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Abstract—In this paper, we propose an iterative framework for
solving the stochastic transmission capacity expansion planning
(TCEP) optimization problem with N−1 contingency analysis. A
three-level filtering algorithm is designed that uses developed im-
portant scenario identification index (ISII) and similar scenario
elimination (SSE) technique to decrease the number of reliability
constraints in stochastic TCEP in a systematic and trackable way.
This filter decreases structural constraints in our TCEP mixed-
integer programming formulation in each iteration (up to 99.8%
in the first iteration), and the iterative framework adds reliability
constraints into the optimization problem gradually in order to
decrease the total simulation time. A lower bound is calculated
to quantify the quality of results. To verify capabilities of the
proposed method, it is applied to a reduced ERCOT system with
317 buses, 427 binary variables, and 10 scenarios. The numerical
result shows that the proposed method can solve large-scale
stochastic TCEP optimization problems faster, and its relative
performance improves with increasing number of scenarios and
the system size.

Index Terms—Transmission capacity expansion planning, N−1
criterion, Reliability, Stochastic programming, Uncertainties

NOMENCLATURE

Sets and Indices:
Nb: Set of buses; index i, k, n
Ng: Set of all generators; index g
No: Set of all existing lines; index l, m
Nn: Set of all candidate lines; index l, m
Nυ

u : Set of all existing lines and selected candidate lines;
index l, m
Lk: Set of lines connected to bus k
Gk: Set of all generators connected to bus k
Wk: Set of wind generators connected to bus k
Φω,υ

l : Set of lines with violated post-contingency flows under
outage of line l in scenario ω
Ω: Set of scenarios; index ω
Nω,υ

s : Set of system operation states under scenario ω;
index c (c = 1 represents the normal operation condition)
ICLω,υ: Set of important lines for contingency analysis in
scenario ω
υ: Superscript/index for iteration number
| |: Size of a set
Parameters :
qi: Per MWh load shedding penalty at bus i
γi: Per MWh wind curtailment penalty at bus i
Cog: Per MWh generation cost for generator g
ζl: Annual cost of line l construction
dωi : Demand at bus i in scenario ω

Pmax
g : Maximum capacity of generator g

Pmin
g : Minimum capacity of generator g

fmax
l : Maximum capacity of line l
fmin
l : Minimum capacity of line l
Ml: Big M is a large positive number for line l
Cω,υ: Matrix of contingencies (operation states) that specifies
the status of lines under different contingencies (1 for in
service and 0 for out of service lines) for scenario ω; indexc
Γω,υ
m,l : Magnitude of violation in flow of line m when line l

is on outage in scenario ω
CIIω,υ

l : Contingency identification index for outage of line l
in scenario ω
δ: Relaxation factor for CIIω,υ

l

α: Line capacity modification factor for contingency
conditions (Emergency capacity Rating = (1 + α) ×
Normal capacity Rating)
Random Variables :
ξ̃1: load in MW
ξ̃2: Available wind output in MW
Decision Variables :
xl: Binary decision variable for line l
ri,c: Load curtailment at bus i under operating state c
CWi: Aggregated wind curtailment at bus i
pg: Output power of generator g
fl,c: Power flow in line l under operation state c
θi,c: Voltage angle at bus i under operating state c. Δθl,c is
voltage angle difference across line l under operating state c.
Δθl,c= θk,c-θn,c for line l from bus k to bus n .

I. INTRODUCTION

WITH increasing penetration of intermittent renewable
resources, uncertainty in both power system operation

and planning increases. Ignoring these uncertainties in trans-
mission capacity expansion planning (TCEP) can result in over
or under investment, and will affect system reliability and
operation costs. However, integrating uncertainties into TCEP
makes this large-scale non-convex optimization problem even
larger and more complex. To make it a solvable optimization
problem, different simplifications are applied. In this paper, we
formulate TCEP for one planning horizon (static planning),
which is a subproblem of dynamic planning that considers
multiple planning horizons (for example planning for next
three horizons 10, 20, and 30 years).

Using direct current (DC) power flow formulation instead of
alternating current (AC) is a common simplification in long-
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term TCEP. In [1] and [2], transmission planning is formulated
as a linear optimization problem with continuous variables.
Different mixed-integer programming (MIP) formulations for
TCEP are developed in [3]–[6]. A simple MIP formulation
is used in [3] to represent decision variables for new lines
with binary variables. In [4], a MIP with disjunctive model
is proposed to represent Kirchoff’s second law with better
conditioning properties, and [5] improved the DC power
system modeling by integrating network losses in lines as
linear piecewise functions. A three phase hierarchical decom-
position method is proposed in [6] to find the global minimum
solution for a non-convex TCEP optimization problem. All the
above papers ignored uncertainties and contingency analysis
in TCEP. In [7] and [8], the authors provided a comprehen-
sive review of different methods for transmission expansion
planning.

Based on North American Electric Reliability Corporation
(NERC) standard 51, power systems operation should be
reliable and adequate [9]. System adequacy and security is
categorized in four levels A-D by NERC in this standard.
To conform with this standard, system operators use Security
Constrained Optimal Power Flow (SCOPF) or Security Con-
strained Unit Commitment (SCUC) to dispatch/commit power
plants. To decrease extra operation costs as a result of using
SCOPF/SCUC instead of OPF/UC, authors in [10] proposed
a new SCOPF with corrective post-contingency dispatch,
and in [11]–[16] transmission switching, FACTS devices and
phase shifters are integrated into power system operation to
relieve congestion and manage flow in lines. Authors in [17]
integrated transmission switching with the TCEP optimization
problem, and showed line switching can affect planning by
changing operation costs in systems with high penetration of
wind.

