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I. In t roduct ion  
Fml. Fourier Transform (FFT) [ I ]  hns bccorne a p o p l a r  computational tool ii i  tlic 

st.iidy of phyfiics and engiiiccriiig since its development, in 1960'fi. The condition of using 
FFT algoritlim is that the data acquisition niiist t)c equispaccd. However, in sonic (XSCR, the 
(lata acqriisitioii is not iiiiiforinly spaced. Dutt anti Rokhlin [2]  and Deylkin [3] presciitetl 
sonic algorithms for the prirt)lcnur of FFT for iinnriniform data. Thcir irlca in solving these 
prot)leriis by a rcgnlar FFT is to approximate a fririction ~ ( z )  = e-*z'cicz , try a firriall ~iuniber 
of niiiforni poi1it.s m i  the unit circle. Recently, a innre accurate algorittini wa.9 developccl 
by rising the regular Foiiricr iiiatrices for the noniiniform forward FFT (NUFFT) [5, 61. 
Instcad of F ( s ) ,  it iiscs F ( j )  = where j = - N / 2 , . . . ,  N / 2  - 1 ,  aiid s j  arc c:l~osrn 
to iiiiiiiiiiizc t.hc approxiriiatiori error. In  this work, we use the coiijrigatc-gretliciit r~~ctliotl 
and regular FFT ( C G F F T )  together with the NUFFT algoritlim to devclop an acciiratc 
algorithnr for ~ionnriifor~ri inverse fast Foiiricr transforin (NU-IFFT). 

11. Formulation 

followiiig two prot)lcnis: 
Onr goal is to tlcvclop fast algoritlinis to find the forward a n d  iiivcrsc soliitions for tlic 

N-1 

S j  = a t e  , for W k  E [-N/2, N / 2 ] ,  j = - N / 2  ,..., N / 2  - 1 ( 1 )  
iwt2rj/N 

k=O 

N / 2 - 1  

gj = pk)k"ik=J , for z j  E [-r,r], j = 0, ..., N - 1 (2) 
k = - N / 2  

Note that iinlikc the rcgiihr FFT, W k  and zj in (1) and ( 2 )  are noniiiiiform. 

A. The N U F F T  Algor i thm 
Tlii: priiiciplc of iising the rcgiilar Fnriricr niatxices (5 ,  61 to solve ( 1 )  aiid (2) is aa 

follows. For an int.cgcr in 2 2,  lot ~ I J  = e i2rl", q I)C! an even positivt! iiitcger, s j ( j ,  = 
- N / 2 ,  ..., N / 2  - 1 )  be positive iiiinibws, aut1 c be a real riii~ntrcr. Ilcrc we ;tpproxiinat,c iuJ'"' 
Iiy iribcrpolat,inii, 

Inlcl+q/~ 

X ~ - l m c ) ( r ) w J k ,  for j = - N I 2  ,..., N / 2  - 1 (3) .11,3n1~ = 
< J  

k = [ m c ] - q / 2  

whcrc XL-lnrrl arc iirikiiowiifi to be S O ~ V C ~ .  Froin 15, 61, t,tic Ic,lst-ficpiares soliition is X ( c )  = 
F-'ci(c), wlierc F = A'A, arid A j k  = wjk ( j  = - N / 2 ,  ..., N / 2  - 1 ,  k = [rrtc] - 412, ..., [rnr] t 
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4) Scale the valncx to obtain the approximate NUFFT 

912 

3, = X I ( 3 ) N / 2 a ) ~ i + I , " N I , / a 1 1 ,  for j = o , . . . , ~  - 1. 
1=-q/2 

The asymptotic iiiiriiher of aritliinetic qieratio~in in this algoritlini is O ( m N  liig2 N ) ,  where 
m << N .  Usually wc choose m = 2 and q = 8. 
B. The NU-IFFT Algorithm 

Defining = eika,, we rewrite (2) as 

~ n n i  clciiieritary inatrix idcntitita we sec that 

Cnnil~iniiig (5) and (G), we have a = (UtD)-'Dtg 
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Bj,l = CrzJ c-i(j-i)zk is a Torplitz matrix ( j , l  = -N/2, ..., 0 ,  ... N/2 - I ) ,  and by ticnoting 
Bj,, m 1-D form ,!Ij,, = b ( j  - I ) ,  we obtain 

NI?-1 

z j  = b ( j  - l )y( l ) ,  for j = -N/2, ..., N/2 - 1 (8)  
i = - N / 2  

Applying the convolnt.ion theorem, (8) can bt: derived as: 

zj = {FFT-’[FFI’(b)FFT(y)]}j (9) 
If k ikrations are required for the CG-FFT nicttiod to converge to an accnratc soliition, 

tlic t.otal nuinlxr of complex innltiplications is proportional to O [ k N ( 2  log2 2N-tlog2 N+  1 ) l .  
Siniilarly, we can ol)tain tlic NU-IFFT algoritlini for (1). 

111. Numerical  Resul ts  
Wc (:ompare Dnl.t-1toklilin’s algorit.lun and onr algoritlini with cosine acciiracy factors, 

and in  = 2 and q = 8. Figiircis I ant1 2 arc the examples of thc NUFFT and NIJ-IFF‘I’ 
algoritlinis for (2 ) .  Fignres ](a) anti l(b) fihow the real antl iinaginary parts of inpit  data 
p k ,  respectively. Figiirc l (c)  shows ttie spat.ial distrihtion of ont,piit data 9;. Figure ](ti)  

dislhyfi the al)soli~te error froin onr NUFFT arid that from Dntt-Rokhlin’s [2]. Qiiant,i- 
tativcly, the Ez and Em tiefined i n  [Z] are E2 = 2.713 x IO-’ and E, = 1.8511 x IO-’ 
for our  algorithrii, and E2 = 5.238 x for the Dntt-Roklilin’s 
algoritlirn. 17ignrtr 2(a) d i o w s  inverse inpiit data g j .  Fignres 2(b) and 2(c) rcprcfienl. tlic real 
and imaginary part,s of outpiit data for the inversion, rmpcctivcly. Fignrc 1 ( c l )  indicates 
I.lio atmliite error from our NIJ-IFF?’ and that froin Diitt-Roklilin’R 121. Qiianl.il.atively, 
E2 = 3.156 x IO-.’ ;ind E,  = 2.390 x IO-’ for our algorithm, and E2 = 2.3069 x and 
E, = 1.549 x for the Diitt-Roktilin’s algorithm. From tlicse refinlts, the accuracy of 
our algoritlirns is a h i t  one order of niagnitntle higher tlian Diitt-Rokhlin’fi. 

IV. Conclusions 
Based on tho CGFFT method arid the NUFFT algorithm, a new noniiniform invc!rw 

fast Fonrier t,ransforni (NU-IFFT) algorithm is tieveloped for noniinifnrin data. With a corn- 
paral)lc complexity of O ( N l o g , N ) ,  this algorithm is miich mote accurate than lhc previoiisly 
rcportcxl results since it is optirnal i n  the lcmt sqiiares sense. 
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Figure 1. Thc NUFFT algorit,hni for (2). (a) Real part of inpiit data (I ) )  Imaginary part 
of i l lpi i t  part. (1)) Output data. ( 6 )  Al~soliite error of outpiit data. 

Figure 2. The NU-1FFT algoritlirn for (2)  tiy CG-FFT tiielliotl. (a) Inp i i t  data. ( I , )  Real 
part of i m t p t  data. (c) linagiiiary part of  output part. ( c l )  Absolute error of olitpilt data. 


