersion). Equivalent experimental data for mid-IR QCLs are
very sparse, but with emerging spectroscopic applications that
require high frequency laser modulation [4], the RF modulation
properties of QCLs become increasingly important. We have
recently proposed a set of experimental methods to perform
measurements of high frequency (up to 1.7 GHz) modulation
capabilities of QCLs [5]. In this work we are focusing on mod-
eling and retrieval of specific QCL parameters from the high
frequency measurement data.

The primary laser parameters associated with the chirp in
diode lasers that play a significant role in describing laser be-
havior in various applications are the alpha factor (αH ) [6], [7]
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and the gain compression coefficient (ε) [8]. These parameters
are essential in describing the semiconductor laser linewidth [6]
(thus αH is also called the linewidth enhancement factor), laser
behavior with respect to optical feed-back [9], [10], injection
locking [11], as well as far- and near-field emission character-
istic [12]. It also has been found to be crucial in explaining fila-
mentation or self-focusing effects in broad stripe lasers [13] and
in predicting the correlation between intensity and frequency
noise [14].

The gain compression is very important in correctly describ-
ing the RF modulation performance of diode lasers and is the
dominant effect that introduces the damping in the intensity
modulation (IM) response (first reported in [15], and now found
in textbooks e.g. [14]). In the FM response the gain compression
introduces the adiabatic chirp [1]—one of the two components
of the important (non-thermal) electronic laser wavelength tun-
ing. Gain compression is responsible for non-linear effects at
modulation frequencies above thermal cutoff and below relax-
ation frequency which includes second- [16], [17] and third-
order harmonic distortion [18], [17] as well as intermodulation
distortion [19], [17] in both the FM and the IM. It has also been
shown that injection locked operation can reduce the nonlin-
ear distortion [20] due to interdependence of both effects. Gain
compression can also strongly increase relative intensity noise in
lasers with low side-mode suppression ratio [21]. Hence, the al-
pha factor and gain compression extracted from the QCL chirp-
ing may play an important role in similar applications of QCLs.
As an example the gain compression effect is not included in
many theoretical studies on QCLs such as RF modulation [22],
feed-back behavior [23], or optical injection locking [24]–[26]
where it could potentially improve the models. Therefore in this
paper we focus on RF modulation experiments, which allow for
very precise determination of these parameters in QCLs.

Measurements of the αH in QCLs are up to now based on
measurement of the line-width broadening compared to the
Schawlow-Towns limit [27], [28], (sub-threshold) gain mea-
surements [29]–[32], high speed dual modulation [33] or tech-
niques relying on optical feedback [34]–[37]. While the latter
method has the advantage that no photodetector is needed, all
these techniques yield relatively high errors in αH value (with
the exception of [37]). Since the alpha factor is very small in
QCLs (absolute value typically |αH | < 1, when the laser oper-
ates close to the gain peak) the error bars can easily mask the
actual value. For the direct linewidth observation this is espe-
cially critical as the linewidth broadening factor of 1 + α2

H is
very close to 1, which make αH determination challenging. A
precision of αH determination presented in this paper allows
for very small relative error as discussed below.
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Observing the ratio of the frequency to intensity modulation
is one of the most precise methods to determine the linewidth
enhancement factor in diode lasers [38]–[40]. For lasers oper-
ating in the telecom wavelength range this is usually imple-
mented exploiting the dispersion of fibers [41]. Unfortunately,
due to technical limitations (e.g. availability of optical fibers
in the mid-IR) this method cannot be adopted easily in the
mid-IR. Recently we have presented measurement method for
determination of the RF modulation behavior of QCLs, which
circumvented the above problem by using the optical disper-
sion associated with a gas absorption line to implement the
FM-IM ratio measurement [5]. This method is used to collect
high quality measurement data, which serve as the basis for this
analysis paper. The QCL used in this work is a commercial,
continuous wave, room-temperature distributed feed-back laser
operating at 9.6 μm (Hamamatsu, Type: LC0318, S/N: 3249
-1282 -2Be).

It should be noted that QCLs based on intersubband tran-
sitions have somewhat different properties than diode lasers
(based on inter-band transitions). In particular QCLs can have
a linewidth enhancement factor significantly smaller than 1 and
also of both signs [42], [37]. Diode lasers on the other hand only
have positive αH with values typically above 3. Only active me-
dia based on a zero dimensional quantization (e.g, “quantum
dots”), to which the QCLs intersubband transitions have simi-
lar behavior, allow for near zero and even negative alpha factor
[43]. Since the gain curve in QCLs is nearly symmetric, the alpha
factor in these lasers nulls at the gain peak and increases (with
both signs) when the operating wavelength is detuned from the
gain peak [42]. Since the gain curve and the lasing wavelength
have different temperature tuning coefficients it is important
to record the measurements at constant internal temperature,
which eliminates ambiguity of the results.