Integrating uncertainties and reliability studies into the
TCEP optimization problem makes it very large and almost
unsolvable for large-scale power systems. Authors in [18]–[20]
evaluated the impact of ignoring uncertainties on transmission
planning by comparing the results of deterministic, heuristic,
and stochastic TCEP for different case studies. Their result
shows that stochastic TCEP may select some lines that will
not be selected by either deterministic or heuristic methods. A
two-stage stochastic model with sequential approximation is
developed in [21]. They modeled load and wind as dependent
uncertain variables to evaluate their impact on transmission
planning. In [22], a new hybrid stochastic model for TCEP is
developed by combining evolutionary algorithms with Ben-
ders decomposition technique. In [23], authors integrated
uncertainties and risks in load and availability of genera-
tion and transmission lines into a stochastic generation and
transmission capacity expansion planning, and formulated the
problem as a non-linear mixed-integer optimization problem.
A probabilistic method for capturing uncertainties in TCEP
is proposed in [24]. They developed probabilistic locational
marginal pricing (LMP) index, and suggested value-based
criteria i.e. decreasing congestion cost and reducing weighted
deviation of mean of LMPs for selecting new transmission
lines. In [25], Benders decomposition with aggregated multi-
cuts is used to solve TCEP under uncertainties. Authors

in [26] used Least-Square Monte Carlo dynamic programming
to solve stochastic TCEP. They deployed sensitivity analysis
to determine decision regions to execute, postpone, or reject
transmission investment candidates. In [27], stochastic TCEP
is formulated as mixed-integer linear optimization problem,
and a heuristic method is developed to reduce the number of
candidate lines (number of binary variables) to decrease the
computational time for large-scale problems.

References [17]–[27] ignored transmission reliability issues
in TCEP. O’Neill et al proposed a comprehensive mathe-
matical formulation for dynamic transmission and generation
expansion planning in [28] by integrating unit commitment,
transmission switching, and N − 1 contingency analysis into
the optimization problem. This complex formulation takes a lot
of computational effort for solving even a small network.
More practical models for TCEP with N − 1 contingency are
developed in [29]–[37]. A nodal capacity market framework
is developed in [29] that uses the flow cancellation technique
to model line outages in a MIP problem. Authors in [30] used
a genetic algorithm to solve TCEP with N − 1 contingency
analysis. In [31], the network model is improved by adding
linear approximation of reactive power, off-nominal bus volt-
age magnitudes and network losses. They also integrated
N − 1 contingency analysis into TCEP as a sub-problem.
Authors in [32] integrated Available Transmission Capacity
(ATC) constraints into a multi-stage stochastic TCEP problem.
They used GAMS/SCENRED as a tool to reduce randomly
generated scenarios (very large number of scenarios) and
solved TCEP with all contingencies for IEEE-24 bus system.
The impact of adding ATC constraint on TCEP is evaluated;
however, the performance of the model for large-scale systems
is not discussed.

A three-stage TCEP formulation with Benders decomposi-
tion is developed in [33]. They integrated transmission switch-
ing with TCEP, and considered N − 1 contingency analysis
for all existing and candidate lines. Authors in [34] modeled
stochastic TCEP as a bi-level optimization problem, in which
in the upper-level investment for transmission expansion is
minimized and, in the lower-level, social-welfare is maximized
given the expansion decisions from the upper-level problem.
They used the dual of the lower-level problem to convert
the problem into a single level optimization problem. They
modeled outage of a pre-defined list of lines as different
scenarios in the optimization problem. In [35], transmission
expansion and reinforcement is formulated as a stochastic
optimization problem to reduce vulnerability of the system in
case of deliberate attacks. They developed a set of scenarios
to model different plans for destroying a set of transmission
lines. Authors in [36] proposed stochastic flexible transmission
planning by considering adding phase shifter or non-network
options such as energy storage devices and demand response.
They used Benders decomposition to solve this problem. They
applied the proposed model on the IEEE-RTS case with 24
buses, and the performance of the method for large-scale
networks is not evaluated.

The above mentioned papers considered a short list of
candidate lines and/or lines for contingency analysis to reduce
the problem size, and they did not provide any systematic way
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to select that short list. Authors in [37] showed that it is not
necessary to explicitly integrate a single outage of all lines
into TCEP to satisfy the N − 1 criterion, and they developed
an algorithm to decrease the list of explicitly considered lines
for contingency analysis by selecting only those lines such that
their outage will cause overload in other network components,
and thereby reduce computational time by decreasing the size
of the TCEP problem. A drawback of this method is that
when it is applied to stochastic TCEP, it will not have a very
good performance because adding several scenarios to capture
uncertainties will increase the problem size rapidly again (as
will be shown in numerical result section). In [38], the VCL
algorithm is integrated with a candidate line reduction heuristic
method to solve stochastic TCEP faster, but the there is no
guarantee for optimality of results, and the quality of results
cannot be quantified.

In this paper, building on our previous work, we move
toward stochastic TCEP with N − 1 contingency analysis for
large-scale systems. We propose a new framework that adds
reliability constraints gradually (by adding more important
lines first) through an iterative process to reduce the compu-
tation time, which makes it possible to solve stochastic TCEP
optimization problem with N − 1 contingency analysis for
larger-scale systems.

In this paper we have the following contributions:
• Designing a three-level filter to decrease the number of

lines for contingency analysis in a systematic, automated
and trackable way,

• Developing Important Scenario Identification Index
(ISII) to detect important/special scenario(s) for con-
tingency analysis if there are any, and create Important
Scenarios List (ISL),

• Developing Similar Scenario Elimination (SSE) tech-
nique to eliminate similar scenarios from contingency
analysis in early iterations,

• Improving the variable contingency list (VCL) algorithm
proposed in [37],

• Proposing an iterative framework for stochastic TCEP
with contingency analysis.

By implementing the proposed method on networks with
different numbers of scenarios, it is demonstrated that it
has a great capability for decreasing computational time. We
compared the performance of the proposed method in this
paper with the integrated model (in which all contingencies are
integrated into TCEP optimization problem) and the proposed
method in [37]. For the reduced ERCOT system with 317
buses, 427 branches and 10 scenarios, we obtained the answer
in less than 20 minutes, which is more than 910 times faster
than [37], which needed over 12 days to solve the problem,
whereas for the integrated model we could not obtain an
answer after 34 days.

The rest of the paper is organized as follows: in section II,
the main concepts and the proposed optimization process
are explained. The mathematical formulation of stochastic
TCEP, updated VCL formulation and the three-level filtering
algorithm are presented in section III. In section IV, the
proposed method is applied to different case studies. Section V
has a conclusion and future work.

