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I. Introdriction 
Fast. Fourier transform (FFT) has been onjoying widespread appl icahns  i n  nnnierical 

analysis and otlicr armi of app l id  mat,hetnatics since Cooley antl Tukey [ I ]  estd)lisheti, 
in  the lO(iOs, a pnwerfiil fast a lgor i th i  for calculating discrete Foiirier traiisfornls. The 
rcqiiircnieiit for using FFT algorithms is t h t  the input da ta  rnilst be eqiially spaced. In 
many practical sitiiatioris, however, the inpiit data  is not equally spaced, antl httnce the 
rcgiilar F F I  docs not apply. To overcome this difficult,y Diitt aiid Rokhlin [ 2 ]  and Beylkin 
[3] stiidiad t,he protilem of  FFT for noniiniform (iinequally spaced) d a h .  

We propose a new approach to achieve the fast, Foiiricr transforrn for noniiniform data 
by iisirig a now clitss of matrices, the regular Fourier inatriccs [4, 51. This algorithm, also 
with it cornplcxity of O ( N  log, N )  where N is the number of d a h  points, is niorc accurate 
tlian that pr(il)oscd in (21 t~ecailse our  approximation error is nrinimizcd in tlio Icitst-square 

On(: of thc important applications of this NUFFT algorithin is to eiihanc:c 1.lie newly 
dtrvelopcid pscntfospectral timedomain (PSTD) mcthod 161, which r cq~ i rc s  only two cclls 
pcr minimini wavclcmgth, with the capabilit,y of having a noniiniforni grid. 

scnse. 

11. Formulation 
O u r  aim is t,o develop H fast algorithm to fincl the following siirnrnation 121: 

N-1 

fj = F ( a ) j  = ahei- . ( l  for j =  - N / 2 , . . . , N / 2 -  1, (1) 
k=O 

where w = ( W O ,  I . .  , wN-1) and t = { t - N p , .  . . , t N / z - l ]  are finite seqiienccs of real nuin- 
bers, wi1.h Wk E [ - N / 2 ,  N / 2 ]  for k = 0 , .  . . , N - 1 and t j  = 2 n j / N  E [ -T ,  T ]  for 
j = - N / 2 , . . . , N / 2  - 1; a = {uo; . . , a~ -1}  and f = { f - ~ / 2 , . . . , f ~ p - l ]  arc finite 
sequences of  complex niiniliers. Note that, unlike tlie regular FFT, wk's are noniiniforni. 

The itlea of Diitt and Itoklrlin [ 2 ]  for solving this prohlc!rn by R reglilar FFT is to 
al)proxinmtct a function ~ ( z )  = e-*" e'"= by R sniaIl niiniber of equally spaced points 011 

tho unit circle. We recognize t,hat, in applications, the function F dcfiued by (2) takcs it,s 
valiics on a finite sot only. Thcrefnre, inst,oad of ( 2 ) ,  we can consitiar the following fir1it.c 
st!qllc"ce 

1 

F ( j )  = 3 3 '  , p i Z r r j l N  for j = - N / 2 , .  . . , N / 2  - 1, (2) 
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wliore s j  > 0 (i:alled "ac!ciir;u:y fac:!,ors") are clioscn to niiniiniztr tlicr approxiiiiat,ioii error. 
T l i c  novelty of tliis algoritlirn is that it,s npproxiniation is optimal in  thc Ie;t~t-sqi~are sense, 
whid i  leads to nnrcti more ac:cw;itc rctiirlts. 

A. The regular Fourier matrices 
For an integcr in 2 2 let U J  = eiZr/"", q be ;in ~ V O I I  positive int.c!girr, .sj (j = 

- - N / 2 ,  . . . , N / 2  - 1) lw positin.: nunibem, and c lie ii real nniiitwr. Onr aim is to find 
z,..~,~ (k = 0,. . . , q )  to satisfy tlic following condition: 

i-ci+q/a 

&=[n,c]-q/2 

J dnr = Z&--[ , , ,c~(C)l IJJk fiir cvrry j = - N / z , .  . . , ~ / 2  - 1 ,  (3) 

wlicw (tnc] dirnotw tlic intcgcr iit:iircst to tnc. 
Sincc in  our ;ipplicat,ions q << N, cqiiation (3) cannot hi!  crxi)cct.eti to have an trx;Hc:t 

soliition. 1Iowi:vcr we can find the least aquam.9 sohition of tho inc:oiisi.stent, fiystc!ni (3). 
Tliiit is to find ~ ( c )  snch that  I ~ . ~ z ( c )  - v(c)II is sniallwt possil)lir, It is shown [4, 51 t.liat 

wliere 

NJ2-1 

itntl (rnc) = tuc- [VIC]. Observc: that niatrix F ( m ,  N , q ) ,  called the rygalar Fourier ninttix, 
is i i  Hcrniitiaii matrix of  dimension (q + 1) x (q t I ) ,  and is iniiqiwly det~:rrnin~~d by t i t ,  N 
rrnd q .  This reinarkhlc: property of F is of greiit inipnrtancr t)ec:anse it will rt!tlnc:ct tlio 
niirnlwr of operatiom by our algoritlimu and is a criici;il point o f  this work. 