In diode lasers one usually observes an adiabatic chirp and a
transient chirp (these terms are well established in the field of
diode lasers [17]), which can be distinguished by their differ-
ent frequency behavior [1]. This fast wavelength tuning effects
are caused by non-thermal refractive index change of the active
medium (e.g. due to carrier density), and in applications that
require high-FM such chirp can be performance limiting (see
e.g. [3] describing impact of the laser chirp on fast fiber-based
communication). The transient chirp describes the variation of
the laser frequency proportional to the derivative of the instan-
taneous laser power, while the adiabatic chirp is proportional to
the instantaneous laser power. Since we find a good qualitative
match of the experimental data for a QCL with this phenomeno-
logical description of chirping we adopted these already well
established terms for QCLs as well.

The transient chirp is associated with the linewidth enhance-
ment factor αH and is present in all lasers for which αH �= 0
(see the appendix I for theoretical details). The adiabatic chirp is
caused by an effect referred to as the gain compression. There-
fore by modeling the laser chirp one can determine the related
parameters. The experimental data acquired for the QCL also
clearly show regions, which are identified as transient and adia-
batic chirp. In this work we show that even in the QCL case the
transient chirp data is suitable to extract the αH .

II. MODELING OF THE FM-IM RATIO

If a laser’s injection current is sinusoidally modulated at fre-
quency f it generates an intensity variation with amplitude ΔP
and an instantaneous optical frequency variation of Δν, i.e.

P (t) = P0(1 + m cos(2πft)) (1)

ν(t) = ν0 + Δν cos(2πft − θ) (2)

with m = ΔP/P0 the IM index. Similarly one defines the FM
index β = Δν/f and the FM-IM phase-shift θ [44].

Under very general assumptions (see Appendix I, Eq. (27))
one can derive that the complex FM to IM ratio of a laser can
be expressed by

β

m
eiθ =

αH

2

(
i +

κP0

2πf

)
+

P0
∂ν0
∂P0

f(1 + if/fth)
(3)

with adiabatic chirp parameter κ, the linewidth enhancement
factor αH , the thermal tuning parameters fth and ∂ν0/∂P0
which quantify the dynamic and static behavior.

This expression consists of three terms with characteristic
frequency dependence by which they can be well discriminated
in experimental data. First the iαH /2 term describes the tran-
sient chirp that is constant with respect to modulation frequency
and with +90° phase-shift; second, the adiabatic chirp with 1/f
behavior and zero phase-shift; and third, the thermal tuning with
asymptotic 1/f2 behavior and also +90° phase-shift. Note that
∂ν0/∂P0 is negative. The last term quantifying the thermal tun-
ing is only asymptotically valid (at frequencies well above the
thermal cutoff) because QCLs and diode lasers typically show
more complex behavior [45]–[47] than the first order low-pass
which the last term of (3) describes. Expression (3) (without the
thermal tuning) and the terminology of transient and adiabatic
chirp was introduced in [1] and is found throughout the litera-
ture for diode lasers (e.g. [17]). The meaning of the alpha-factor
is well known and can be extracted with high accuracy from the
transient chirp (it is also shown in appendix I, that the effect
of voltage tuning in QCLs will only affect the κ and does not
disturb the αH measurement).

The adiabatic chirp coefficient κ can be related to the nonlin-
ear refractive index n2 , by (see Appendix I.D)

n2 = − λ0

4πvg (1 − R)A
αH κ (4)

with λo being the operating wavelength, R the laser facet re-
flectivity, A the effective mode area and vg the group ve-
locity. Throughout this work we assumed R = 0.5 and A =
9μm × 2.2μm and estimated a value of vg = c/3.5.

Fig. 1 shows the measurement data and the corresponding fit
to model in Eq. (3). The least squares curve fit varies the three
parameters αH , κ and fth to produce an optimum match to the
β/m ratio and the FM-IM phase-shift θ. As expected from [5] the
data clearly show the three regions with slopes 1/f 2 (thermal
effect), 1/f (adiabatic chirp) and constant region (transient chirp).

The phase-shift data very sensitively indicates the presence
of the adiabatic chirp, i.e., when it deviates significantly from
90° as e.g. in the black trace. If there is no adiabatic chirp, the
thermal tuning (with asymptotic phase shift 90°) directly leads
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Fig. 1. Measurement data (dots) and theory (solid, parameters obtained using least squares fitting to Eq. (3)). The curves in the upper and lower panel correspond
to different bias points (reference by optical power) and at constant internal temperature Tint (to exclude self-heating as the origin of variation). The laser
parameters at each bias point other than optical power (such as injection current, tuning coefficient, etc.) are listed in Table I.

to the transient chirp with also 90° phase shift. This is evident
in the 10 mW curve aquired at Tint of 26.2 °C, in which the
FM-IM phase-shift is constant at 90°.

Fig. 2 shows the extracted parameters and Table I summarizes
the obtained fit parameters and the laser parameters that were
used to generate the data.