II. PROPOSED OPTIMIZATION PROCESS

A. Integrating Expert Knowledge with TCEP
Using expert knowledge (EK) for solving large-scale TCEP

optimization problem is inevitable with current existing ma-
chines and software. But there are different points of view
on how EK should be integrated into the transmission plan-
ning decision making process. In one approach, decisions
are mainly made by experts based on their expertise instead
of using an optimization based method. A second approach
integrates EK into the TCEP decision making process as
input data for an optimization problem such as the worst case
scenario for planning, list of possible contingencies, a reduced
list of candidate lines and so on. A third approach converts EK
to some criteria (where applicable), and tries to integrate them
into the TCEP optimization problem. Compared to the second
approach, this method is systematic and trackable on the one
hand, and more challenging from the modeling perspective on
the other hand. The last approach tries to use EK as little as
possible, and solve the problem through pure mathematical
formulation. These purely mathematically driven methods are
usually computationally very expensive, and are not practical
for large-scale problems. Authors in [39] explained that the
current practices for TCEP in the United States mostly follow
approaches one and two.

In this paper, we tried to move TCEP decision making
process from approach two to three by developing a new
framework that makes it possible to integrate EK into the
TCEP optimization problem in a trackable way.

B. Main Concepts Description
In this subsection, concepts that mainly affect our TCEP

modeling and the proposed method are explained. These con-
cepts include long vs. short-term planning, how uncertainties
are modeled, and the purpose and main tasks of the filter along
with different components that are involved in the design of the
filter i.e. the VCL algorithm, important scenario identification
index and similar scenario elimination technique.

1) Long-term vs. short-term TCEP: By introducing new
technologies, developing smart grids, flexible transmission
operation and wide area monitoring systems, system oper-
ators will have more flexibility in real-time operation, and
can take several corrective actions to operate power systems
reliably. Decisions regarding adding these components to the
transmission network are usually made in short-term TCEP, in
which “corrective expansion plans” such as installing special
protection schemes, phase shifters, FACTS devices, PMUs and
expansion of existing substation (by increasing transformer
and/or circuit breaker capacity and so on) and existing trans-
mission lines (by reconductoring or double circuiting currently
single circuit lines) are proposed to improve power system
reliability. These short-term expansion plans usually can be
implemented in less than 5 years.

On the other hand, in long-term TCEP (which is the main
focus of this paper), decisions regarding building new trans-
mission lines, substations, or increasing the highest voltage
level of the network (for example an increase from 345kV to
765kV) are made. Implementing long-term expansion plans
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usually takes more than 5 years (10-20 years are common
long-term transmission planning horizons). For system oper-
ation modeling in the long-term TCEP, day-ahead unit com-
mitment/dispatch is used without integrating corrective actions
mainly because these extra flexibilities are usually considered
as transmission network reserve for real-time operation, in
which system should be reliable for N − 1 − 1. Moreover,
most of them have settings that depend on current network
configuration, so by expanding the network and changing
network configuration (for next 20 years) their current setting
mostly will not be valid and should be revised (needing
detailed information about the status of the system in the future
such as accurate new line characteristics that are not usually
available during long-term planning).

2) Uncertainties and scenarios: Due to increasing environ-
mental concerns, permitting and building transmission lines
takes longer, and it raises the need for longer-term TCEP that
increases uncertainties [27]. Uncertainties can be categorized
as micro uncertainties, which are mostly related to variations
in load and wind (modeled in [21], [32], [33]) and macro
uncertainties, which are mostly related to uncertainties in long-
term generation expansion, environmental and market regula-
tion changes (considered by [18], [40]). From the statistical
modeling perspective, uncertainties are also categorized as
random and nonrandom as explained in [24] in detail.

To capture all these uncertainties, usually a large number
of scenarios are generated in the early stages of planning
(there are different methods to generate scenarios to represent
uncertainties such as Monte Carlo method (used by [32]) and
using historical data with statistical modeling (used by [21])),
and different clustering techniques are developed to reduce
the number of scenarios [19], [21]. There are also some
commercial packages such as SCENRED (by GAMS group)
that can be used for this purpose (used by [32]). In this paper,
we consider wind availability and load variations as uncertain
parameters, and historical data with statistical modeling is
used to generate scenarios to capture uncertainties in wind
and load for stochastic TCEP. It is assumed all scenario
reduction techniques are already applied, and we have a set of
scenarios (Ω) that should be integrated into TCEP to capture
uncertainties in the future. The type of uncertainty and how
it is modeled will affect the selected expansion plan in TCEP.
However, we are not here concerned about the origin of sce-
narios as the proposed iterative framework with the designed
filtering algorithm for integrating contingency analysis into
stochastic TCEP is applicable for different scenario generation
techniques.

3) The Filter: As stated in section II-A, using expert
knowledge can be very helpful for reducing computational
time in large-scale problems, and when uncertainty increases it
will be much harder (and less trackable) to directly use expert
knowledge in the decision making process. For integrating
contingency analysis into the TCEP problem, we developed
a filtering mechanism to select a subset of important lines for
contingency analysis that should be integrated into stochastic
TCEP in each iteration instead of asking experts to manually
choose some lines for these analysis. The filter uses an updated
version of the VCL algorithm (proposed firstly in [37]) and

two new indicies developed in this paper (explained in the
following subsections) to select a subset of scenarios and lines
for contingency analysis. The advantage of this filter is that it
provides a systematic and trackable way for integrating con-
tingency analysis into TCEP optimization problem gradually.
More detail about the filter is given in sections II-C (step 7)
and III-C.

4) Updated VCL algorithm: The developed VCL algorithm
in [37] finds all important lines for contingency analysis
(ICLωs), and integrates them into the TCEP at once. But for
large-scale stochastic TCEP problems, the size of contingency
list (|CL| =∑

Ω |ICLω|) will increase rapidly and makes the
TCEP optimization problem unsolvable or extremely computa-
tionally expensive. In this paper we added two new features to
the VCL algorithm that will let us select a subset of important
lines for contingency analysis. The first one is the relaxation
factor δ that selects a subset of lines with high contingency
identification index (see section III-B for more detail), and the
second one is the ability to select a fixed fraction of lines that
adds more flexibility on managing the size of contingency list.

