
Dyad ic  Green's Funct ions  for C u r v e d  Waveguides  and Cavi t ies  
and T h e i r  Reforrnulation 

GiitrXin Fan and Qing H i m  Liii 
Klipsch Sdiool of El rical and Computer Engineering 

(:o State Univorsity 
L a  Criices, NM 88003 

I. In t roduc t ion  
Continnoiisly ciirved waveguides arc used uot only for wavcgnide bends but also for 

fceciing or reriiating guides for cylindrical conformal slot arrays [ 11. In solving the curved 
wavcguitle jiinctiori problems and the colipling slot and radiat,ing slot problerns, one often 
iiscs tlic dyadic Greon's functions (DGFs) for curved wavogiiidcs and c:avitias. Although 
many exprwsions of DGFs have been dcrivcd for various sI.riiiglit wavcgiiides and cavitica, 
no exprctssions of DGFs for ciirved wavcgiiicies and cavities are available. The difficulty is in  
th;it there only exist the longit.ildinal-sect,ion eloctric modes (LSE) and lonRitlltiina1-set:tion 
Iriagnet,ic niocicts (ISM) in c:iirved wavcgiiidcs. But, these two kinds of modcs do not have 
t.ho c:omplct,e ortliogonality i n  the terms of tht: dot product. Thercforo, the rwnal Ohrn- 
Ihyleigli iricttlrotl is not applicable to the curved waveguides prohlcmns. Morcover, unlike 
coininon roctangiilar wavc!giiitl(ts, thc: conqilt:tc expression of DGFs for curved guides cannot 
be const,riicted from the potmtial DGFs. On the other hand, wllen applied to boiindary 
intogral oqiiations, the iisiial rxprosqions of  the DGFs is not convenient for nnmcrical 
conipiitation l)ccansc of their higlictr siiigrilarity and discont,inuity. I n  this paper, the DGFs 
for c:iirved waveguides and cavitics are (:omt,riicted by ttic fields cxcited by a unit elcctric or 
magnetic source. Tlic: fiold expressions are derived with the help of the Lorentz reciprocity 
t,lirorc:ni and the niotlc: ortliogonnlit.y, and by adding tho sonrc:c-point term. The coininon 
form of DGFs is reformulated into a form convenient. for ninnctrical computation. Finally, 
a general procedure for reforninlation o f  DGFs for wavegnidcs is proposed. 

11. Vector Wave Functions in Curved Waveguides 
Consider a cnrved wavegnitle (or cavity) of rectangular c r o s  section with perfectly 

contliicting walls. With respect to a cylintlric:al coordinate system ( p ,  cp, z ) ,  the inner 
wavcgiiitie walls itre ctefineti by p = p l ,  p z  arid z = 0, c, arid the two ends by cp = VI ,  cp2. 
'I'tlttre are four possihle caws for ends condit,ions: both ends arc matched (Caw I) or  
strortwl (Caw II) ,  tlic (:nd 1p = 'pl is rnatcliccl while tlw end q = 'pz is shorted (Czwc I l l ) ,  
or vis(: vcrsa (CIWO IV) .  

TIlc c:igcnniodcs i n  cnrvttd wavc:guides can tie clawifid as oitliw LSE modc!s or LSM 
modes. For the LSE nio(lcs, tho corrcsponding vcc:tor wavo filnctions are defined as 

Mi,,"" f = V x iG;,"", Nlf,",, = (I/k)V x V x iG,k,, (1) 
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wlierc k is blio wavciniitnl)rr, Ir, ,  = @ - ( m r / c ) 2  ( 5 h ( h n , )  L: O ) ,  J and Y are Beswl 
fnnc:tions of first. and sccoird killcl, tlic: priiiie on tlic! hliictions dcnot.ta dcriv;it,ivc wit,li 
respcct. to tlie argnincnt, thc cigc:nvalnc:s /in,,, arc tlie rciots of t,hc cqnatioii (h,,,p2) = 
0. 

For tlie I S M  r n o r l c ! ~ ,  tlio c:orrcsponcling vcctor wave fiini:tiotis are definc:d ~LS 

Nf;,,, = (l /k)V x V x (5) * MA%,, = v x i l j l C , , , , , I  

where the oigcnviiliics are tlic root,s o f  tlie equat,ion CCn," (h,,pz) = 0, and ( 9 )  tnkcs 
thc: siiine forms of @$,. (rp) excopt for /in,,, rep~a~:ed by E,,,,, arid sin~~f~ir i~: t i i in  by c o ~ i i i c ~  
fnnction. 

It can he shown t h  1116: vecbor wave fnnctioris iil)ovc Iiavc! the following orthogiinal 
relations: 

v x v x af' - PEL" = - v x ia(r - r'), A x cLm) = 0 on the walls (1 1) 

v x v xi$) - k 2 c g '  = - jwcfh(r - r'), ?i x V x cc) = 0 on tho walls (12) 

The solutions of (11) and (12) can I)e writl.cn in tlit! form [2] 

-(m) --(In) G, (r,rr) = EE('")(r,r';C;)f$, G,, (r,r')  = xH('r')(r ,r ' ;Ci) i i i  (13) 
j j 
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where G > ( j  = 1 , 2 , 3 )  is a unit vector in an orthogonal coordiiiate system, and E("')(,, r'; G ; )  
and II("')(r, r'; G;) arc the electric and inagiletic ficilds a t  the field point r excited by a uni t  
point, rnagnckic dipolc i n  the G;-tlircct,iori a t  the soiirce point, r'. 