III. GAIN COMPRESSION PARAMETER IN QCL

In diode lasers the adiabatic chirp parameter κ is typically
found to be independent of laser power [48], [49]. As shown in
Fig. 2 for the QCL case discussed here this is not the case. Also
in case of the QCL linewidth enhancement factor a significant
broadening is observed, which is an effect usually referred to as
“power broadening” because the laser linewidth deviates from
the expected behavior (“constant αH ”).

Since we use the measurment technique from [5], which as-
sures constant internal temperature of the QCL, the observed
effects can be considered free from temperature effects due
to self-heating. Based on this assuption we can show that the
gain compression effect is consistent with the bending of the
laser power versus current (L–I) characteristic which is also re-
lated to the second harmonic distortion mentioned earlier in the
introduction.

For analysis we use a QCL rate equation model with an added
gain compression term. The difference to the established rate
equation model for QCLs [42] is that we assume a gain of the
form

g(N,S) =
∂g

∂N
(N − Nbf )f(S) (5)

where g denotes the modal gain, N the carrier density quantify-
ing the population inversion, S the number of photons in the laser
cavity, ∂g/∂N the gain coefficient and Nbf the thermal back-
filling parameter. The gain compression is modeled thorugh the
function f(S). Previously most of the theoretical work on QCLs
utilizing the rate equation model assumed f(S) = 1, i.e. ignored

the gain compression. In case of diode lasers the best phe-
nomenological forms of f(S) were found to be: f(S) = 1 − εS
or f(S) = 1/(1 + εS),(with ε being the gain compression pa-
rameter), which are commonly implemented in the rate equation
based theoretical work. With gain compression and asuming that
the active region refractive index is only dependent on N the adi-
abatic chirp parameter becomes (see Eq. (29) in the appendix):

κ = − 1
P0

S0vg
∂g

∂S
= − 1

P0τp

S0f
′(S0)

f(S0)
. (6)

For the common choice for diode lasers of f(S) = 1 − εS
the κ parameter is almost independent of a bias point. However,
this is inadequate to fit the QCL experimental data (cf. Fig. 2).
Therefore we have also chosen to introduce a function f(S) which
phenomenologically can match the experimental QCL data.

As outlined in the appendix I the rate equation model allows
for derivation of a static solution for the S(I) characteristics,
which is essentially the L–I curve (since photon number S is
proportional to the emitted power P). We obtain

S(I) =
ητp

e
(I − Ith(S)) (7a)

with an intensity-dependent threshold current (see the appendix
for details on derivation):

Ith = Ith(S) =
e

τnη

1
τpvg

∂g
∂N

1
f(S)

+ Ither (7b)

where Ither = e
τn η Nbf is the current needed to compensate ther-

mal backfilling, which lowers the population inversion. Without
gain compression the intensity dependence would not be present
and for S = 0 we obtain the same result as in the standard QCL
literature [42]. Here we will use the model from Eq. (7a) and
(7b) to determine gain compression in the QCL device under
study.

In the following sections we will use photon number S and
output power P interchangeably since both are proportional tho-
rugh P = hνvgαm S with αm the mirror loss. So Ith(S) or
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Fig. 2. The obtained laser parameters from fitting the data in Fig. 1, their variation with laser operation point (denoted here by output power P0 ; the other
parameters can be found in Table I) and at constant internal laser temperature Tint .

Ith(P ) refer to the same relative quantity but in different “units”
(i.e. photon number or actual optical power). Morover, since we
will also operate with relative quatities any signals proportional
to P or S (e.g. arbitrary detector signal units) will be sufficient
to obtain the results.

Given that f(0) = 1, by definition, we can extract the gain
compression f(S) from a measurement of the threshold according
to Eq. (7):

f(S) =
Ith(0) − Ither

Ith(S) − Ither
≈ Ith(0)

Ith(S)
. (8)

The Ither is not known exaclty, but it will be considered
constants for all our measurments performed at constant internal
temperature. With an assumption that Ither is small compared
to the threshold current, i.e. Ith � Ither , f(S) in Eq. (8) can be
approximated with a simple ratio of threshold currents. This
approximation should yield satisfactory results even if Ither is
<20% of Ith (which is true for most of the current designs of
QCL gain regions operating cw), because the relative error on
the amount of compression 1−f(S) should also remain <20%.

The intensity dependent threshold can be extracted from ex-

perimental data with the assumption of f ′(0) = df
dS

∣∣∣
S=0

= 0,

because then

Ith(S) = I − S × dI

dS

∣∣∣∣
S=0

. (9)

In case f ′(0) �= 0 the measured slope efficiency at zero power
dS
dI

∣∣
S=0 is not equal to the intrinsic slope efficiency ητp/e,

which is the reason why for diode lasers (which have f ′(0) �= 0)
this approach is not feasible. For QCLs the measurement data
of κ indicates that the gain compression effect is non constant
but continuously rises to higher values as S increases. This
suggests that f ′(0) = 0 is a reasonable assumption, and the
approximation made here for the Ith(S) is valid. Note, that for
evaluation of Eq. (9) the unit of S does not matter and it can be
replaced by optical power P in either absolute or arbitrary units.