5) Important Scenario Identification Index (ISII): Different
scenarios affect power system operation differently under
normal operation condition (for example, more power plants
will be committed/dispatched when demand is high compared
to low load condition at midnight). For under contingency
operation states, the VCL algorithm will select different lines
under different scenarios, and the size of ICLω may signifi-
cantly change from one scenario to another.

We define a set of scenarios “normal” for contingency
analysis if its contingency statistics vector (referred as CS),
which contains the number of important lines for contin-
gency analysis in each scenario (|ICLω|s), has a normal
distribution (there are different tests to check normality of
a distribution such as Kolmogorov-Smirnov, Lilliefors, and
Jarque-Bera [41]). Based on this definition, we set ISII = 0
for a scenario set with CS having a normal distribution with
small standard deviation. It means |ICLω|s are mostly close
to the mean of the set with a few far from it that shows a
normal behavior of the scenario set from contingency analysis
perspective; therefore there is no special scenario in this set
to be evaluated separately. Otherwise, ISII is set to one
(ISII = 1) that shows there are some scenarios that have
significantly different behavior compared to the average in the
set from the contingency analysis perspective; so we would
like to separate them from the rest and analyze them separately.

To find important scenarios for the case with ISII = 1, a
normal distribution is fitted to CS vector, and scenarios with
|ICLω| larger than mean plus one standard deviation of the
fitted normal distribution are tagged as important scenarios,
and are stored in Important Scenarios List (ISL). If the ISL
is not empty, lines for contingency analysis will be selected
from lines in ICLs of the scenarios in ISL. It will result in
a short list of more effective lines for contingency analysis in
the first iteration.

6) Similar Scenario Elimination (SSE) technique: By using
ISII , we separated specific scenarios from the rest. How
about the scenarios such that their ICLωs have relatively
the same size? Should we assume they are all the same?
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We cannot judge about them just based on the size of the
list, because there might be totally different lines in each
ICLω . For example in a high-wind/low-load scenario different
lines might be selected by the VCL algorithm compared to a
low-wind/high-load scenario; therefore, we need to look at
lines in ICLω of each scenario ω to compare them. When
two scenarios have relatively similar lines in their ICLs,
we can eliminate one of them from contingency analysis as
their impact on contingency analysis will not be significantly
different. The Similar Scenario Elimination (SSE) technique
works based on this concept. ICLω is a list that contains
important lines for contingency analysis for scenario ω. In
ISII , a vector of |ICLω|s is used to make decision about
scenarios, and in SSE we look inside these lists to make
a decision. SSE checks the similarity of lines in ICLs
of a scenario set/subset to find scenarios with more than
a specific percent of similarity in their lists. Then, among
similar scenarios, one with a greater number of important lines
will be selected to create contingency list (CL) vector based
on its ICLωs, and ICLs of other similar scenarios will be
eliminated from contingency analysis in that iteration. SSE
can be applied to scenario sets with both ISII = 0 and
ISII = 1 to decrease the number of lines for contingency
analysis.

It should be emphasized that we do not remove any scenario
from stochastic TCEP, and the size of operation states set
for scenario ω in iteration υ, which is represented by Nω,υ

s ,
is always greater than or equal to 1 (|Nω,υ

s | ≥ 1 ∀ω, ∀υ).
In other words, in each iteration that TCEP optimization is
solved (in step 9 of the proposed framework) all scenarios
are included in the optimization problem at least for their
normal operation state. We create CL from ICLs of a subset
of scenarios by using the designed three-level filter to reduce
computational time in early iterations. However, the iterative
framework is terminated if and only if all important lines for
contingency analysis are integrated into the TCEP optimization
problem; therefore the contingency list (CL) will contain all
ICLs of all scenarios in the last iteration.

C. The Proposed Framework

In this paper, a framework is designed to iteratively solve
stochastic TCEP with N − 1 contingency analysis. The pro-
posed three-level filter is used to select a subset of important
reliability constraints for the optimization problem in each
iteration to increase the problem size gradually and thereby
reduce overall computational time compared to considering all
constraints explicitly from the start. The proposed framework
is summarized in the following 10 steps:
Step 1 : Load input data, set υ = 1.
Step 2 : Check system islanding
In this step, an algorithm checks for island buses in a network
in which all candidate lines are tentatively built. If any island
buses are found in this step, they will be deleted from data
permanently as they will never be connected to the network.

Step 3 : Solve a relaxed version of TCEP
In this step, all constraints related to contingency analysis
are ignored, and a relaxed version of the original integrated

TCEP is solved. This optimization problem is much easier to
solve and provides a lower bound for the original problem.
The existing network (No) is updated by adding the selected
candidate lines and creates updated network Nυ

u . The new
system is referred to as Sυ

u .
Step 4 : Temporarily remove island buses
If there is any island bus in the updated system (Sυ

u ), it will
be removed temporarily from data as it will not have any
impact on ICL and filtering. The new reduced system is
called Sυ

r .
Step 5 : Create ICL for all scenarios
For Sυ

r , ICLω,υ will be created for all scenarios with
relaxation factor value δ = 1. Mathematical formulation and
full definition of relation factor are given in section III-B.

Step 6 : Create Contingency Statistics (CSυ
o ) and Contin-

gency Lines (CLυ
o ) vectors

For this step, the contingency statistics vector that contains
the size of ICLω,υs for each scenario (|ICLω,υ|s) is labeled
CSυ

o , and all important lines for contingency analysis are
added to the contingency list (CLυ

o ) vector.
Step 7 : Three-Level Filtering for contingency analysis
A three-level filter is designed to further decrease the total
number of lines for contingency analysis in TCEP based on
network and scenario set characteristics. In each iteration
only one level of the filter will be selected to modify CSυ

o and
CLυ

o to form currently considered vectors CSυ and CLυ .
• High-Level Filter: The algorithm gets into this level if
ISII = 1 and υ = 1. After running ISII and creating
ISL, if |ISL| = 1, the updated VCL algorithm is run
with a δ value close to 1. If |ISL| > 1, SSE algorithm
is run to eliminate similar scenarios in ISL if there are
any. Therefore, a relatively small subset of lines in CLυ

o

are selected at the end of this level of filtering, and CSυ

and CLυ are created.
• Medium-Level Filter: The algorithm gets into this level in

an iteration if it did not get into the previous level and the
mean of CSυ

o is large enough. In this level, SSE is used
to find and eliminate similar scenarios. If the number of
remaining lines for contingency is still large, the updated
VCL algorithm with δ � 1 is run to select a fraction of
lines to reduce the size of contingency lines list. At the
end of this level CSυ and CLυ are created.