The soliit,ion proccdiire of E("')(r, r'; ti;) and H("')(r, r'; ti:) is divided in two steps. 
First, oiit,sidc tho thc soiirce region, thrise ficilds are expanded in t,ernis of thc eigcnvet:t,or 
functions, M,,,, , N,,,,,, MI,,,, and NI,,,,, and tlie expansion coefficients arc deterinitled 
by iising the Lorentz reciprocity and tlic orthogon:rl rclations given in the previous section. 
Thoir, the source-point torrn is ohtained by using ttic result o f  [3] aid the duality principle 
or  hy the procediire as introclucnd ill [2]. Finally, we get 

f - 7,) 

G( ,  ) ( r ,  rf)  = [n,,,,,N,,,,(r)M~",,,(r') + bn,nM~~n(r)Nf,,,,(r')] 9 < cp' (14) 
m n 

whrre A,,,,," arid Ae,,&" are the constants dependent on end condition (for example, A,,, = 
2jptnn and 

The clcctric-source elcctric- arid magnctic-field IIGFs are also ohtained by rising tho 
a h v e  procediirc or the duality principle. 

111. Reformulation of Dyadic Green's Functions 
When the DGFs derived above arc applied to tlie borindary intcigral cqnation, there 

cxist LWO main cornputations1 difkiiltita if the source and field points coincitle: one is thc 
trt!at~rric!irL of 6-fiinc:t,ion, the othw is their highw singularity. In this section, we tierive a 
new form of Lhc DGF on tl ie curved walls of wavegiiitle. 

1Jcc:aiise of thc: 1oc::tlizctl otfcct of &fiinction, thc uniL vc:c:tor fi in  tlie nourcc-point tcrrn 
pp'b(r - r') for iiii givcn &-propagating clircction can be coiisitlcrcd a.. a constant vector. By 
introdiicing the eigerivect,or func:tions of TE and T M  " A s  to +direction, MLE), NiE), 
MI"), NI"), at1(1 cicfiiiing L!") = v$LE) anct L:;") = V G ~ ) ,  wc call expalid the 6-function 
in the source-point t,orms for magnetic field and electric field, rt!spec:tivcly, a.9 follows, 

= 2jcm,, for Case I). 

wlicrc gp is thc! metric cocficiont. For curved wavcguidca, it is shown that 
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whwc a = c, S, = sin(mar/c), irntl V1 is the tangc!ntiel tlorivativcs at thc siirfiice p = pz 
whore the miirci! a id fic!ltl points im! loc:;itcd. Not.(! t.hat, in the new expression, t,he 6- 
function term disappoirrs, and thc: opc:rat,or Vt is introtlncc:d. It is the operators V,V; 
that. iiicreasc the order of singnlarily assoc:iat,r!tl wi1.h l.110 dyadic Grcen’s fiincbions. The 
forni VIVi is conveniciit for the follow-lip troatnient. wlion applying the inornwt rnet,hod 
to siirfiue intcgrirl eqnations. 

Wc first 
constriic:t. the opcirator VIVi forin, t,heii siibstitiite it int,o the original expression of DGF, 
and gilt tlic new forin via an arrirngc!n~ent proi:css. 

I liis lioiiristic: prctc:otlnrc can be generalized to the rcfor~milat~ion of the DGFs for a 
gc:nonil wirvognidc. For iin orthogonirl cnrvilincm c:oorclinatc systcin (11, U, p), we dt:finc: p a.? 
t,lio propilgatillg direction, and 11 = 11’ = i 4 0  (at, the wall). We give a goncrirl rcf(~rinnIation 
procedure IIS k)llows, 

A hc!nriutic proc:c:tliirc ciin also be iisotl for tho rc:fornn~lati~~n of DGFs. 

, I  

1) Expi id  the d(r - r’) fnnction t , m n  using (17) according to the t,ypt: of tlic: DGF; 
2) 1ntrotliic:e the teugo~~tial  dt:riv;it,ivc:s at thc! coordinat.~! plane where thc wavtigiiitlc wall 

is lor:iboci 

antl ciilcnlate the term (-l/kZ)V,V{g,n,,(r - r’), whcre gn,“(r - r’) is the expansion 
fiincti)ri o f  tlic fi$’-coinponc!i~t of the DGF and takes the siiine forin a.? t,hc oigon 
finiction to ex~t;rnd the d(r - r‘) firnc:tion; 

3) Siilistitnte t,lic al)ovc result iiilo t . l io originel ox~~rcssion of tlic IIGF, cancel the sonrce- 
point tcrni, and rearrange tlio torills iii tlic exprcssion iuto llic tlcsired forni with the 
vector operator (- l/kZ)VIV:. 
The procediire h i m  becn iisetl for the traiisforrn;rt,ioti of  tht: DGFs for st,raigllt wavcg- 

uitlcs with rcc:t;ingnlar ancl sectorial cross sections. 

IV. Conclusions 
The DGFY for cnrvcd wavcgiiidc:s a i d  cavities are derived lliroirgli ii siinple proccdnre, 

antl rc!for~niil:rt.cd into a I I ~ W  forni c:onvt:iiic!nt for I I I I I I I I T ~ I : ~ ~  conipnt.ation whim hot.li the 
sonrce antl field points a y  loc:atctl a t  tlic sanic! wavtrguitlc wall. A gciit:ral procc!tlnrc! for 
rc:forn~nlatio~r o f  I>C:Fs is prop~)scd for gcnmiil wavegui(Ies. Tllr IIGFs tferivcd (:a11 bo nsed 
for solving tlio prottlcins with ciirvcd wavcguitlc coupling and rirtiii~ting slots, iw well 2s 
wavcguitlc jnnetion problems. 
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