If we apply Eq. (9) to the experimental data and evaluate f(S)
with Eq. (8) we obtain curves as shown in Fig. 3.

It is important to emphasize that this approach is only possible
because the measurement data is recorded at constant internal
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TABLE I
LASER PARAMETERS AND FIT RESULTS DESCRIBING THE CHIRP PARAMETERS AND LINEWIDTH ENHANCEMENT FACTOR

Set Laser parameter Fit result

# TS I0 I0 –It h P0 U0 λ0 Tin t �ν 0 /�P0 ft h αH κ n2

°C mA mA mW V μm °C GHz/mW kHz 1 GHz/mW 1

1 −4 527.5 22.2 3.9 6.95 9.607 26.2 1.0 57.0(170) 0.167(32) 0.031(21) −0.004(13)
2 −6 562.5 57.1 10.0 7.09 9.607 26.2 1.1 57.5(56) 0.178(14) 0.0015(41) −0.0002(28)
3 7 572.9 27.4 4.8 7.034 9.618 47.3 1.4 50.7(46) 0.182(13) 0.0405(61) −0.0057(44)
4 6 587.7 42.1 7.3 7.094 9.618 47.3 1.4 56.0(130) 0.191(34) 0.160(19) −0.024(12)
5 4 619.1 73.6 12.2 7.222 9.618 47.3 1.7 47.2(50) 0.203(18) 0.1402(73) −0.0220(48)
6 2 648.4 102.8 16.7 7.345 9.618 47.3 2.0 43.2(22) 0.233(13) 0.2546(65) −0.0459(45)
7 0 677.7 132.2 20.8 7.470 9.618 47.3 2.2 42.6(16) 0.263(14) 0.3808(88) −0.0775(56)
8 −2 704.1 158.6 24.5 7.587 9.618 47.3 2.6 38.2(14) 0.318(21) 0.474(13) −0.1165(72)
9 −4 731.6 186.0 27.9 7.712 9.618 47.3 3.2 34.6(14) 0.373(35) 0.584(23) −0.1685(99)
10 −6 758.0 212.4 30.7 7.838 9.618 47.3 4.5 27.8(13) 0.483(57) 0.657(32) −0.245(14)

Fig. 3. Gain compression obtained from the intensity dependent threshold current according to Eq. (8) and Eq. (9) (left), which is essentially the residual bending
of the L–I characteristic at constant internal temperature (right). To both the model with empirical gain compression relation according to Eq. (10) matches the
experiment. All the data is recorded at constant internal temperature (left, bottom), because otherwise the self-heating effect would strongly dominate the gain
compression and make the discrimination impossible.

laser temperature and, hence, we do not include effects due to
self-heating. If one aquires the L–I curve without adjusting for
internal temperature (see [5]), self-heating is a dominant effect
on Ith and separation of both effects is not possible. In other
words, the observed bending of the ordinary L–I characteristic
would mostly be due to self-heating and not the intrinsic non-
linearity from gain compression.

To fit the experimental data, f(S) is modeled with

f(S) =
1

1 + (S/Ssat)n
=

1
1 + (P/Psat)n

(10)

with Psat = 85 mW and n = 2.5 selected as the best phe-
nomenological fit of the data.

Using the rate equation model in the appendix with gain com-
pression given by Eq. (10) one obtains the following expression
for κ from (6)

κ =
1

τpP0

n(S/Ssat)n

1 + (S/Ssat)n
. (11)

Using the above saturation parameters and assuming a typical
value for the photon lifetime of τp = 9 ps the model traces
in Fig. 2 are calculated. This proves the consistency of the
gain compression model from Eq. (10) for both the static non-
linearity of the L–I characteristic and the RF adiabatic chirp.

IV. DISCUSSION

A. Adiabatic Chirp in Diode Lasers Versus QCLs

The adiabatic chirp parameter κ for different MQW diode
lasers is in the order of 5–10 GHz/mW [48], [50] and, hence,
compared to the QCL here more than an order of magnitude
higher. On the other hand, the parameter is typically constant
in diode lasers but we observe a strong dependence on bias in
QCLs.

If QCLs would be available at the telecommunication wave-
length of 1.55 μm they would have significant advantages in
optical fiber communication. Directly modulated QCLs could
theoretically enable much longer transmission ranges due to
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reduced chirp, and spare the external modulators. Note that be-
sides the low κ the chirp is further reduced by the low alpha
factor (cf. (3)).

B. Gain Compression

The phenomenological model of gain compression presented
here is not sufficient to link this phenomenon to any particular
physical mechanism in QCLs. Several possibilities have been
taken into account such as: change of the refractive index due
to gain compression, voltage tuning of the gain curve, or the the
intrinsic nonlinearity of the gain region. However none of the
considered effects could provide conclusive explanation of the
observed QCL behavior. Our discussions and reasoning with
respect to several different physical phenomena we considered
are presented in the appendix II. We believe that this additional
discussion, despite being inconclusive, will trigger further in-
vestigations of this topic in the scientific community.