• Low-Level Filter: If the algorithm did not get into the first
or the second levels in an iteration, it will get into this
level. In this step only the updated VCL algorithm with
δ ≥ 1 will be run to reduce the size of contingency lines
list and create CSυ and CLυ .

The filter is designed in a way to ensure that sum of CSυ

elements in iteration υ is greater than or equal to iteration
υ − 1. Otherwise CSυ = CSυ

o and CLυ = CLυ
o , which

means all important lines will be selected for contingency
analysis (all scenarios are included in contingency analysis).
Contingency matrices Cω,υ are created based on CSυ and
CLυ in each iteration. See section III-C for more detail.

Step 8 : Check Stopping Criteria
The iterative process will stop when CSυ = CSυ

o in an
iteration. In this case, the variable Flag is set to 1.
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Step 9 : Solve TCEP optimization problem
In this step, Sυ

u is used as the base case for TCEP. After
solving TCEP optimization problem, set υ = υ + 1, and
update Nυ

u and Sυ
u based on the selected plan in this step. If

Flag = 1 go to step 10, otherwise return to step 4.
Step 10 : We have the optimal/near-optimal expansion plan
that satisfies N − 1 criterion.

We can confirm that the selected plan satisfies the N − 1
criterion by running a DC-SCOPF with all contingencies for
the selected expansion plan to make sure there is no violation
in constraints, and if there is any, the algorithm will return
to step 4 to update CS and CL. As selected lines in each
iteration are considered as the built lines for the next iteration
(by updating Nυ

u and Sυ
u at each iteration), in general we

cannot guarantee global optimality of the final result. To
quantify the quality of the final result, we need to calculate
the optimality gap by finding a lower bound answer (discussed
in section II-D). The proposed framework is summarized in a
flowchart in Fig. 1.

D. Sub-Optimality Bound
Branch and Bound (BB) is one of the most common meth-

ods for solving combinatorial optimization problems. It was
proposed by A. H. Land and A. G. Doig [42] and improved
by several references since 1960 [43]. To quantify the quality
of the obtained result by the proposed method, we use BB
to find a lower bound (LB) for TCEP by exploring some
levels of branches for improving the lower bound. Details of
BB algorithm is not in the scope of this paper. The result of
step 10 is considered as the upper bound (UB) for calculating
the error from the following equation:

ε =
UB − LB

LB
× 100 (1)

The value of ε in (1) depends on the number of applied
branch and bound steps for calculating the lower bound
answer, and it shows the maximum possible error between the
answer in step 10 and the globally optimal answer (also called
ε−suboptimal). As the proposed iterative method always se-
lects a subset of the most important reliability constrains for
solving TCEP in each iteration, we expect the optimal answer
to be close to the upper bound.

III. MATHEMATICAL FORMULATION

A. Two-Stage Stochastic TCEP Formulation with Dynamic
Contingency Matrix

In our formulation, we assumed wind and load as uncertain
parameters, but as explained in section II-B the proposed
method is independent of the nature of uncertainty and the
origin of scenarios. The two-stage stochastic TCEP is formu-
lated as follows:

Z∗=min
∑
Nn

ζlxl+E[Q(x, ξ̃)] (2)

st. xl ∈ {0, 1} ∀xl ∈ Nn, (3)

Start

Load Input
Data, υ = 1

Any
permanent

island?

Solve a relaxed
problem, create
Nυ

u and Sυ
u ,

Permanently
remove islands

Any
temporary

island?

Calclate ICLs

Temporarily remove
islands, create Sr

Creat CSo, CLo

Filter level?

High Filter Medium
Filter Low Filter

Creat CLυ

and CSυ ,
creat contingency

matrices

Check stopping
criteria, set
Flag status

Solve TCEP
with selected
contingencies

υ = υ + 1,
update Nυ

u and Sυ
u

Is Flag=1?

Selected plan
is optimal/

ε−suboptimal

Stop

yes

no

yes

no

H

M

L

yes

no

Fig. 1. Flowchart of the proposed iterative framework
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where ξ̃ is a random variable vector that represents load and
wind uncertainties (ξ̃ = (ξ̃1, ˜ξ2)). E[Q(x, ξ̃)] represents the
expected value of operation costs that contains load shedding
and wind curtailment penalty and generation costs. This ex-
pected value is approximated with a weighted sum of a limited
number of scenarios as follows [44]:

E[Q(x, ξ̃)] ≈
∑
Ω

PωQ(x, ξω) (4)

where Q(x, ξ) is the optimal value of power system operation
for given load and wind represented by ξ.

Q(x, ξ)=min
∑
Ns

(
∑
Nb

qiri,c)+
∑
Nb

γiCWi+
∑
Ng

Cogpg (5)

st. −
∑
Lk

fl,c+
∑
Gk

pg+rk,c=dk (6)

−Ml(1− Cl,cxl) ≤ fl,c−Bl,lΔθl,c (7)
Ml(1− Cl,cxl) ≥ fl,c−Bl,lΔθl,c (8)

CWk ≥
∑
Wk

(Pmax
g − pg) (9)

(Cl,cxl)f
min
l ≤ fl,c ≤ fmax

l (Cl,cxl) (10)
Pmin
g ≤ pg ≤ Pmax

g (11)
0 ≤ rk,c ≤ dk (12)

−π

2
≤ θk,c ≤ π

2
(13)

CWk ≥ 0 (14)
xl=1, ∀l ∈ No (15)
xl ∈ {0, 1}, ∀l ∈ Nl (16)

This optimization problem is solved in every iteration. In
equation (5), load shedding is penalized over all operating
states (Ns) to satisfy the N − 1 criterion (no load shedding
is accepted during both normal and under single contingency
states). Equation (6) enforces power balance at each bus.
Equations (7) and (8) show DC representation of flow in trans-
mission lines with big M technique. Equation (9) measures
wind curtailment at each bus. Equation (10) shows flow in all
lines should always be between their maximum and minimum
capacity limits. These limits will be modified based on the
given value for α for emergency conditions (contingency in the
network). Equations (11)-(13) enforce power plants’ dispatch,
load shedding and voltage angles to be between their minimum
and maximum limits. Equation (14) enforces non-negativity
of wind curtailment. Equation (15) sets decision variables for
existing lines to 1. Equation (16) enforces that x is a binary
decision variable for transmission lines (x = 1 when a line is
built and x = 0 when a line is not built).