B. The NUFFT Algorithm 

a r i d  (ii) the wsiiic sj = cos ?j;s; ac:cnracy factors. 10 partic:ul;ir, for thi: cosinc accuracy 
factor, a closecl-form solution caii be foiintl for (6): 

I - '  1 we may choose two cIifierenl; accnracy f;ict,ors, II:~III~!IY (i) tile Ginissian .9j = e+*) 

TIiis solution saves niany arithriietic: operatioris. IJiifort,nnatoly, we are not able to find a 
corresiioiidiiig closed-forin srtlnti~oii for the Gail%i:m accuracy fac!t.oru. Bccai~sc of this, it 
is oiily sensilile to use the Galmian accnracy factors wlicri many ropwd"  NUFFTs are 
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. . . - . .. . 
I n  snininary, our NUFFT ;ilgoritl~in consists of fnllowing strps: 

( I )  Coiiipiitcz,(wk) hy (4) f o r j = O , . . . , q a r i d  k = O , . . . , N - l  . 
(2)  Caluilatc: Foiiricr cocfiic:ieiits 

(3) Us(: iiiiiforin FFT to evalriate 

"12-1 

k=-mN/2 

(4) Scale t.he v;ilnc:s to arrive at t,he approximated NUFFT 

Thc ;Lsyniptotic: ni i i i i lxr  of arit,linic:lic opcrirliotLs of  this algoritlini iu O ( m N  log2 N), 
where trr << N .  Usnally we c:lioose in = 2 and q = 8. 

111. Numerical Results 
We apply this NUFFT algoritliin to perfomi spectral analysis of electrom;igiic!tic WBVCS 

near sharp motliiini discontinriitics. Shown iii Figure 1(a) is t.lw tmrlqverw elcctric field 
dno to a traiisicnt plane wavc riorin;rlly iiicidcnt to a thin coiidrictivc tiiolcctric slz~l) (cr = 4 
a r i d  U = 1 S/rn) of 15 cni thick. 'rho fast spat.ia1 variation o f  thc ficlci (ol~taincd by 
I . t i c  FIYI'L) inot,liod with a very fin(: grid) is dcpictcti in  Figrirc 1 (a) near thc: slab, and is 
sanipled nonriniforiiily. Figure 1 (I)) shows tlie excc!llcnt agrcicnicnt of the (spati;il) spectral 
ariiplitiido ol)tainetl by the NUFFT (with cosine accnracy factors arid q = 8, rt i  = 2) ancl 
direct evalnat.ion. Fignre l(c) displays tlic absolute error from oiir NUFFT algoritliin and 
that froiri 121. Qnzint.itat.ively, the Lz anti L ,  errnrs &:fined in  [2] arc: E2 = 2.731 x 
aiid E, = 2.958 x for o w  algorithiri, anti E2 = 3.849 x and E, = 3.694 x 
for the algorit,hin i n  121. Our NUFFT algorithni is more than one order of ningiiit,ndc rnore 

~~ 

actxirate. 
Figiirc 1(d)  sliows the CI'U lime a fiinction of N in tlic NUFFT algorithni. IJotti 

thr inpiit data a k  anti its locat,ions W k  (k = 0, . . . , N - 1) are obtaincd hy a psc:iid(+ 
randoin niirnber generator with large variations. I t  clearly verifies that the algorit.hin is of 
coiiiplcxit,y O ( N  log2 N). 

1V. Conclusions 
Uz~sctl 011 a (:l:i.ss o f  riigirlar Foiirier triatices, a new noniiniform fast Foiiricr t,r;iiisforin 

(NIJFFT) ~ilgorit~l~iii is dcvclopc!d for iincqiially spxct:tl data. With a coiiiparalilc coiiiplcx- 
ity of O( N log2 N), this iilgoritlim is irnich iiiorc! iu:cnr;ite tliair prcvioiisly rcportt!ti rcsii1t.s 
fiinw it is optiin:il in  tlic least qnares scnse. The algoritliiri is nscfril for ~ ~ 0 1 1 i ~ ~ i i t ~ i t ~ i ~ ~ 1 1 ~ ~ 1  
cloc:troiii:ignel.ic:H iiiid other fioltis of applicttl niatliwiatics. 
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Figure 1. (a) Sliatial distrit)iit,ion of transient. clec:troniagnetic finld near a condw:tivc! 
tiiclcctric slab. D,wIwd linca show iiitorfziceu of the dah. Nontiniforin sarrlpling is iisrci to 
incrc!:wc! the resolution close to  the slab. (t,) Thc (spatial) spoctral arnplitutle of ttrc! ficld 
ol~t;iincd by dirwt. evalnation anti! by the NUFF’I’ algorithm. (I:) Al)solritc? errors from t.llis 
algorit.lini and that hy Diitt-Rok,liliii [2]. (11) Rr:ln!,ivt! niiint)er of  opcrations a? a finrction 

curve is the theoretically predicted cnrve O ( N  log2 N) passing ttirough tlie last. point. 
of N .  Both inpiit dritn and the I<x:xticms of the nairiplirig imicit,n i m :  rariiloiri. Tlic dashed 

1785 