C. Evaluation of the Phenomenological Adiabatic
Chirp Model

The adiabatic chirp model is based on three assumptions.
First a photon lifetime of 9 ps, and second a thermal backfilling
current of smaller than 20% of Ith were chosen to be typical
and plausible values. The third assumption was made by con-
sidering a negligible direct influence of gain compression on the
refractive index (i.e., see Eq. (28) in the appendix with αS = 0).

The model is purely phenomenological, and the model justifi-
cation comes solely from experimental evidence. This is essen-
tially the observation that the variation of the adiabatic chirp with
bias point as well as the intensity dependent threshold turned out
to have the same power dependency (i.e. with the odd exponent
2.5). Thus the three assumptions are only necessary to realize
the quantitative match (in addition to matching the exponent,
which was evident from the data). While the first two assump-
tions were made based on typical and plausible values, the third
assumption is more critical. Although it is a common approach
in diode lasers, it is not expected to be exactly fulfilled for the
voltage tuning, spatial hole burning and possibly also the intrin-
sic nonlinearity that are expected in QCLs. Whether the effect
is negligible or just counteracted by some other mechanisms is
unknown since the physical mechanism is not fully understood
yet. In any case the observed variation of the adiabatic chirp
parameters with power is independent of these assumptions and
matches the experimental data quite well.

V. CONCLUSION

The presence of the adiabatic chirp and gain compression may
influence some laser properties besides chirping and theoretical
models based on rate equations should be carefully evaluated
whether this effect is really negligible. Although the full density
matrix models (e.g. [51]) predict the intrinsic optical nonlinear-
ities very well, they may also be inadequate since it is unclear
whether the observed strong variation and sign of κ and αH can
be explained by these models.

On the other hand there does not seem to be a simple, mono-
causal answer to the origin of the adiabatic chirp. The intrinsic
nonlinearity, voltage tuning, lateral and longitudinal spatial hole
burning and carrier heating should all be present in the laser and
can potentially affect the gain compression and adiabatic chirp-
ing. The voltage tuning of the gain curve is the most likely
process, but it alone cannot be responsible for all observed vari-
ations of retrieved parameters. For example the observed vari-
ation with bias point (with non-even exponent of 2.5) indicates
a combination of several effects possibly with a mutual influ-
ence. This is yet not understood and will be subject to further
investigations of the fundamental processes involved.

Nevertheless, for single mode lasers the phenomenological
model (with a suitable f(S) and αS ) is very useful for future
theoretical investigations of static and dynamic laser behavior
as it completely captures all effects irrespective of their origin.
Therefore this phenomenological model can be reliably used to
describe the RF modulation performance of QCLs in applica-
tions that rely on fast modulation of these sources.

APPENDIX I
DERIVATION

A. Rate Equations

Starting from the fundamental rate equation for photons the
electronic part of the chirp behavior can be derived. The QCL
rate equations read:

.

N /χ =
I

e
η − N

τn
− vgg(N,S)S, (12)

.

S = vgg(N,S)S − S

τp
(13)

with N and S being the population inversion and total number
of photons, respectively (both unit 1). g is the gain coefficient
(unit 1/cm). In the nomenclature of [37] we have

N = NpAact(n3 − n2 + ntherm
2 ) (14a)

S = NpAactS (14b)

vgg(N,S) = gc(N − Nbf )f(S) (14c)

Nbf = NpAactn
therm
2 (14d)

vg
∂g

∂N
= gc (14e)

τn = τef f + τ2 = τ3

(
1 − τ2

τ32

)
+ τ2 (14f)

η = Np
τef f

τef f + τ2
(≈ Np) (14g)

χ = 1 +
τ2

τ3(1 − τ2
τ3 2

)
(≈ 1). (14h)

To derive the above two rate equation system from [42] we
assumed τ2 � τ3 (or dn2/dt � dn3/dt) and the resulting sec-
ond rate equation for n2 was used to rewrite the rate equation
for n3 in terms of n3 − n2 . For the work here the validity of
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this assumption is not required. Since the electron lifetimes in
QCLs are extremely short, the term dni/dt terms are always
negligible compared to ni/τn under operation conditions up to
at least several GHz. This can be seen when ni is assumed to be
sinusoidally varying: then it is obvious that dni/dt is
much smaller than ni/τn when 2πf � 1/τn (which is f �
160GHz). This is consistent with [22] where an influence of
the third rate equation (which makes the system of third order,
and not second order as (12) and (13)) has an effect only at
extremely high frequencies well above 2 GHz.

The major difference of (12) and (13) to [42] is in the gain
model where we assume

g(N,S) =
∂g

∂N
(N − Nbf )f(S) (15)

which deviates from [37] in the way that the gain compression
term f(S) is added.