B. Updated Variable Contingency List (VCL) Algorithm

Modified Line Outage Distribution Factor (LODF) is used
to calculate post-contingency flow in transmission lines when
one line is on outage. The following equations are used to
create important contingency lists for different scenarios.

Γω,υ
m,l =

fω,υ
m,l − fmax

m

fmax
m

, ∀m, l ∈ Nυ
u , ∀ω ∈ Ω (17)

Φω,υ
l = {m ∈ Nυ

u |Γω,υ
m,l ≥ α} , ∀l ∈ Nυ

u , ∀ω ∈ Ω (18)

CIIω,υ
l =

{ ∑
Φ
ω,υ
l

Γω,υ
m,l

|Φω,υ
l | , if |Φω,υ

l | �= 0

0, if |Φω,υ
l | = 0

(19)

ICLω,υ = {l ∈ Nυ
u |CIIω,υ

l ≥ αδ} , ∀ω ∈ Ω (20)
δ ≥ 1, (21)

where (17) calculates over/under loading on line m when line
l is out. In this equation, fω,υ

m,l represents the magnitude of
post-contingency flow in line m when line l is on outage.
Equations (18)-(19) are used to calculate Contingency Iden-
tification Index (CII) for each scenario with α as the line
capacity modification factor during contingencies (see [37] for
more details). Equation (20) creates important contingency list
(ICL) based on CII . To be able to select a fraction of lines
in ICLs, a relaxation factor δ is included in (20). This new
capability is useful for managing the size of CL in different
iterations.

C. Three-Level Filtering Algorithm
Algorithm 1 explains the proposed three-level filter in step 7

in section II-C in more detail. To develop this algorithm,
concepts explained in section II-B are used.

Algorithm 1 Three-Level Filtering
Require: CSυ

o , CLυ
o and υ

H ← 0 (if CSυ
o is not Normal)

μ← mean of CSυ
o

σ ← standard deviation of CSυ
o

ISII ← 1 (if H = 0 OR σ ≥ μ/2)
if υ = 1 AND ISII = 1 (High-Level)
then

ISL← Scenarios with |ICL| ≥ (μ+ σ)
if |ISL| > 1 then

CSυ, CLυ ← Run SSE for ISL
else

CSυ, CLυ ← Run updated V CL for ISL
end if

else if υ ≤ 3 AND μ is large (Medium-Level)
then

CSυ, CLυ ← Run SSE
if sum(CSυ) is still large then

CSυ, CLυ ← Run updated V CL with δ � 1
end if

else (Low-Level)
CSυ, CLυ ← Run updated V CL with δ ≥ 1

end if
Ensure: Sum(CSυ) ≥ Sum(CSυ−1) OR CSυ = CSυ

o

As shown in Algorithm 1, after checking the normality of
CSυ

o distribution in iteration υ (H), mean (μ) and standard
deviation (σ) of the fitted normal distribution is calculated.
Then the status of ISII will be set (based on H, μ, σ). In the
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next step, conditions for selecting a filter level is checked. For
the high-level filter, first the ISL is created, then based on the
number of important scenarios (|ISL|), the filter goes through
SSE or the updated VCL algorithms. For the medium-level
filter, SSE and the updated VCL algorithms (if applicable) are
run to reduce contingency lines list. The low-level filter applies
the updated VCL algorithm to create CLυ and CSυ . In each
iteration to guarantee the algorithm’s eventual termination, it
is always checked that the number of selected lines increases
or that all lines will be selected. It is critical to design the
filter in a way that effectively creates CLυ and CSυ based
on the size of the network and the number of scenarios. In
section IV-A, the detail of applying all filtering steps on a
numerical case study is given.

IV. CASE STUDY AND SIMULATION RESULTS

In this section, we run numerical analysis for five case
studies on a 13-bus system (three of the cases) and a reduced
ERCOT system (two of the cases). All simulations are done
with a personal computer with 2.4-GHz CPU and 16 GB of
RAM. The proposed method is implemented in MATLAB
R2014a [45] by using YALMIP R20140221 package [46]
as a modeling software and GUROBI 5.6 [47] as a solver.
To calculate “Total Time”, MATLAB built-in function tic
toc is used to evaluate elapsed wall clock time, and “Solver
Time” is calculated by YALMIP. The case studies are solved
for three methods i.e. the proposed method in this paper,
the VCL algorithm [37] and the integrated model (in which
N − 1 contingency analysis is modeled for all lines) and their
performance are evaluated.

A. 13-Bus System
This system has 13 buses, 33 existing lines, 16 power plants,

9 load centers, and 36 candidate lines. It is developed for
educational purposes and represents a simplified version of
the ERCOT network (see Fig. 2). Bus No. 13 represents a
new demand center that submitted a request to connect to
the network. High wind expansion in west (buses 3 and 6)
also introduces needs for network reinforcements in west and
central parts of Texas. This system is run for three cases i.e.
A, B and C with 20, 50 and 100 scenarios, respectively, to
evaluate the capabilities of the proposed method. Data for this
case study can be downloaded from http://tiny.cc/13-bus-data.
It is assumed that all scenarios have the same probability.
Transmission investment cost is $1M/mile that is converted
to an annual base. Value Of Loss Load (VOLL) is set to
$9000/MWh and wind curtailment penalty is $500/MWh.