B. Static Solution

The static solution (i.e., setting dN/dt = dS/dt = 0) of the rate
equations is given by

N = N(S) =
1

vg
∂g
∂N τpf(S)

+ Nbf (16)

S =
ητp

e
(I − Ith(S)) (17)

with

Ith = Ith(S) =
e

τnη

(
1

τpvg
∂g
∂N

1
f(S)

+ Nbf

)
. (18)

Hence we have two contributions to the total current, one from
optical losses and one from thermal backfilling. Since Ith current
is intensity dependent it rises when the laser is above threshold
and causes the sub-linear bending of the L–I characteristic. The
value Ith(0) is equal to the classical threshold current.

If one defines the thermal backfilling current as Itherm =
e

τn η Nbf with the normalization f(0) = 1 we can also write

Ith(S) = (Ith(0) − Itherm)/f(S) + Itherm . (19)

The internal Ith(S) with the assumption of f ′(0) = 0, can be
aproximated with

Ith(S) = I − S × dI

dS

∣∣∣∣
S=0

. (20)

This implicitly uses the fact the the slope efficiency is not
dependent on the absolute light power. The assumption f ′(S =
0) = 0 is supported by the experimental data, because the slope
of κ value is very close to zero at S = 0 (cf. Fig. 2 and κ ∝ f ′(S)
as it is shown in Section C. Note, that for the last equation the
unit of S does not matter, it can be replaced by P in absolute
units or arbitrary units.

C. Dynamic FM-IM Ratio (Adiabatic and Transient Chirp)

From the photon rate equation (13), which is applicable to
any single mode laser, one can derive a relationship between the
gain change and the output intensity.

For small-signal changes around the equilibrium, we obtain
after linearization dS/dt = vgΔgS0 . The symbols S0 and g0
denote the steady state values whereas the quantities with delta
refer to the small, time-dependent changes around the static
values with zero subscript (S(t) = S0 + ΔS(t)) and g(t) =
g0 + Δg(t)). When solving Eq. (13) for Δg we obtain

Δg(t) =
1
vg

.

ΔS(t)
S0

. (21)

In other words, the relative power variation equals the net rate
of increased or decreased stimulated emission. This is consistent
with the phenomenon known as gain clamping. Under static
conditions (dΔS/dt = 0), the modal gain is constant (Δg = 0,
“gain clamping”). Only if the laser output power is about to rise
or fall (e.g. by injecting more or less current), the stimulated
emission rate has to rise (i.e., Δg > 0) or fall (i.e., Δg < 0)
from the momentary level to create or destroy photons to adapt
to the new situation. This is a basic effect present in all lasers, and
Eq. (21) is valid even in presence of other effects such as spatial
hole burning, carrier heating, and so on. In any semiconductor
laser, including QCLs, this gain change is accompanied with a
change of the population inversion ΔN providing the gain.

Crucial to deriving a expression for the frequency tuning
behavior is the αH factor which relates the gain change to the
refractive index change due to a change in the carrier population
inversion. It is defined by [7]

αH = −4π

λ0

∂n/∂N

∂g/∂N
(22)

with n the refractive index and λ0 the free space wavelength.
Note that the refractive index spectrum is related to the gain
spectrum by the Kramers-Kronig relations, so knowledge of the
gain spectrum and its dependency on N completely defines the
alpha factor. Note that Eq. (22) is with respect to the effective
refractive index and modal gain for a specific mode of the laser
waveguide.

From the resonance shift of a basic Fabry Perot resonator
Δν = −Δn/ngν0 with Δn effective index change we obtain
for the laser frequency change

Δν =
vg

4π
αH

∂g

∂N
ΔN +

vg

4π
αS

∂g

∂S
ΔS (23)

with

αS = −4π

λ0

∂n/∂S

∂g/∂S
(24)

the factor describing the coupling of amplitude and phase from
the gain compression effect (in the analog way to the αH fac-
tor). In diode lasers this is usually neglected and, hence, αS is
assumed to be zero. However, since the physical effects causing
gain compression in QCLs are unknown and can differ substan-
tially from those in diode lasers, we include αS to see its effect
on chirp parameters.

Expanding

Δg =
∂g

∂N
ΔN +

∂g

∂S
ΔS (25)



1200411 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS, VOL. 21, NO. 6, NOVEMBER/DECEMBER 2015

and substituting Eq. (21) we obtain from Eq. (23)

Δν =
αH

4π

( .

ΔS

S0
−

(
1 − αS

αH

)
vg

∂g

∂S
ΔS

)
. (26)

To describe a sinusoidal variation of frequency f the quantities
Δν and ΔS can be replaced by complex numbers containing the
amplitude and phase of the sine wave. Formally, this corresponds
to a Fourier transform of (26) with the time dependent quantitites
ΔS = ΔS(t) and Δν = Δν(t). After this Fourier transform
and with addition of a term describing the residual thermal
tuning at high frequencies we finally obtain after normalization

Δν(f)
ΔS(f)

S0 =
αH

4π
(i2πf + κP0) +

P0
Δν
ΔP

∣∣
DC

1 + if/fth
(27)

with adiabatic chirp parameter κ defined by

κ = −
(

1 − αS

αH

)
S0

P0
vg

∂g

∂S

= −
(

1 − αS

αH

)
S0f

′(S0)
f(S0)

1
P0τp

(28)

which with the assumption of αS = 0 becomes

κ = −S0f
′(S0)

f(S0)
1

P0τp
. (29)

It is worth noting that by using the form of (27) with the
given normalization, there is a significant advantage that it be-
comes independent of the unit of S and the left hand side of
(27) can be directly obtained from experimenal data. Note that
m = |ΔS|/S0 = |ΔP |/P0 is the IM index, β = |Δν|/f the
FM index and the phase differene between Δν and ΔS is the
FM-IM phase-shift θ, i.e. we can replace the complex quantitites
in the left hand side of (27) with the more familiar symbols to
obtain (Δν/ΔS)S0 = (β/m)eiθf , which is what is used in (3).

The last parameter in (27) describes thermal tuning and is
only asymptotically valid. The thermal tuning at low frequen-
cies is generally much more complicated than the simple first
order lowpass and is only valid for frequencies well above the
thermal cutoff (e.g., f � 1MHz). In the general case, special
modeling or the utilization of several time constants is essen-
tial to correctly describe the thermal tuning in quantum cascade
lasers [45], edge-emitting diode lasers [46], and vertical cavity
surface emitting lasers [47].

D. Relation to Nonlinear Index

The adiabatic chirp is related to the refractive index change
by Δn = −λ0/vgΔν and so also the nonlinear refractive index
n2 , which is is defined as n2 = ∂n

∂I = Δn
ΔP

P0
I0

.
With I0 the optical intensity (unit W/cm2). This gives after

simplification

n2 = − λ0

4πvg(1 − R)A
αH κ (30)

with P0/I0 = (1 − R)A the ratio of emitted power and average
intensity (unit cm2) inside the laser cavity, R the laser outcou-
pling mirror reflectivity and A the effective area of the light
mode.

APPENDIX II
POTENTIAL PHYSICAL MECHANISMS OF GAIN COMPRESSION

A. Interdependence of Gain Compression and Adiabatic Chirp

For proper interpretation of results it has to be noted that
under certain circumstances the gain compression effect does
not cause adiabatic chirping. This is for example the case for
certain types of spatial hole-burning. This may be because the
gain compression induced refractive index variation due to the
population inversion change may be exactly compensated by a
direct change of the refractive index due to gain compression.
The theory in appendix I includes this effect with the αS pa-
rameter. From (28) it is evident that if αS = αH the adiabatic
chirp coefficient κ is ideally zero. This happens for example if
the gain compression effect is acting in the same way on the
refractive index as it does for the gain (cf. (5)). This may be the
case if in addition to the gain model (5) we have a refractive
model of

n(N,S) =
∂n

∂N
(N − Nbf )f(S) ⇒ κ = 0. (31)

In which case both effects exactly cancel and there is no net
refractive index change and also no adiabatic chirp (κ = 0).
The gain compression causes a saturation of the gain coefficient
which requires the population inversion to rise. This increase
in carriers is typically responsible for the electronic tuning,
i.e. the change in refractive index with population inversion. If
however we have a relation (31) this will not cause a change in n
because the rise in N is exactly compensated by the presence of
f(S) in (31). However, such a behavior is never exactly fulfilled
which is why αS = 0 (or �n/�S = 0) is often assumed in the
theory for diode lasers. Besides that, the direct influence of gain
compression on parameters such as the relaxation damping is
still measurable in diode lasers. Even for spatial hole burning
(which should have a behavior according to (31)) an adiabatic
chirping would still be observed if for example the αH factor is
carrier density dependent [52]. In that case we have αS � αH

which then causes an adiabatic chirp.

B. Voltage Tuning of the Gain in QCLs

It is known that in QCLs a change of electric field across the
active region (i.e. the external laser voltage minus the voltage
drop on the ohmic shunt resistance) causes a shift of the gain
spectrum [53]. Since the internal laser voltage well correlates
with the optical intensity during direct modulation it is expected
that a shifting of the gain spectrum during each modulation
cycle causes an effective gain compression. This is expected
to be stronger the higher the slope of the gain spectrum is.
To investigate the effect we assume a simple Lorentzian gain
spectrum [42], i.e.,

g(ν) =
∂g
∂N N

Δ2 + 1
n(ν) =

c

4πυ

∂g
∂N NΔ
Δ2 + 1

(32)

with Δ = (ν − νC)/g the detuning from gain peak νC with
half-width of γ. In this model the alpha factor is given
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as [54], [42]

αH = −Δ. (33)

From (33) we can infer that the positive alpha factor in the
experiment (cf. Fig. 2) indicates that the laser is operating at
negative detuning, i.e. “left of” the gain peak in our experiment
(this was verified with the manufacturer of the laser). Note, that
the extraction of the alpha factor is not affected by presence of
the mentioned effect. This is because the alpha factor is taken
from the transient chirp, which rises linearly with operation
frequency. Such a differentiating (or non-adiabatic) behavior is
not expected for voltage tuning (or any other gain compression
effect) so it is very reliable that Fig. 2 shows the alpha factor as
it is defined in (22).