To show the performance of the proposed method when it
deals with different cases, the results of these three cases are
compared for all steps of the proposed method. Step 1: Input
data is loaded, υ = 1. Step 2: check islanding: No island.
Step 3: Solve relaxed problem: for case A, 7 new lines are
added, and for cases B and C, 9 new lines are added, which
will significantly affect the computational time in step 9. S1

u

and N1
u are created for each case. Step 4: Temporary island

removing: No island, so S1
r is the same as S1

u. Step 5: Create
ICL for all scenarios: by setting α = 0.05 and δ = 1,

Fig. 2. 13 bus network with existing lines, generators and loads.
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Fig. 3. ISII index results for three different cases

ICLω,1s are created for all scenarios. Step 6: Create CSυ
o and

CLυ
o : CL1

o is created from ICLs. |CL1
o| for cases A, B and

C are 219, 538, and 1041, respectively. These numbers show
how fast the problem size will increase for a large number
of scenarios even after applying the VCL algorithm. For each
case, the total number of lines in CL1

o is equal to the sum of
elements of CS1

o .
Step 7 applies the three-level filtering. It is evaluated

step-by-step and in more detail to make its impact clear.
We used the MATLAB built-in function jbtest, which
is developed based on Jarque-Bera test, to check whether
a data set has a normal distribution. CS1

o for case A has
a normal distribution, and for cases B and C, CS1

o does
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not have a normal distribution. ISII is calculated for three
cases and ISIIA = 0, ISIIB = 1, ISIIC = 1. The
histogram and fitted normal distribution on CS1

o vector are
shown in Fig. 3 for each case in the first iteration. Gray bars
show the frequency of |ICLω,1|s, and the red bell shape curve
represents the normal distribution fitted to CS1

o . Green dashed
line indicates mean (μ) of the fitted normal distribution and
blue solid line represents mean+std (μ+ σ). If ISII is equal
to 1, then scenarios on the right side of the blue line will be
tagged as important scenarios. Important Scenarios List (ISL)
for each case is given in the second row of Table I. Case A
has no important scenario, as its CS1

o distribution is normal
and its standard deviation is less than half of its mean (see
Fig. 3(a)). For case B and C (see Fig. 3(b),(c)) ISII = 1, and
there are 5 and 10 important scenarios for these two cases. For
the first iteration, the filter selects 108 lines for contingency
analysis for case A (

∑
Ω |Nω,1

sA | = 128 operation states), 70
lines for case B (

∑
Ω |Nω,1

sB | = 120) and 153 lines for case C
(
∑

Ω |Nω,1
sC | = 253). To evaluate the impact of the proposed

filter on the problem size, the total number of operation states
(
∑

Ω |Nω,1
s |) that should be considered by different methods

is given in Table II. With only using the VCL algorithm
from [37] (without using the filter introduced in this paper),
TCEP with 239, 588 and 1141 operation states should be
solved for these three cases, which are much harder to solve
and need significantly more computational time. Based on the
last row of the table, for the integrated model that considers
all lines for contingency analysis, the problem size will be
so large as to easily make medium and large scale problems
unsolvable. Fig. 4 shows the impact of the filter on reducing
the size of CLυ in different iterations. Blue, red, and green
colors represent case A, B and C respectively. Dashed lines
show the original number of important lines (|CLυ

o |), and solid
lines show selected lines by the filter (|CLυ|) in each iteration.
The difference between dashed and solid lines in each iteration
shows the impact of the filter on reducing |CL| for each case.
Reducing |CLυ

o | from one iteration to another is because of the
developed framework that iteratively solves TCEP and updates
Nu and Su. As cases B and C have important scenarios, lines
in CL1 are selected among ICLs of scenarios in their ISLs
compared to case A, in which CL1 is created from ICLs of
all scenarios in the first iteration. CLυ

o and CLυ are getting
closer and closer to each other from iteration υ to iteration
υ+1 and this guarantees the algorithm’s termination. The third
row of Table I shows how the algorithm moves between the
filter’s levels during iterations for different cases. During two
iterations for case A, the algorithm selects medium and low
levels respectively. For cases B and C, it selects High, Medium,
Medium, Low and Low levels. The number of iterations and
filtering levels are selected based on problem characteristics
that demonstrates the dynamic behavior of the filter.

In step 8, stopping criteria is checked. As shown in Fig. 4,
at iterations 2, 5 and 5, respectively, CSυ = CSυ

o and Flag
is set to 1 for cases A, B and C, respectively. In step 9, TCEP
optimization problem with selected contingencies is solved,
υ = υ + 1, and Nυ

u and Sυ
u are updated in each iteration.

The algorithm gets to step 10 after 2, 5 and 5 iterations for

TABLE I
ISLS AND SELECTED FILTER LEVELS FOR 13-BUS SYSTEM

Case A Case B Case C

ISL −− 17, 32, 41, 42, 50 17, 32, 41, 42, 50,
57, 78, 94, 96,97

Filter
Levels

Medium,
Low

High, Medium,
Medium, Low, Low

High, Medium,
Medium, Low, Low

TABLE II
TOTAL NUMBER OF OPERATING STATES IN THE FIRST ITERATION FOR

DIFFERENT CASE STUDIES

Case A Case B Case C

Proposed method 128 120 253

VCL algorithm 239 588 1141

Integrated model 1400 3500 7000

cases A, B and C. Selected lines and total costs are given
in the second and third rows in Table III. Case A adds 11
new lines, and case B and C add 16 lines to the network.
The simulation time for the proposed method is given in the
fourth row in Table III. The difference between total time and
solver time in the fourth row of this table represents the time
that the filter and the modeling language need in the process
of solving the TCEP optimization problem. The design of the
filter will affect both solver and total time. To make sure that
these results satisfy N − 1 criterion, DC-SCOPF is run for all
contingencies, and no violation occurs.

To calculate ε to quantify the quality of results in step 10,
a lower bound is calculated by applying a few steps in a BB
algorithm. It is possible to apply more steps to get a better
lower bound answer. The error bounds for three cases are
given in the last row in Table III. It shows 1.3%, 2.25%
and 2.9% as the upper bound error for cases A, B and C
respectively. However, these are not the actual error between
optimal answer and our results.