We found that in the experimental data the observed increase
in alpha factor can be well correlated with the observed rise of
internal voltage. In this data (the laser terminal voltage is given in
Table I)1, the necessary tuning coefficient has the expected sign
(blue-shifting) but is rather high in the order of ∂Δ/∂Uint =
−4.5 HWHM/V which exceeds the values in [53].

If only tuning is concerned the alpha factor should also de-
crease with increasing temperature due to the red-shifting of
the gain spectrum with temperature. This is not observed in the
data, rather the contrary is the case with slight increase of the al-
pha factor with temperature (see Fig. 2). However blue-shifting
of the gain curve caused by voltage tuning (higher threshold
voltage is observed at higher internal temperature) may be re-
sponsible.

The gain shift model also overestimates the gain compression
observed from the bending of the L-I characteristic (see Fig. 3).
At highest power Pmax we have αH � 0.48 and αH � 0.18 near
threshold, which due to (33) and (32) should correspond to a gain
compression of∼16% (f(Smax) = (0.182 + 1)/(0.482 + 1) ≈
0.84). This is more than 50% more then ∼10% compres-
sion effect as observed from the L-I bending in Fig. 3 (i.e.
f(Smax) =∼ 0.9).

In addition, the adiabatic chirp theoretically predicted from
voltage tuning should be much higher than experimentally
found. This can be determined from (28) when the correct αS

is inserted. To calculate αS we have to recall that in (24) the
derivatives with respect to S can be replaced with derivative with
respect to νC . Evaluation of this with the Lorentzian model (32)
yields for the additional (1+αS /αH ) factor in expression for κ
(28):(

1 − αS

αH

)
=

1
2

(
1 +

1
α2

H

)
� 1 for (|αH | � 1).

(34)
When this factor is evaluated for the alpha factors observed

in the experiment (cf. Fig. 2) we obtain values between 16 and
2.7, which would make the model for κ in Fig. 2 larger by that
amount, or the amount of gain compression shown in the model

1For that we assumed a shunt resistance of 4 Ω, which is the differential laser
resistance at laser threshold. For higher bias points the differential resistance is
higher, indicating ΔS/ΔU > 0.

in Fig. 3 lower by that amount. Neither fits the experimental
data.

C. Physical Effects Causing Gain Compression in
Diode Lasers

Originally the gain compression effect referred to the non-
linearity of the active medium, i.e., the dependence of the gain
g on the photon number S which is proportional to the light
intensity (i.e. �g/�S). However, Channin [15] recognized the
strength of a phenemonological approach of adding a gain com-
pression in the form of g(N,S) = g(N)/(1 + εS) to explain
the observed damping in the IM response of diode lasers. The
idea was, that although formally this describes an intrinsic sat-
uration non-linearity of a two level system, many effects can
cause the observed damping and are not distinbguishable from
the device response under standard operation conditions. The
identified physical effects are spectral hole burning [55], [56]
(the “true” intrinsic optical nonlinearity), carrier heating [57]
(similar to the self-heating thermal effect but effective at much
higher frequencies), lateral [58] and longitudinal spatial hole
burning [59] (the current injection has different distribution as
the stimulated emission, causing saturation behavior) and spon-
taneous emission [1]. All these effects should yield, to a first
approximation, a constant gain compression term.

It should be noted that the normal self-heating causes be-
havior similar to gain compression but only at low frequencies
(< 10 MHz), which is why this effect is explicitly excluded. It
was found that carrier heating can create a negative gain com-
pression effect [60], when lasing occurs on a particular side of
the gain spectrum. Experimental discrimination between spec-
tral hole burning and carrier heating is usually done by their
different dynamics, which are revealed in the time domain (by
pump probe experiments [61]) or in the frequency domain (by
four-wave mixing [62], [63]).

D. Influence of Intrinsic Nonlinearity in QCLs

The most striking result is the observed negative sign of the
nonlinear refractive index (see Fig. 2). It is easily verified that
this is not a mistake: The original data clearly shows that adia-
batic chirp has a 180 degree phase-shift relative to the thermal
tuning, i.e. it clearly realizes a blue-shift when the injection cur-
rent has its positive cycle or, equivalently, the output intensity is
at maximum. Since a blue shift corresponds to a decrease in re-
fractive index, the nonlinear index (i.e. refractive index divided
by power) is negative. Since the four-wave mixing experiment
[64] does not seem to be able to reproduce the sign of the real
and imaginary parts of the χ(3) the explanation by the intrinsic
nonlinearity may still be feasible.

However it remains to investigate where the strong variation
of the adiabatic chirp parameter comes from. Also one needs
to quantify the direct influence of the intrinsic nonlinearity on
the refractive index (by αS ) as this may (partly) compensate the
adiabatic chirp.
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