To compare the actual error with ε and show the impact
of the proposed method on reducing computational time, we
run these three cases with the proposed algorithm in [37] and
the integrated model. The actual error is shown in the last
row in Table III. It shows that for all three cases the actual
error is zero, which means the proposed method found the
optimal plan for these cases. It should be mentioned that as
in real cases we do not know the exact answer, the quality of
our answer is quantified by the calculated ε. In other words,
our answer is ε−suboptimal. The performance of these three
different methods is compared in Table IV. Each row in this
table shows the simulation time each method needs to solve
these case studies. The ratio of the third row to the second
row in this table shows how much the proposed method in
this paper performs better compared to [37] for stochastic
TCEP. This ratio is more than 35, 420 and 650 for cases A, B
and C respectively and shows the relative performance of
the proposed method increases with increasing problem size.
Compared to the integrated model, the proposed method gets
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TABLE III
TRANSMISSION EXPANSION PLANNING FOR 13-BUS SYSTEM

Case A Case B Case C

Selected
Lines

2-1, 2-1,
3-2, 3-2,
3-6, 6-9,
7-10, 8-12,
13-5, 13-6,
13-6

2-1, 2-1, 1-6,
1-6, 3-2, 3-2,
3-6, 4-10, 4-11,
7-10, 8-10, 8-10,
8-12, 13-5, 13-5,
13-6

2-1, 2-1, 1-6,
1-6, 3-2, 3-2,
3-6, 4-10, 4-11,
7-10, 8-10, 8-10,
8-12, 13-5, 13-5,
13-6

Total Cost ($ M) 4889 4986.4 4945.9

Solver (sec) 27.2 177.8 1252
Total (sec) 33.15 243.6 1443

ε 1.3% 2.25% 2.9%
Actual Err 0% 0% 0%

the answer more than 15657 times faster for case A, and we
could not get any answer even after 12 days for cases B and C.
This great performance is achieved because of huge problem
size reduction using the filter through the iterative framework.
For example for case C, in the first iteration, the proposed
method decreases the number of structural constraints by 85%
compared to [37] and by 98% compared to the integrated
model.

B. Reduced ERCOT System
A reduced model of the ERCOT system is provided in [21].

This model is developed for evaluating the impact of high
penetration of wind power on west Texas network. Therefore,
the west part of ERCOT network in modeled in detail, and the
rest of ERCOT is simplified into three zones. This network
contains 317 buses, 427 branches, 489 conventional power
plants, 36 wind farms and 182 load centers. The number of
candidate lines is equal to the number of existing lines. In this
TCEP optimization problem, there are 427 binary variables,
which makes it a challenging problem to solve. All parameters
are set the same as the 13-bus system. We consider two cases
for the ERCOT system i.e. case A with 5 scenarios and case
B with 10 scenarios. Scenarios are generated using historical
load and wind data [21]. For case A, scenario 5 is selected
as the important scenario, and scenarios 5 and 6 are in ISL

TABLE IV
TOTAL SIMULATION TIME FOR DIFFERENT METHODS [MINUTES]

Case A Case B Case C

Proposed method 0.55 4.06 24.05

VCL algorithm 19.9 1714 15659

Integrated model 8768 (6+ days) NA NA

TABLE V
TRANSMISSION EXPANSION PLANNING FOR REDUCED ERCOT SYSTEM

Case A Case B

Selected
Lines

1311-1064,
1310-1309,
1312-1310,
1313-1312,
1315-1313,
1067-1315,
1065-1064,
1066-1065,
5905-5902

1311-1064, 1310-1309,
1312-1310, 1313-1312,
1315-1313, 1067-1315,
1065-1064, 1066-1065,
5905-5902, 60042-6216,
60042-60040

Total Cost ($ M) 16298 16857

Solver (sec) 358 871
Total (sec) 630 1160

ε 0.96% 1.01%
Actual Err 0% 0%

for case B. The original number of important lines (|CL1
o|)

is 23 and 52 respectively, and the three-level filter selects 10
and 19 lines for the first iteration in case A and B. Both cases
take two iterations to converge, and go through High and Low
level filters.

The selected plan, total costs, solver and total time with
ε and actual error are shown in Table V. The number of
selected lines is 9 and 11 for case A and B respectively. ε
is around 1% for the reduced ERCOT system (the answer is
1%−suboptimal). Both cases are also solved with the devel-
oped algorithm in [37] and the integrated model to compare
the results with the proposed method in this paper. As shown
in the last row in Table V, actual errors for both cases are
zero, which shows the proposed method found the optimal
expansion plan for this system. The solver and total time are
shown in the fourth row. For case A, the proposed method
in [37] needs 181 minutes to solve the problem (compared
to 10.5 minutes required with the proposed method in this
paper), and for case B, [37] needs 12 days and 6 hours and
56 minutes to solve the problem (compared to 19.3 minutes
required by the proposed method in this paper). We did not
get the answer from the integrated model after 34 days (still
more than 75% optimality gap). Although the number of
scenarios are not large for this system (compared to the 13-Bus
system), the proposed method gets the answer more than 910
times faster than [37], and the relative performance improves
more when the number of scenarios increases. Moreover, the
relative performance improvement of the proposed method
grows faster for larger networks, as the ratio for the ERCOT
case B with 10 scenarios is more than 27 times larger than
the ratio for the 13-bus case A with 20 scenarios.
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V. CONCLUSION

In this paper, N − 1 contingency analysis is integrated into
stochastic transmission capacity expansion planning through
an iterative framework. By developing important scenario
identification index, more beneficial scenarios for contingency
analysis are distinguished, and important scenarios list (ISL)
is created. In the next step, the proposed three-level filtering
algorithm provides a systematic, automated and trackable way
to select the most important lines for contingency analysis. It
uses ISL, developed similar scenario elimination (SSE) tech-
nique and updated variable contingency lists (VCL) algorithm
to reduce the number of reliability constraints in TCEP by
selecting a subset of important lines for contingency analysis
in each iteration. As an example, for the ERCOT system with
10 scenarios, the number of structural constraints decreased
by 99.78% in the first iteration. The proposed method allows
solution of large-scale stochastic TCEP optimization problems
faster by integrating contingency analysis into TCEP step-by-
step through an iterative process that decreases computational
time significantly. The quality of results is quantified by calcu-
lating maximum error bound (ε optimality gap). The numerical
results show that the effectiveness of the proposed method will
increase by increasing the number of scenarios and size of the
network. ISOs can use this algorithm as an automated tool
for operation, reliability, and planning purposes. In the future
work, we will consider multi-stage TCEP.
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